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R E S U M E N

Una red morfológica dendral es un tipo de red neuronal la cual puede
ser utilizada para resolver problemas de clasificación. La principal
diferencia entre ésta y una típica red neuronal es que la red neuronal
genera híper planos para dividir en el espacio de búsqueda y la red
dendral crea híper cajas. Se ha reportado que las redes dendrales han
obtenido igual o mejores resultados que los Perceptrones multi-capa y
tienen la ventaja de ser fácilmente implementadas en dispositivos em-
bebidos. Estas peculiaridades motivaron nuestro interés para estudiar
éste tipo de redes.

Esta tesis se enfocó al mejoramiento de los métodos actuales de
entrenamiento y la creación de nuevos modelos neuronales capaces
de generar fronteras de decisión más suaves para redes dendrales.

El primer enfoque de la tesis fue utilizar evolución diferencial
para posicionar las híper cajas formadas por las redes dendrales.
El desempeño de este método de entrenamiento fue evaluado exper-
imentalmente utilizando cuatro bases de datos sintéticas y 12 de la
Universidad de Irvine, California. Como resultado obtuvimos que el
método de entrenamiento propuesto superó a los métodos actuales
para entrenar a redes dendrales y a una red radial base. Además, la
red dendral entrenada con evolución diferencial presentó resultados
competitivos comparados con Perceptrones multi-capa y una máquina
vector soporte. Por último, implementamos la red dendral entrenada
con evolución diferencial en un robot Nao para hacer reconocimiento
de figuras geométricas.

En el segundo enfoque propusimos una neurona dendrítica elip-
soidal. La diferencia principal entre estas redes dendrales radica en la
forma de generar las fronteras de decisión. Para probar el desempeño
de la red elipsoidal utilizamos las mismas bases de datos anteriores.
La red propuesta obtuvo un porcentaje de clasificación de 80.7%, un
Peceptron multi-capa 78.4%, una maquina vector soporte 74.2% y
una red radial base 72.7%. Por último, implementamos la red elip-
soidal para resolver problemas reales, como: detección de líneas en
autopistas, clasificación de figuras geometrías en un robot Nao y en la
detección de tráfico.

La red elipsoidal mostró tener un buen desempeño en base de
datos de baja dimensión, que requiere de pocos parámetros de entre-
namiento y que se puede implementar muy fácilmente en dispositivos
embebidos. Sin embargo, su principal desventaja es la baja precisión
de clasificación con base de datos de altas dimensiones.

Después, resolvimos éste problema entrenando la red mediante
gradiente descendiente estocástico implementándola como una capa
en Keras. Finalmente, obtuvimos una base de datos de alta dimensión
de señales electroencefalográficas de movimientos imaginados y resul-
tados competitivos comparados con una máquina vector soporte y un
Perceptron multi-capa.
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A B S T R A C T

A Dendrite Morphological Neural Network (DMNN) is a type of
Artificial Neural Network (ANN) that can be used to solve classification
problems. The main difference with respect to a classical Multilayer
Perceptron (MLP) is that morphological neurons create hyperboxes to
separate patterns from different classes, while MLPs build hyperplanes.
It have been reported that DMNNs are able to solve some classifica-
tion tasks with the same or bigger accuracy than MLPs and have the
advantage of being easily implemented in embedded devices. This
motivated our research on DMNNs to find new better ways to train
them and to generate smoother decision boundaries.

This thesis was focused on improving the actual proposed train-
ing methods for DMNNs and on enhancing the decision boundaries
stablished by their dendrites.

In the first approach, we used Differential Evolution (DE) to place
hyperboxes stablished by the DMNN in the best position with the best
size. The performance of this training method was evaluated exper-
imentally with four synthetic and 12 real benchmarks (or datasets).
Experiments showed that our proposal achieved a better performance
compared with the state-of-the-art training methods for DMNNs and
with a Radial Basis Network (RBN). Furthermore, it presented a com-
petitive performance compared with a MLP and a Support Vector
Machine (SVM). In addition, we implemented a DMNN trained by our
proposal in a Nao robot to recognize elemental geometric figures.

In the second approach, we proposed a Dendrite Ellipsoidal Neu-
ron (DEN) based on DMNNs. DEN creates hyperellipsoids instead of
hyperboxes. The main advantage of this ellipsoidal model is that it
makes smoother borders, without rectangular segments.

DEN was tested on synthetic and real benchmarks from the University
of California Irvine (UCI) machine learning repository achieving an
average accuracy of 80.7%, while a MLP gave 78.4%, a SVM obtained
74.2%, and a RBN 72.7%. Lastly, to test the proposed method in solv-
ing real practical problems, DEN was used to detect lane lines on an
urban highway, for classifying figures with a Nao robot and for traffic
detection.

It showed having a good performance in low dimensional datasets,
requiring so few training parameters and being easily implemented
in logic devices. Nevertheless, DEN efficiency highlighted by having
so poor performance in high dimensional benchmarks. All these DEN

advantages inspired us to look for new ideas in order to improve the
DEN accuracy in high dimensional datasets.

Finally, we solved the DEN high dimensional problem by train-
ing it using Stochastic Gradient Descent (SGD) implemented as a
Keras layer. Furthermore, in order to test the proposed training al-
gorithm in a real high dimensional dataset, we acquired our own
Electroencephalography (EEG) benchmark from eight bodied subjects
for classifying Motor Imagery (MI) signals into binary classes (Left vs
Right).

v
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1
I N T R O D U C T I O N

1.1 background and motivation

The fundamental purpose of pattern classification is to learn a mathe-
matical model that relates an input pattern xi = (xi1, xi2, ..., xin)

Tto its
corresponding class C. This relationship must be as robust as possible
to irrelevant variations in the patterns, and must be able to capture
the fundamental relationship between data, assuming that there are
invariant features.

Many types of neural networks have been proposed for this task
and examined in computer science literature, over more than 70 years.
One of the most successful has been the group of classical percep-
trons which use an affine transformation and a non-linear activation
function. These perceptrons dichotomize the input space using a hy-
perplane determined by their synaptic weights and biases.

When classical perceptrons are grouped into layers of connected
neurons in series, hidden layers try to extract invariant features as far
as possible, and the output layer is devoted to classifying such features.
Thus, a multilayer model with classical perceptrons can solve nonlinear
classification problems. This multilayered strategy is exploited by
a variety of other models: Multilayer Perceptron (MLP) [53], Radial
Basis Network (RBN) [14]and Support Vector Machine (SVM) [20]with
kernel trick. In all these models, there is at least one layer for feature
extraction.

This thesis examined another type of neuron which has been little
studied in literature, that is, the neuron with morphological dendrites.
The neuron solves linear and nonlinear classification problems using
a single layer.

A Dendrite Morphological Neural Network (DMNN) is a specific
type of a Morphological Neural Network (MNN) where each den-
drite represents a hyperbox, and these hyperboxes group classes. A
hyperbox is a generalization in a high dimensional space from a Two-
Dimensional (2D) box. These dendrites have played an important role
in previously proposed training methods. The most common approach
is to enclose patterns with hyperboxes and label each with the cor-
rect class, and many training methods have been published based on
this approach. Most of these are heuristics, and are not based on the
optimization of learning parameters.

The morphological processing involves min or max operations;
these operators generate the piecewise boundaries for classification
problems, and have the advantage of being implemented easily in
logic devices, such as Field Programmable Gate Array (FPGA) [70].

In other works [7, 71], we have shown that a DMNN is able to solve
classification problems with the same accuracy as a classical MLP, even
if the DMNN lacks layers to extract features.

This work focused on the improvement of DMNNs. We firstly showed
that a parameter optimization can be computed, and this can improve

1

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]



1.2 problem statement 2

the classification performance of DMNNs over solely heuristic-based
and other popular machine learning methods, by using an evolu-
tionary algorithm. And secondly, we presented a new neuronal ar-
chitecture based on the neuron model with mophological dendrites,
replacing the hyperboxes with ellipsoids of n-dimensions. The main
advantage of this ellipsoidal model is that it makes smoother decision
boundaries, i.e. without rectangular segments.

1.2 problem statement

Although the pattern classification problem has been studied for a long
time and it has been proposed many different classifiers, the dominant
approach are MLPs and remain using hyperplanes to separate and
relate data.

In a typical neural network, each neuron segments the input space
into two parts. Adding more neurons in a hidden layer, the network
can approximate any function [30] and more layers facilitate the search
for a good set of learning parameter training [67]. However, there are
many dierent ways to separate data using other hypersurfaces.

As previously mentioned, DMNNs have some advantages over the
MLPs. However, DMNNs have some significant disadvantages as noise
sensitivity, low accuracy in high dimensional datasets and actual
proposed training algorithms are based on heuristics to determine the
location of the hyperboxes in the input space and not in optimization
algorithms, mainly.

The goal of this research is to explore new ways to train DMNNs

and to create new models of these as well as resolve real practical
problems using them.

To validate the performance of the proposed train algorithms and
the new models we compared the proposals with other classifiers:
some DMNNs training algorithms, MLPs, SVMs and RBNs and computed
paired t-tests with a significance level of α = 0.05.

1.3 general scope of the thesis

The general aim of this thesis is to improve the current state-of-the-art
of DMNNs in order to reduce the classification error and the number
of dendrites; and solve real practical problems with the proposed
algorithms. This has been accomplished by achieving the following
specific goals.

1.3.1 Train a DMNN with an evolutionary algorithm:

1. Create a training algorithm for a DMNN based on an evolutunary
algorithm.

2. Test the DMNN based on an evolutunary training algorithm with
synthetic datasets.

3. Test the DMNN based on an evolutunary training algorithm with
datasets from the UCI-Machine Learning Repository (MLR) [2].

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]



1.4 contributions of the thesis 3

4. Apply the DMNN based on the evolutunary training algorithm
to resolve real problems.

1.3.2 Smooth the decision boundaries of a DMNN, replacing the hyperboxes
with hyperellipsoids:

1. Create a Dendrite Ellipsoidal Neuron (DEN) that replaces the
hyperboxes with hyperellipsoids.

2. Test DEN with synthetic datasets.

3. Test DEN with datasets from the UCI - MLR.

4. Apply DEN to resolve real problems.

1.3.3 Train a DEN with the SGD algorithm:

1. Program DEN as a Keras layer.

2. Apply DEN trained with SGD algorithm to solve real problems.

1.4 contributions of the thesis

The contributions of this thesis are:

1. To the best of our knowledge, a DMNN is trained by an evolu-
tionary algorithm for the first time.

2. A DMNN replaced hyperboxes with hyperellipsoids for the first
time too.

3. A DEN is trained by using SGD for the first time also.

4. Our proposals outperformed most effective heuristics-based and
other popular machine learning methods for some benchmarks.

1.5 structure of the thesis

The body of this thesis is composed of three parts, each of which
are described in Chapters 5, 6 and 7. It is worth mentioning that all
the body chapters of the thesis have been published in conference
proceeding articles and in journals and are referred to at the beinning
of each chapter and at the Appendix A. The use of the subject “we” in
the thesis refers to all co-authors that participated in the publications.

Chapter 2 gives an introduction to ANNs and to some machine
learning concepts used throughout the thesis.

Chapter 3 illustrates the computational basis of DMNN and uses a
simple example in order to explain the dendrites calculations.

Chapter 4 describes the previous works in the area of MNN and
shows some importans approaches related to the Mahalanobis distance
and the k-means++ clustering algorithm.

Chapter 5 presents a new efficient training algorithm for a DMNN.
This approach is based on DE, and optimizes the number of dendrites
and increases classification performance for DMNN.
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1.5 structure of the thesis 4

Chapter 6 explains the new neuronal architecture based on the
neuron model with mophological dendrites, replacing the hyperboxes
with ellipsoids of n-dimensions.

Chapter 7 shows an improvement the DEN trained with kmeans++
algorithm, we trained a DEN using Stochastic Gradient Descent (SGD)
implemented as a Keras layer.

Lastly, in Chapter 8 we provide our thesis conclusions and the
proposed future work derived from this research.
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2
T H E O R E T I C A L F R A M E W O R K

Nature has inspired humans in several ways. For example, termite
homes prompted ventilation systems, burdock plants inspired Velcro,
birds inspired us to fly, and so on. It looks rational that the brain
functioning inspired us on how to construct intelligent machines. This
main thought motivated Artificial Neural Network (ANN). Neverthe-
less, even supposing that airplanes were inspired by birds, they do
not have flapping wings. Alike, ANNs have become enough distinct
from their biological cousins. Some scientist disagree that we should
stop the biological analogy (for example, by calling “activation units”
rather than “neurons”) [26]. In this chapter, we briefly present an
introduction to ANNs and to some machine learning concepts used
throughout the thesis.

2.1 artificial neural networks

ANNs were born in 1943 proposed by the mathematician Walter Pitts
and the neurophysiologist Warren McCulloch. This research was pub-
lished in the seminar paper “A Logical Calculus of Ideas Immanent
in Nervous Activity” [33]. It shows a small computational version of
how biological neurons could perform complex calculations in animal
brains by employing propositional logic.

The proposed ANN called Linear Threshold Unit (LTU) or McCulloch-
Pitts neuron is made up by unweighted edges which could be in-
hibitory or excitatory type. Inhibitory edges are highlighted with tiny
circles. Also, this neuron has a threshold value θ. Fig. 2.1 displays a
McCulloch-Pitts neuron denoted by a black half circle. Outbounding
signals leave the black half and inbounding signals arrive at the white
half.

𝑥1

𝑥2

𝑥𝑛

𝑦
θ

⋮

Figure 2.1: Architecture of a LTU with excitatory edges.

A LTU has x1, x2, . . . , xn and p1, p2, . . . , pm incoming signals that
enter to the neuron through the excitatory and inhibitory edges, re-
spectively. If there is at least one inhibitory signal or m ≥ 1, the neuron
is inhibited and the output is always y = 0. Otherwise, it is calculated
the entire excitation ∑ x = x1 + x2 + . . . + xn and compared with θ. If
∑ x ≥ θ the neuron output is y = 1 , else y = 0.

5
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2.1 artificial neural networks 6

This simple rule implicates that a McCulloch-Pitts neuron can be
turned off if there is just one inhibitory signal. On the other hand,
when there is not inhibitory entry signals, neuron performs as a
threshold gate able of implementing any logical gates [51]. Fig. 2.2
displays the activation function of the LTU, well known as hard step
or step function. This function switches from 0 to 1 at θ.

1

θ

0

Figure 2.2: Hard step function with θ threshold.

2.1.1 The Perceptron

The Perceptron was the next proposed ANN and it was presented in
1958 by the psychologist Frank Rosenblatt [52]. This network is a more
general computation model compared with the LTU.

A Perceptron divides the search space into two half spaces. It is
mainly characterized by the introduction of numerical weights and
now the inputs are continuous numbers and not just binary or on/off
values. Each input value is associated with a respective weight [51].

The Perceptron learning rule was broadly inspired by the Hebb
postulate and like the LTU the Perceptron has a hard step as activation
function [54].

This learning algorithm is an iterative method which automatically
updates the numerical weights in order to obtain a desired behavior
of the neuron, Eq. 2.1 and Eq. 2.2:

wnew = wactual + α∆w, (2.1)

∆w = (ti − yi)× (xi)T, (2.2)

where wnew are the new numerical weights and wactual are the actual
numerical weights. ∆w has the magnitude, direction and sense that
the vector wactual needs to be updated. α is the learning rate which
modifies the magnitude of ∆ w. ti is the i-network target, yi is the
i-network output and xi is the i-network input.

11 years after the Perceptron introduction, Marvin Minsky and
Seymour Papert published a monograph where they pointed out a big
quantity of deficiencies of Perceptrons, mainly the fact that they cannot
solve the XOR problem [36]. Following this event, many researchers
left the ANN area.

It was clear that grouping multiple Perceptrons (a MLP) the network
could solve nonlinear classification problems but there was not an
algorithm to train it.
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2.1.2 Multilayer Perceptron (MLP)

That was until 1986 when Rumelhart et al. published a learning proce-
dure able to train MLPs by adjusting the numerical weights in order
to reduce the distance between the actual network output and the
desired output [53]. This method was called backpropagation.

A MLP is basically composed of an input layer, one or more hidden
layers and an output layer. Each neuron in these models uses an affine
transformation and a nonlinear function to create a hyperplane to
divide the input space into two regions. When a set of neurons are
connected to the same input and are put together in parallel, we say
that they build a layer. The output of each layer is given by Eq. 2.3:

ym = f (wmym−1 + bm), (2.3)

where ym is the output vector of the layer m for ∀m ∈ [0, 1, . . . , M], wm

is the weight matrix, bm is the bias vector, and f is the activation
function. Most popular activation functions are:

fsig(x) =
1

1 + exp(−x)
, (2.4)

ftanh(x) =
exp(x)− exp(−x)
exp(x) + exp(−x)

, (2.5)

fReLU(x) = max(0, x), (2.6)

fELU (x) =

 σ (exp (x)− 1)

x

x < 0

x ≥ 0
, (2.7)

where x ∈ <. Eq. 2.4 is a logistic sigmoid function, Eq. 2.5 a hyperbolic
tangent function, Eq. 2.6 a ReLu function and Eq. 2.7 a ELU function.
These last two functions allow the backpropagation of gradients to
reach the deepest layers without degradation. Even when ReLU has
been reported in literature for many decades before, the scientific
community has recently rediscovered [29] its utility for deep neural
architectures: ReLU speeds up the training and sometimes increases
the performance in comparison with hyperbolic tangent function. On
the other hand, the work [19] has shown that the function ELU leads
to higher classification accuracies for image multi-classification than
different types of ReLU functions.

2.2 machine learning concepts

2.2.1 Supervised and unsupervised learning

In supervised learning, input patterns x are related to their corre-
sponding targets t. For instance, a spam filter is an excellent example
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of supervised learning which needs to learn a function g that maps
incoming mails into spam or non-spam classes. Contrarily, in unsu-
pervised learning the input patterns x are not labeled so algorithms
learn without pattern targets t. In this work, we just used supervised
learning.

2.2.2 Training and testing data

In machine learning, benchmarks or datasets are typically partitioned
into two categories: training and testing datasets. With the training
dataset it is learned the model and the model performance is evaluated
with the testing dataset [55].

In some other works, researchers separate data into three categories:
training, validation and testing datasets but in this thesis we divided
the benchmarks into training and testing datasets.

2.2.3 Accuracy

The measure that we employed to validate the achieved results was
accuracy which in general provides the correctness of the algorithm,
Eq. 2.8:

Accuracy =
CC
tot

, (2.8)

where CC is the number of the correctly classified patterns and tot
is the number of patterns [55]. Accuracy does not provide a detailed
report of an algorithm performance for not balanced classification
problems as a confusion matrix [17]. However, we used this measure
because all the utilized benchmarks were almost perfectly balanced.

2.2.4 Overfitting, underfitting and generalization

We can say that a model has overfitting when it presents an excellent
performance in training data but not in testing data. There are some
strategies used to reduce the overfitting problem like using a smaller
model, obtaining more training data and using regularization [17].

Contrary to overfitting is underfitting which happens when the
model is to shallow to learn the subjacent of the data structure. To
decrease this problem it is commonly used deeper models or with
more learning parameters, employing more representative features
and reducing the regularization parameters. And generalization refers
to having a good performance as well in training data as in testing
data [26].

2.2.5 Regression and classification problems

In supervised learning, we can have regression and classification
tasks. Regression tasks are all those problems that need continuous
quantities as prediction. For example, in a housing problem, one can
try to predict the price of a house as a function of their number of
bedrooms, demand, living area, and so on. On the other hand, a
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classification task is one for which we want to assign an input pattern
xi to its corresponding class C ∈ C1, C2, . . . , Cm, where xi is the i-th
entry pattern and m is the total number of classes [42]. In this thesis,
we just focused on classification problems.

2.2.6 Support Vector Machine (SVM)

This technique behaves very accurately in solving nonlinear classifica-
tion tasks. The architecture consists of two layers: the first layer is for
feature extraction based on kernel trick Eq. 2.9 and the second layer is
for linear classification, employing a hyperplane to separate patterns
from two different classes, Eq. 2.10. The purpose of the last layer is
to find the hyperplane with the optimal margin among the support
vectors (patterns which are nearest to the boundary). Therefore, it is
necessary to solve the following optimization problem:

Ci
(

wTφ(xi) + b
)
≥ 1− ζi (2.9)

min w,b,ζ
1
2
‖w‖2 + R

n

∑
i=1

ζi (2.10)

subject to: ζi ≥ 0 where xi is a training pattern, φ is a feature ex-
pansion function, w is a vector weights, b is the bias term, R is
a regularization parameter, Ci ∈ {1,−1} represents the class and
ζi = max

(
0, 1− yi

(
wTxi + b

))
. The performance of a SVM can be

perfectly enhanced by choosing or learning a kernel function [3].

2.2.7 Radial Basis Network (RBN)

A RBN is an ANN composed also of two layers. The first layer or radial
basis layer calculates the distance between the input patterns and the
numerical weights w1, Eq. 2.11:

d = ‖x− w1‖b1, (2.11)

where d is the distance vector between the input patterns x and the
numerical weights w1 of the first layer. b1 is the vector bias which
produces a reduction or enlargement of the Gaussian functions. b is
typically known as the standard deviation parameter. The neurons
output of the first layer is calculate with Eq. 2.12:

a1 = e−d2
, (2.12)

And the output layer or layer output of a RBN is calculated with Eq.
2.13:

a2 = w2a1 + b2, (2.13)

where w2 and b2 are the weights and bias of the second layer. Fig. 2.3
illustrates a RBN.
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⋮
⋮

𝑎1
1

𝑥1

𝑥2

𝑥𝑛

𝑎1
2

𝑤1

𝑤2

𝑎2
1

𝑎𝑘
1

Figure 2.3: RBN with k neurons in the radial basis layer and one in the linear
layer.
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3
C O M P U TAT I O N A L B A S I S F O R D M N N

DMNN computations are based on lattice algebra. More detailed infor-
mation can be found in [44, 46]. The morphological processing involves
min (∧) or max (∨) operations; these operators generate piecewise
boundaries for classification problems, and have the advantage of
being easily implemented in logic devices because computational pro-
cessing is based on comparative operators instead of products. In this
chapter, we introduce the computational basis for DMNN and give an
introductory example in 2D.

In this thesis, we worked with fully connected DMNN with a single
output neuron, where each incoming pattern is first processed for all
the dendrites, and the dendrite with the biggest value is then selected.
Fig. 3.1 shows the architecture of a DMNN with a single output neuron
and an example of a hyper box generated by its dendrite weights in
2D.

⋮
⋮

𝑑𝑗,𝑘

𝑑2,𝑘

𝑑1,𝑘
𝑥1

𝑥2

𝑥𝑛

argmax𝑘 𝑦

(a) Architecture of a DMNN with a sin-
gle output neuron.

𝑋1

𝐰𝑖,𝑘
𝑚𝑖𝑛

𝐰𝑖,𝑘
𝑚𝑎𝑥

𝑋2 𝑑𝑗,𝑘(𝐱) > 0

𝑑𝑗,𝑘(𝐱) = 0

𝑑𝑗,𝑘(𝐱) < 0

(b) An example of a hyper box in
DMNN generated by its dendrite
weights.

Figure 3.1: DMNN architecture.

3.1 basis for dmnns

The computation performed by the k-th dendrite τ
j
k for the j-th class

can be expressed by Eq. 3.1:

τ
j
k = ∧

n
i=1(xi + w1

ik) ∧−(xi + w0
ik), (3.1)

where xi is an input vector, n is the vector dimensionality, i ∈ I and
I ∈ 1, ..., n represents the set of all input neurons with terminal fibers
that synapse on the k-th dendrite. w0

ik and w1
ik are the synaptic weights

corresponding to the set of terminal fibers of the i-th neuron that
synapse on the k-th dendrite; w1

ik is the activation terminal fiber and
w0

ik is the inhibition terminal fiber.
If τ

j
k > 0, x is inside the hyper box; if τ

j
k = 0, x is over the hyper box

boundary; and if τ
j
k < 0, x is outside the hyper box.

11
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3.2 dmnn example 12

On the other hand, the output value of a DMNN with a single output
neuron τj is the maximum argument calculated in Eq. 3.2:

τj = argmaxk(τ
j
k), (3.2)

where the argmaxk function selects only one dendrite from all network,
generating a scalar. This argmax function enables the DMNN classifying
patterns that are outside the hyper boxes and builds more complex
decision boundaries than simple hyper boxes. If Eq. 3.2 produces more
than one output, argmax selects the first maximun argument as an
index class.

3.2 dmnn example

In order to explain the dendrite computations of a DMNN, Fig. 3.2 (a)
displays two hyper boxes which could be generated by any DMNN

training algorithm and cover all the patterns. Blue dot points belong to
class one C1 and green star points to class two C2. Fig. 3.2 (b) presents
the DMNN formed based on these two hyper boxes. The input layer
is connected to the output neuron via the dendrites. The geometrical
calculation explanation executed by the dendrites is that each of these
determines a hyper box which can be represented by its weight values
wij.

1 2 3 4 5 6 7 8
X1

1

2

3

4

5

6

7

8

X
2

Simple Example

(a) Two hyper boxes which cover all
the patterns.

argmax𝑘

𝜏1
1

𝜏1
2

𝑥1

𝑥2

[5,5]

[1,1]

[4,4]

[8,8]

(b) Formed DMNN based on these two
hyper boxes (black circles denote ex-
citatory connections and white cir-
cles inhibitory connections).

Figure 3.2: Simple example of a DMNN.

For testing the generated network, two noisy patterns were pro-

posed; X̃1 =

(
3

0

)
of class C1 and X̃2 =

(
7

3

)
of class C2. The

dendrite computations are:

τ1
1

˜(X1) = τ1
1

(
3

0

)
= [(3− 1) ∧−(3− 5)] ∧ [(0− 1) ∧−(0− 5)] =

[2∧−1] = −1

τ2
1

˜(X1) = τ2
1

(
3

0

)
= [(3− 4) ∧−(3− 8)] ∧ [(0− 4) ∧−(0− 8)] =

[−1∧−4] = −4
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τ1
1

˜(X2) = τ1
1

(
7

3

)
= [(7− 1) ∧−(7− 5)] ∧ [(3− 1) ∧−(3− 5)] =

[−2∧ 2] = −2

τ2
1

˜(X2) = τ2
1

(
7

3

)
= [(7− 4) ∧−(7− 8)] ∧ [(3− 4) ∧−(3− 8)] =

[1∧−1] = −1

And applying the argmax function:

τ = τ1
1

˜(X1) ∨ τ2
1

˜(X1) = −1∨−4 = −1

τ = τ1
1

˜(X2) ∨ τ2
1

˜(X2) = −2∨−1 = −1

Therefore, the neuron maps out X̃1 to C1 and X̃2 to C2 correctly.
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P R E V I O U S W O R K S

In this section, we present a chronological list of the most important
contributions related to our work and we also give a comprehensive
explanation of each. We have divided the previous work into two
sub-sections: the first reviews the literature of morphological neural
networks, and the second reviews the literature of Gaussian mixture
models and the elliptical k-means clustering algorithm.

4.1 morphological neural networks

As a combination of Image Algebra (IA) and ANN, MNNs were pro-
posed by Ritter and Wilson [45, 22]. In this work, they described the
way in which IA is able to compute the operations performed by the
typical neural networks. After that, Davidson et al. [23, 21] used a MNN

to determine the template output for grayscale images, and described
several applications within image processing.

In 1996, Ritter and Sussner [47] demonstrated that MNN was capable
of solving the NAND problem, and improved it by proposing the
Single Layer Morphological Perceptron (SLMP) with a training method.
They used the MNNs to form associative memories in [48].

Sussner [63] improved the SLMP by introducing the Multi Layer Mor-
phological Percentron (MLMP) in 1998, which was capable of solving
the XOR problem using four morphological neurons in the hidden
layer. It was implemented with a supervised learning algorithm.

Pessoa and Maragos [39] adapted the back propagation algorithm
to a Morphological/Rank/Linear (MRL) filter. In this work, they com-
bined typical perceptrons with MRL filters and obtained similar or
better performance than using MLP in classifying handwritten digits.
A substantial difference between the existing MNNs and this method
was that it did not use hyperboxes to establish a decision boundary,
and MRLs thus created more complex decision boundaries.

Due to advances in the biophysics of computations in 2003, Ritter
and Urcid [48] enhanced the SLMP by providing the network with
dendral structures. This network produced connected non-convex
regions performed with lattice computations and had an automatic
training algorithm.

In 2006, Barmpoutis and Ritter [12] upgraded the dendral network
[48] by changing the orthonormal basis of each neural dendrite. Here,
the resultant hyperboxes were able to take a different orientation of
their coordinate axes.

After Ritter and Urcid enhanced the SLMP [48], Ritter et al. [46, 50]
generalized the SLMP by proposing the Single Layer Lattice Perceptron
(SLLP) to handle non-linear multiclass problems, and created two
training algorithms, the merging and the elimination method.

Sussner and Esmi [65] put forward the Morphological Perceptron
(MP), with competitive output neurons and a training algorithm which
increases the number of hidden neurons automatically.

14
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4.1 morphological neural networks 15

Following the MP improvement, Sussner et al. [64, 65, 66] condi-
tioned the MP with competitve neurons, by providing the argmax
function in the network output.

In 2012, Araujo [1] implemented the gradient steepest descent
method with a MP to resolve time series such as the stock market
forecasting problem. He called this network Increasing Morphological
Perceptron (IMP), and was trained by back propagation.

In 2014, Sossa et al. [59] proposed an efficient training algorithm for
DMNNs which iteratively divides the search space using hyperboxes
until all the patterns are well assigned in the training phase, Divide
and Conquer Method (DCM). DCM outperformed the Ritter algorithm
[48] in all the examined datasets. However, this method has a disad-
vantage in terms of overfitting, since the training phase always obtains
an error of zero percent.

In the same year, Ritter at al. [49] added two lattice metrics, L1 and
L∞, to the SLLP to form more complex decision boundaries, known as
polytopes. This network uses an extension of the elimination training
algorithm proposed in [46, 50].

Sossa et al. [58] adapted a DMNN for Three-Dimensional (3D) object
classification and one year after modified the architecture of a typical
RBN to automatically set the hyperparameters [57]. The first step in
this method is to apply the algorithm reported in [59] and then to take
the center and the dimensions of each hyperbox and apply these to a
Gaussian kernel.

Then, Sossa and Zamora [71] modified a DMNN architecture by
adding a softmax layer to train the network based on SGD for classifi-
cations problems.

Most of these methods use heuristics to determine the location of
the hyperboxes in the input space. In contrast, we propose carrying
out a search of those that were best classified based on an evolutionary
approach. This is not the first time that parameter optimization has
been suggested in the context of morphological neurons. As mentioned
earlier, Pessao et al. [39] and Araujo [1] have investigated gradient
based optimization for certain architectures of morphological neurons.

The main advantage of an optimization based on evolution is that
the analytical evaluation of expressions such as gradients need not be
carried out, and discontinuities of the cost function are not necessary.

Next sub-sections will explain in detail the SLLP and the DCM

training algorithms, which represent the state-of-the-art for training
DMNNs.

4.1.1 Single Layer Lattice Perceptron (SLLP) training algorithms

As mentioned earlier, a SLLP can be trained in two different methods
[50]: the first is based on elimination and the second on joining.

The elimination method first builts a hyperbox that encloses all
of the patterns (the hyperbox could include patterns from different
classes). This huge hyperbox is then divided with other hyperboxes
to eliminate patterns from different classes. The training algorithm
finishes when all of the foreign patterns are excluded.

The the joining method begins by forming small hyperboxes around
groups of patterns that belong to the same class. Hyperboxes (con-
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forming to the Chebyshev distance) close to the same class patterns
are merged into larger hyperboxes avoiding patterns from different
classes.

Fig. 4.1 shows an example of the training approaches that are used
to classify the patterns of the two different classes. Solid dots belong
to class one and empty dots to class two.

(a) Elimination training example
where the main hyperbox (the
blue one built for patterns of class
one) is carved with two more
hyperboxes to exclude patterns
that belong to class two.

(b) Union example where three hyper-
boxes are built, each is related to its
corresponding dendrite.

Figure 4.1: Training algorithms SLLP.

Although these training methods for SLLPs were originally proposed
for bi-class problems, they could be extended for multi-class problems.
The main difference is in the form of the decision boundaries and the
number of generated hyperboxes.

4.1.2 DCM for DMNNs

Sossa et al. proposed a training algorithm for DMNNs based on the DCM,
which automatically sets the number of dendrites and the synaptic
weights to build the neuron [59].

This method starts by creating a hyperbox that encloses all of the
patterns. The algorithm then divides in half each dimension of the
original hyperbox, splitting it into smaller hyperboxes. It then verifies
that all of the generated hyperboxes only enclose patterns from the
same class. If there is a hyperbox that encloses patterns from two or
more classes, then it is divided into smaller hyperboxes. The algorithm
finishes when all of the hyperboxes only contain patterns from the
same class. Fig. 4.2 displays the previous example solved with a DMNN

based on the DCM.
All MNNs use rectangular decision boundaries to divide the input

space into several regions. Our proposed model changes the computa-
tion performed by the dendrites so that we can change the rectangular
segments into elliptical regions. This allows DEN to create smoother
decision boundaries.

The last training algorithms (i.e., elimination, union and DCM) al-
ways finish when all of the training patterns are well classified, creat-
ing very complex models. This leads to network with poor predictive
performance on testing data and the creation of a large quantity of
hyperparameters. In contrast, the ellipsoidal neuron has a training
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Figure 4.2: DCM training algorithm. Classified patterns with a DMNN based
on the DCM. Green hyperboxes enclose class one patterns and
blue hyperboxes to class two patterns.

procedure that is based on the optimization algorithm k-means++,
which avoids the overfitting problem.

4.2 gmm and the elliptical k-means clustering algo-
rithm

On the other hand, we proposed changing the computation performed
for the dendrites by using the Mahalanobis distance [32] and the
k-means++ clustering algorithm [10] to obtain hyperellipsoids.

Other approach related to the Mahalanobis distance and the k-
means++ clustering algorithm is Gaussian Mixture Model (GMM),
elliptical k-means clustering algorithms and classifiers based on the
Mahalanobis distance.

GMMs are a superposition of some number of Gaussian densities.
In this probabilistic model, the aim is to approximate almost any
continuous density by using a sufficient number of Gaussians [13].

There are several techniques to set the GMM parameters (the mean
vector, the covariance matrices and the mixture weight). The most
popular method is Maximum Likelihood (ML) that iteratively adjusts
these parameters in order to maximize the likelihood of the GMM by
using a special case of the Expectation Maximization (EM) algorithm
[34, 43]. Although EM commonly uses the k-means algorithm to ini-
tialize the GMM parameters, as we do for DEN, EM sets a fixed number
of clusters or uses probabilistic methods such as Akaike Information
Criterion (AIC) [15]. Instead, DEN iteratively sets an optimum number
of clusters in a simpler way.

Another advantage is that DEN is more straightforward because
it only computes the Mahalanobis distance. We do not adjust their
ellipsoid centers neither the covariance matrices (nor use mixture

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]
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weights) such as EM. We increment the number of clusters and obtain
these parameters.

Other related works [61, 62] use the elliptical k-means clustering
algorithm to distinguish between human and non human faces. They
modified k-means by adapting the normalized Mahalanobis distance
to obtain six face pattern clusters.

The main difference between this work and DEN is that we do
not modify k-means, so we do not change the metric. Other related
approaches that use the Mahalanobis distance are [35, 16, 72, 69,
11]. The major advantage of our training algorithm is that complex
procedures are not needed, e.g. gradients or evolutionary algorithms.
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5
D I F F E R E N T I A L E V O L U T I O N T R A I N I N G
A L G O R I T H M F O R D E N D R I T E M O R P H O L O G I C A L
N E U R A L N E T W O R K S

The content of this chapter was published in the 2016 IEEE Sympo-
sium Series on Computational Intelligence (SSCI) congress [7], in the
Advanced Topics on Computer Vision, Control and Robotics in Mecha-
tronics chapter book [56] and in the Applied Soft Computing journal
[8].

Differential Evolution (DE) is recognized as a powerful optimization
technique [60, 40, 24]. This method is especially useful for problems
with cost functions that are non-differentiable, non-continuous, non-
linear, multi-dimensional or have many local minima. The main advan-
tage is that the method does not require the calculation of analytical
expressions such as gradients. Furthermore, the method is robust in
finding the global optimization in comparison with gradient based
methods.

In this chapter, we adapted the DE technique to find the number of
dendrites and their dendrite parameters for classification problems.
This is useful since a DMNN has a cost function that is non-continuous
due to the argmax operator at the neuron output. The remaining
sections of this chapter are organized as follows: Section 5.1 presents
the proposed evolutionary algorithm. Section 5.2 discusses the results
of experiments to assess the effectiveness of our proposal. And Section
5.3 presents our conclusions and proposed future work.

5.1 the proposed training algorithm

This section explains the steps involved in the evolving training algo-
rithm. Firstly, however, two definitions are provided.

Definition 1: Let x1, x2, . . . , xm be a finite set of sample patterns,
where each pattern xi = (xi1, xi2, . . . , xin) ∈ Rn for i = 1, 2, . . . , m is an
n-dimensional vector. Furthermore, each pattern xi belongs to only
one Cj class, for j = 1, 2, . . . , p, where p > 1 is a finite number.

Definition 2. A hyperbox HBn is an n-dimensional box that contains
a finite set of patterns x ∈ Rn. This HBn defines the weights wl

i , l =
{0, 1} where 1 denotes excitation and 0 inhibition.

Eq. 3.1 defines a hyperbox.
The purpose of this training algorithm is to create and place a set

of hyperboxes HBn
k ∈ Rk×2n for k ∈ {1, 2, . . . , K} that establish an

optimum decision boundary between the classes using the smallest
number.

5.1.1 Training algorithm

This sub-section provides the steps of the proposed algorithm, which
uses two initialization methods for the hyperboxes.

• HBd initialization:

19
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1. For each class Cj, select all the patterns and open one hyper-
box per class, with a length such that all the patterns of each
class remain inside. Sussner and Laureano [66] proposed a
similar algorithm which keeps dividing these in order to
avoid overlapping; however, the algorithm here suggested
does not need to take into account the overlapping of the
hyperboxes.

2. Divide each hyperbox into smaller hyperboxes along the
first axis on equal terms by a factor d, for d ∈ Z+ until q
divisions have been carried out.

• K-means++ initialization:

1. For each class, generate q clusters by using the clustering
algorithm k-means++. These clusters are transformed into
hyperboxes.

2. Calculate a local error in the DMNN based on the generated
hyperboxes and in the actual class. If necessary, increment
the number of clusters, q, for each class.

3. Continue with the next classes.

• Apply DE, as in [9], to the actual hyperboxes.

• Select the best set of hyperboxes that produce the smallest error.
Algorithm 5.1 shows the pseudo-code of DE applied to a DMNN.

Algorithm 5.1 Pseudo-code of DE applied to DMNN.
Begin
Generate initial population of solutions.
for d = 1 to q

Repeat:
For the entire population, calculate the fitness value.
For each parent, select two solutions at random and the best

parent.
Create one offspring using DE operators.
If the offspring is better than the parents:

Parent is replaced by the offspring.
Until a stop condition is satisfied.

End

a) Initialization: The set of hyperboxes forms a k × n matrix called
ListH. Each row of ListH forms the corners of a hyperbox and repre-
sents a chromosome. The initial population of parents is formed by
multiplying t random vectors F per ListH, where t is the population
size. The multiplication of one vector F per ListH conforms a parent
of the total population, and each multiplication changes the original
size and position of each hyperbox. In this case, DE has preliminary
knowledge about the solution space.

b) Fitness function: Based on the corners of the generated hyper-
boxes that enclose the patterns for the Cj classes, minimize the classifi-
cation error, which is calculated using Eq. 5.1, dividing the number of
misclassified patterns, g, by the total number of patterns, m:

%error =
g
m
× 100, (5.1)
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c) Mutation: Select uniformly at random one from each ten par-
ents, and permute 30% of the k rows with the purpose of changing
the class order. These parameters were chosen based on preliminary
experiments.

d) Crossover: We did not report crossover, since the results are
similar.

e) Offspring creation using DE operators: Create the offspring with
the actual parents using a DE operator, as in Eq. 5.2:

ListHt = ListHa + F× (ListHb − ListHc), (5.2)

where a, b and c must be distinct. ListHt is the offspring, F is a random
vector, ListHb and ListHc are randomly chosen parents and ListHa

is the best member of the population, individual duplication is not
accepted.

f) Stop condition: DE stops if the error criteria is satisfied or the full
number of iterations, q, has been reached. The algorithm applies the
mutation mechanism to avoid local minima. It is worth mentioning
that this does not guarantee solving the problem because it is not a
convex function.

5.1.1.1 HBd initialization method

One of the most important problems involved in the DMNN training
algorithm is the election of the dendrite number and the optimization
of the synaptic weights for each dendrite.

In order to explain this training algorithm with HBd initialization, a
straightforward example of four classes with two features is presented.
Fig. 5.1 illustrates the problem to be solved; the blue dots belong to
C1, black crosses to C2, green stars to C3 and red diamonds to C4.
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Straightforward Example

Figure 5.1: Simple example of four classes with two attributes. The points
inC1 are shown as blue dots, points in C2 as black crosses, points
in C3 as green stars and points in C4 as red diamonds.
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1. Select all the patterns of each class and open a hyperbox for each
class. Fig. 5.2 shows the hyperboxes that cover all the patterns.

2. Divide each hyperbox by a factor d and apply DE to the resultant
hyperboxes in order to set them in the best position with the best
size. Fig. 6.1 illustrates the divisions of each hyperbox generated
in Step 2 when d = 1 and d = 2. When d = 1 there is no division.

3. Select the best set of hyperboxes. Fig. 5.4 displays the best set
generated after applying the training algorithm, with d = 2.
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Figure 5.2: Step 1: patterns of each Cj class enclosed with a hyperbox for
each class. The blue HB1 encloses all patterns from C1, the black
HB2 encloses all patterns from C2, the green HB3 encloses all
patterns from C3 and the red HB4 encloses all patterns from C4.
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(a) When d is equal to 1, there are four
hyperboxes.
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(b) When d is equal to 2, there are eight
hyperboxes.

Figure 5.3: Step 2: divide each hyperbox by a factor d and apply DE to the
resultant hyperboxes.

5.1.1.2 K-means++ initialization method

The same example of four classes with two features is used to illustrate
the k-means++ method for initialization.
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DE training algorithm for DMNN

Figure 5.4: Step 3: selection of the best set of hyperboxes generated by the
training algorithm.

1. For C1, form one hyperbox using the clustering algorithm k-
means++ and calculate the local error, and iterate until q = 2.
Fig. 5.5 (a) presents the hyperboxes generated when q = 1 and
q = 2, for C1.

2. Continue with C2, C3 and C4. Fig. 5.5 (b) shows the hyperboxes
generated for C2 and Fig. 5.5 (c) displays those for C3 and C4.
Finally, Fig. 5.6 presents all hyperboxes generated using the k-
means++ initialization method for this straightforward example.

For this simple dataset, it was not necessary to apply DE to the gener-
ated hyperboxes, since the k-means++ initialization method obtained a
final error of zero. It appears that the k-means++ initialization method
places the hyperboxes more effectively than the HBd initialization
method. However, in practical experiments better performance was
obtained using the HBd initialisation method.

5.2 experiments

Experimental validation results are presented in this section. Experi-
ments were performed using four synthetic datasets, 11 datasets from
the University of California Irvine (UCI) - Machine Learning Reposi-
tory (MLR) [2] and one dataset focused on classifying geometric figures
using a Nao robot. On the basis of these results, the new training al-
gorithm demonstrated a learning performance which is superior to
state-of-the-art alternatives for Dendrite Morphological Neural Net-
work (DMNN) training algorithms, and a considerable reduction in
dendrite number. Moreover, our training achieves performance similar
to the most common classifiers.
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(a) 

(b) 

(c) 

Figure 5.5: Illustration for k-means++ initialization method. (a) Generated
hyperboxes with k-means++ initialisation method for C1. (a) Left:
when q is equal to 1, local error is equal to 20. (a) Right: when q
is equal to 2, local error is equal to zero. (b) hyperbox generated
using the k-means++ initialization method for C2. When q is equal
to one, the local error is equal to zero. (c) hyperboxes generated
using k-means++ initialization method for C3 and for C4. (c) Left:
when q is equal to one, local error is equal to six for C3. (c) Middle:
when q is equal to two, local error is equal to zero for C3. (c) Right:
when q is equal to one, local error is equal to zero for C4.

For the DE algorithm and for all the datasets, the population size
was set as 10 individuals with 50 generations; these parameters were
chosen based on preliminary experiments.

5.2.1 Results from synthetic datasets

In order to test the proposed training algorithm, it was first applied
to two synthetic datasets with a high percentage of overlap, in which
the overfitting problem becomes more apparent. It was compared
with two algorithms, Divide and Conquer Method (DCM) [59] and
Single Layer Lattice Perceptron (SLLP) [44]; comparison focused mainly
on DCM, since this represents the state of the art for DMNN training
algorithms.

The first was synthetic dataset A; this was composed of two classes
and two features, and was generated using two Gaussian distributions
with a standard deviation equal to 0.9. The first class was centered
around the point (0,0) and the second class around the point (1,1). Fig.
5.7 (a) shows dataset A.

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]



5.2 experiments 25

0 2 4 6 8 10 12
X1

1

2

3

4

5

6

7

X
2

Figure 5.6: Hyperboxes generated using the k-means++ initialization method
for this straightforward example.

Fig. 5.7 (b) and (c) illustrate the generation and placement of the
hyperboxes in solving the classification problem A with the DE for
DMNN and DCM training algorithms, respectively.

The second synthetic dataset was B; this was formed using three
Gaussian distributions with a standard deviation equal to one. The
classes were placed around the points (-1,-1), (1,1) and (-1,2). Fig. 5.8
(a) exhibits the dataset B.

Fig. 5.8 (b) and (c) show the hyperboxes generation for solving the
classification problem B, using the DE for DMNN and DCM training
algorithms respectively.

The third synthetic dataset was Spiral 2, which is a double spiral
with two laps. Fig. 5.9 displays Spiral 2 as solved by the proposed
algorithm using the k-means++ initialization method. The final syn-
thetic dataset was Spiral 10, which is similar to Spiral 2 except that it
has ten spiral laps rather than two.

In these four synthetic datasets, 20% of the data was used for testing
and 80% for training. Duplicate patterns were removed, data was
normalized, and all classifiers were tuned-up. Table 5.1 shows the
hyperparameters used, where hL is the number of hidden layers, nu
is the number of neurons in the hidden layers, LR is the learning
rate, mo is the momentum, PD is the polynomial degree and nC is
the number of clusters. Table 5.2 presents the time in seconds taken
during training for each type of classifier.

In general, we see that the RBN based classifier is the fastest method;
our method is the slowest. Nevertheless, the proposed method does
not need an adjustment of the hyperparameters unlike the other
classifiers, which in most cases is time consuming.

Table 5.3 presents the classification errors and the number of
dendrites obtained with the new training algorithm and with the DCM

and the SLLP algorithms.
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Table 5.1: Hyperparameters used for MLP, SVM and RBN.

MLP SVM RBN

Dataset hL nu LR mo PD nC

A 1 2 0.3 0.2 3 3

B 1 10 0.3 0.2 2 4

Spiral 2 1 22 0.3 0.7 3 6

Spiral 10 1 40 0.9 0.1 5 10

Iris 1 5 0.3 0.2 1 2

Mammographic Mass 1 3 0.4 0.2 2 6

Liver Disorders 1 25 0.7 0.2 5 1

Glass Identification 2 2 0.2 0.1 1 4

Wine Quality 1 8 0.3 0.1 2 2

Mice Protein Expression 1 10 0.1 0.2 2 1

Abalone 1 17 0.1 0.2 2 10

Dermatology 1 20 0.3 0.2 3 2

Hepatitis 1 10 0.3 0.2 1 1

Pima Indians Diabetes 1 5 0.3 0.2 1 1

Ionosphere 1 18 0.3 0.2 3 5

Nao 1 5 0.3 0.2 4 6

Table 5.2: Training times in seconds.

Dataset SLLP DCM MLP SVM RBN DE for DMNN

A 52.44 1.49 0.75 0.33 0.12 106.10

B 142.50 1.96 1.42 0.80 0.10 230.31

Spiral 2 53.21 1.00 3.18 3.84 0.30 5.18

Spiral 10 899.41 16.40 16.50 75.23 0.16 2213.33

Iris 0.60 0.20 0.14 0.20 0.02 33.25

Mammographic Mass 4.63 0.29 0.58 2.20 0.20 131.00

Liver Disorders 1.76 0.32 0.70 18.82 0.10 79.36

Glass Identification 0.39 0.60 0.68 4.00 0.30 210.05

Wine Quality 414.68 2.73 1.94 1.90 0.45 1700.14

Mice Protein Expression 8.93 1.66 5.67 1.36 3.77 10726.05

Abalone 3341.22 16.21 21.17 35.98 20.18 14242.10

Dermatology 2.18 0.18 1.75 3.00 0.19 1091.13

Hepatitis 0.04 0.02 0.12 0.50 0.01 46.58

Pima Indians Diabetes 10.53 0.69 0.40 1.00 0.20 197.62

Ionosphere 1.40 0.25 1.34 3.50 0.20 357.32

Nao 16.57 0.14 1.16 3.60 0.40 2.07
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(a) Distribution of dataset A composed
of two classes and two features,
generated by two Gaussian distri-
butions with a standard deviation
equal to 0.9.
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(b) Two hyperboxes generated with the
DE training algorithm for DMNN.
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(c) 419 hyperboxes generated with the
DCM training algorithm.

Figure 5.7: Dataset A.

The proposed algorithm was compared also with some of the
most common algorithms for classification: MLP, SVM and RBN. These
classifiers were applied using the software WEKA 3.6 and 3.8 [28],
while the DMNN training algorithms were programmed in Python 2.7.
Table 5.4 describes the features of all the datasets, the percentages
used for training and testing, and the initialization method which
produced the best classification result.

For A, B, Spiral 2 and Spiral 10 datasets, the DMNN trained with the
proposed algorithm easily overcame the DCM and the SLLP obtaining
the least classification error and the least number of hyperboxes. The
DCM presented a perfect classification performance in the training set,
which led to overfitting due to the increment in the model complexity.
In contrast, our proposal avoided overfitting by choosing a good initial
number of dendrites.

Table 5.3: Comparison of SLLP, DCM and DE for DMNN training algorithms for
the four synthetic datasets.

SLLP DCM DE for DMNN

Dataset K Etest K Etrain Etest K Etrain Etest

A 194 28.0 419 0.0 25.0 2 21.7 20.5

B 161 50.3 505 0.0 20.3 3 16.6 15.2

Spiral 2 160 8.6 356 0.0 7.2 60 7.3 6.4

Spiral 10 200 26.7 1648 0.0 10.6 1094 1.8 6.3
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(a) Distribution of dataset B composed
of three classes and two features,
generated by three Gaussian distri-
butions with a standard deviation
equal to one.
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(b) Three hyperboxes generated with
the DE training algorithm for
DMNN.
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(c) 505 hyperboxes generated with the
DCM training algorithm.

Figure 5.8: Dataset B.

Comparing the DMNN trained wiht the proposed algorithm with the
rest of the classifiers Table 5.3, DE based DMNN slightly overcame MLP,
SVM and RBN for A, B and Spiral 2. On the other hand, for Spiral 10

which is a more challenging dataset, DE based DMNN easily placed a
set of hyperboxes and obtains 6.3% error during testing. However, MLP

obtains 48.9% error even though it used 400 neurons in the hidden
layer. This happened because neural networks are often better at
responding to directions in space rather than to exact locations [27].

5.2.2 Results from real datasets

In this sub-section, the DE for DMNN was applied to 11 datasets from
the UCI - MLR [2].

The well-known Iris dataset was the first problem considered; this
has four features (the length and the width of the sepal petals in
centimeters), three classes (Iris setosa, Iris virginica and Iris versicolor)
and 50 samples per class.

The Mammographic Mass is a breast cancer screening dataset that
has five attributes (BI-RADS assessment, age, shape, margin and den-
sity) and two classes (benign and malignant). The third dataset was
Liver Disorders, which has two classes (the selector field used to split
the data into two sets) and six features (five variables are blood tests,
and one is the number of half-pint equivalents of alcoholic beverages
drunk per day). This is a study which analyzes certain liver disorders
which could arise from alcohol consumption.
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Figure 5.9: Spiral of two laps solved by DE for DMNN with 60 hyperboxes.

Glass Identification is a classification study of glass types, which has
10 features (examples of chemical analysis) and six classes (six types of
glasses). The Wine Quality dataset aims to predict the quality ranking
from the chemical properties of wines, and consists of 11 features and
six classes. The sixth dataset was Mice Protein Expression, which has
77 features (expression levels of 77 protein modifications measured
in the cerebral cortex) and eight classes (eight classes of control and
Down syndrome mice exposed to context fear conditioning, a task
used to assess associative learning). The remaining datasets were
Abalone, Dermatology, Hepatitis, Pima Indians Diabetes, Ionosphere
and Nao.

The Abalone dataset is a collection of physical measurements of
abalones, and consists of eight features (sex, length, diameter, height,
whole weight, shucked weight, viscera weight and shell weight) and
28 classes (number of rings used to determine the age of the abalone).
Dermatology was the eighth dataset, and this is a study of skin dis-
eases consisting of 34 features (of which 12 are clinical attributes and
22 are histopathological attributes) and 6 classes (psoriasis, seborrheic
dermatitis, lichen planus, pityriasis rosea, chronic dermatitis, and
pityriasis rubra pilaris).

The hepatitis dataset provides information about patients affected
by hepatic disease. The dataset has a mixture of 19 real and integer-
valued features and two classes (histology).

The next dataset was Pima Indians Diabetes, which is research data
on female patients of at least 21 years old of Pima Indian heritage.
This dataset contains eight features with clinical information related
to diabetes and two classes (tested positive or negative for diabetes).

The last dataset was Ionosphere from the UCI - MLR, which has 34

continuous features (collected from a phased array of sixteen high-
frequency antennas) and two classes; the data involves either good
(radar returns showing structure in the ionosphere) or bad returns.
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Table 5.4: Features of the datasets, percentages used for training and testing,
and best initialization method.

Dataset p n Etrain Etest Method

A 2 2 80 20 HBd

B 3 2 80 20 HBd

Spiral 2 2 2 80 20 k-means++

Spiral 10 2 2 80 20 k-means++

Iris 3 4 75 25 HBd

Mammographic Mass 2 5 80 20 HBd

Liver Disorders 2 6 85 15 HBd

Glass Identification 6 10 75 25 HBd

Wine Quality 6 11 75 25 HBd

Mice Protein Expression 8 77 75 25 HBd

Abalone 28 8 80 20 HBd

Dermatology 6 34 80 20 HBd

Hepatitis 2 19 80 20 k-means++

Pima Indians Diabetes 2 8 80 20 HBd

Ionosphere 2 34 80 20 HBd

Nao 3 7 85 15 k-means++

Table 5.5 presents the results of DMNN training algorithms for the
UCI datasets. In most cases, the proposed algorithm achieved the
smallest classification error, and the number of dendrites was much
lower than in the other methods. This allows implementation of this
classifier in embedded devices to obtain real-time responses.

In analyzing the results of the actual best training algorithm for
DMNN (the DCM [59]) with the proposed algorithm, it is observed that
the DCM algorithm had the problem of overfitting for these datasets
too. This is because DCM fit very well during training but failed during
generalization when testing; since this technique does not have any
method of regularization. For this reason, DE for DMNN outperformed
DCM for the synthetic and real datasets.

Table 5.6 shows a comparison between DE for DMNN and the rest
of the classifiers, and demonstrates that the DE training algorithm
for DMNN often achieved the lowest classification error for the real
datasets with low dimensions. Nevertheless, when working with high
dimensional dataseta (Abalone, Mice Protein Expression and Wine
Quality) the other classifiers defeated our proposal for two reasons: 1)
the DMNN architecture does not have a feature extraction layer, and 2)
training time for differential evolution can be very time consuming to
look for the best solution.

As a comparison of the performance of the proposed algorithm
in statistical terms with the previously mentioned classifiers (with a
significance level α = 0.05), Table 5.7 gives the p-values obtained in a
paired t-test with the other methods. Based on these results, we can
say that DE for DMNN presented a similar performance to MLP and
SVM and better performance than RBN, SLLP and DCM for the datasets
used.
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Table 5.5: Comparison of SLLP, DCM and DE for DMNN training algorithms for
the 12 UCI datasets.

SLLP DCM DE for DMNN

Dataset K Etest K Etrain Etest K Etrain Etest

Iris 5 6.7 28 0.0 3.3 3 3.3 0.0

Mammographic Mass 51 14.4 26 0.0 19.2 8 15.8 10.4

Liver Disorders 41 42.0 183 0.0 35.5 12 37.6 31.1

Glass Identification 60 36.7 82 0.0 31.8 12 4.7 13.6

Wine Quality 120 51.0 841 0.0 42.1 60 42.1 40.0

Mice Protein Expression 77 18.9 809 0.0 5.0 32 6.6 4.5

Abalone 835 88.2 3026 0.0 80.6 27 77.1 78.2

Dermatology 192 57.8 222 0.0 15.5 12 4.8 4.2

Hepatitis 19 53.3 49 0.0 46.7 9 9.4 33.3

Pima Indians Diabetes 180 70.6 380 0.0 31.4 2 23.8 23.5

Ionosphere 238 10.0 203 0.0 35.7 2 2.8 2.8

Nao 231 13.3 74 0.0 2.2 18 3.7 7.8

Table 5.6: Comparison of MLP, SVM, RBN and DE for DMNN for all datasets.

MLP SVM RBN DE for DMNN

Dataset Etrain Etest Etrain Etest Etrain Etest Etrain Etest

A 20.7 24.0 20.8 22.0 21.8 23.5 21.7 20.5

B 15.5 16.7 15.7 16.7 15.5 17.0 16.6 15.2

Spiral 2 6.6 7.4 45.1 44.4 47.4 45.2 7.3 6.4

Spiral 10 48.8 48.9 49.5 49.6 49.4 45.6 1.8 6.3

Iris 1.7 0.0 4.2 0.0 4.2 0.0 3.3 0.0

Mammographic Mass 15.7 11.2 18.4 11.2 17.9 16.0 15.8 10.4

Liver Disorders 40.3 40.6 40.0 40.2 29.0 37.8 37.6 31.1

Glass Identification 14.1 20.4 12.3 18.2 0.0 20.4 4.7 13.6

Wine Quality 34.3 39.0 40.6 43.0 41.5 44.3 42.1 40.0

Mice Protein Expression 0.0 0.6 0.1 0.5 11.4 13.9 6.6 4.5

Abalone 75.0 75.0 73.1 75.0 72.0 76.0 77.1 78.2

Dermatology 0.0 0.0 1.4 1.4 1.0 2.8 4.8 4.2

Hepatitis 1.6 40.0 15.6 33.3 15.6 33.3 9.4 33.3

Pima Indians Diabetes 15.5 29.4 22.3 24.8 22.3 24.8 23.8 23.5

Ionosphere 0.3 7.1 6.8 6.8 6.4 8.6 2.8 2.8

Nao 4.5 4.4 31.8 32.2 31.5 31.1 3.7 7.8
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Table 5.7: P-values of a paired t-test to compare the performance of the
proposed algorithm with α = 0.05.

Classifiers p− values

SLLP 0.0002

DCM 0.0002

MLP 0.0760

SVM 0.0269

RBN 0.0082

Table 5.8: Results of applying 10-fold cross validation to the nine datasets
with DE for DMNN.

Dataset best mean std

A 15.8 19.2 2.0

B 12.8 15.6 2.3

Spiral 2 3.6 7.7 2.5

Spiral 10 3.6 7.7 2.4

Iris 0.0 1.3 2.7

Mammographic Mass 0.0 3.0 6.2

Liver Disorders 8.8 27.5 9.9

Glass Identification 0.0 6.4 6.5

Wine Quality 42.3 44.8 1.5

Mice Protein Expression 2.8 5.4 1.1

Abalone 75.8 79.3 1.8

Dermatology 0.0 5.1 3.3

Hepatitis 14.3 30.0 10.0

Pima Indians Diabetes 15.8 26.0 4.7

Ionosphere 2.8 6.0 4.0

Nao 2.9 6.8 3.4

Finally, Table 5.8 displays the results of applying 10-fold cross
validation to the nine datasets with DE for DMNN, where “best” indi-
cates the best result, “mean” is the mean and “std” is the standard
deviation of the folds for each dataset. DE for DMNN had a relatively
small standard deviation for most of the datasets (except for Mam-
mographic, Liver Disorders, Glass Identification, Hepatitis and Pima
Indians Diabetes), which demonstrates the robustness of the method.

5.2.3 Figure recognition with Nao robot

In order to test the performance of the new algorithm in resolving a
real practical problem, the proposed training algorithm was used to
classify geometric figures (a rectangle, a circle and a pentagon) using
a Nao robot. For this experiment, 600 pictures were taken of the three
figures in different positions and orientations.
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In the pre-processing stage, all the pictures were transformed from
the Red/Green/Blue (RGB) format to the Luminance, Saturation and
Hue angle (CIELUV) or Hue, Saturation and Value (HSV) color spaces,
depending on the grade of illumination. Following this, the images
were binarized and seven invariant Hu moments of the processed
images were obtained.

Finally, the classifier was trained and tested on the robot, and ob-
tained a 98% classification score. Fig. 5.10 shows the Nao robot placed
to classify the geometric figures.

This experiment was developed to aid a laboratory study which
focuses on teaching geometric figures and colors to children from two
to three years old using a robot.

Figure 5.10: Nao robot placed to classify geometric figures.

5.3 chapter conclusions and future work

This work proposed a method for evolving the dendrites (hyperboxes)
of a morphological neuron to optimize the classification error. Unlike
this proposed approach, most training techniques in literature for
morphological neural networks are based on intuition in terms of
where to place the hyperboxes without adding an optimization step to
increase their effectiveness as a classifier. Two methods were proposed
for generating the initial population of hyperboxes: one based on the
division of an initial hyperbox and the other on an initial clustering
using k-means++. Both methods are useful, depending on the spe-
cific classification problem in reducing the number of evolutionary
generations.

The proposed method performance was evaluated experimentally
using four synthetic databases and 11 real databases as benchmarks.
When comparing the DE for DMNN with state-of-the-art methods
in morphological neural networks, results showed that our method
achieved fewer misclassifications and required fewer dendrites. Com-
pared to the most popular techniques in this area of machine learning,
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the results showed that DE for DMNN outperformed RBN and presented
a competitive performance compared with the MLP and SVM classifiers
(especially in datasets with low dimensionality).

Furthermore, we invite the reader to consider that a performance
equivalent to that of MLP and SVM was achieved without using feature
extraction layers, with only one dendrite layer. Finally, the imple-
mentation of these dendrite morphological neurons was shown to
be satisfactory in a Nao robot in an application involving geometric
figures recognition. It should be clarified that the greatest disadvan-
tage of our method is the training time required due to evolutionary
optimization. For this reason, future work will involve the implemen-
tation of the proposed algorithm on a Graphic Processing Unit (GPU)
focusing on applications requiring real-time responses, such as object
classification and segmentation.
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D E N D R I T E E L L I P S O I D A L N E U R O N

The content of this chapter was published in the International Society
for Photogrammetry and Remote Sensing (ISPRS) congress [5], in the
The 2017 International Joint Conference on Neural Networks (IJCNN)
congress [6] and in the Evolving Systems - Springer journal [4].

The main difference between DMNNs and classical perceptrons is
that DMNNs separate the classes using hyperboxes (rectangles in 2D)
rather than the hyperplanes (planes in 2D) as the classical perceptrons
use. In other works [71, 7], we have shown that a DMNN is able to
solve problems with the same precision as a classical MLP, even if the
DMNN lacks layers to extract features.

In this chapter, we presented a new neuronal architecture based
on the neuron model with mophological dendrites, replacing the
hyperboxes with ellipsoids of n-dimensions. The main advantage
of this ellipsoidal model is that it makes the borders of desicion
boundary smoother, i.e. without rectangular segments. In addition,
a new training method based on k-means++ is proposed to find the
covariance matrix and the center of each hyperellipsoid in the model.

The sections are organized as follows: Section 6.1 introduces the
Dendrite Ellipsoidal Neuron (DEN) architecture; Section 6.2 shows the
proposed training algorithm; Section 6.3 discusses the experimental
results to assess the effectiveness of our proposal; and, in Section 6.4
we give our conclusions and future work.

6.1 den : architecture

The DMNN computation is based on Lattice algebra. A dendrite output
for a DMNN is given by Eq. 3.1, where xi is an input vector and n is the
vector dimensionality; i ∈ I and I ∈ {1,...,n} represents the set of all
input neurons with terminal fibers that synapse on the kth dendrite;
w0

ik and w1
ik are the synaptic weights that correspond to the set of

terminal fibers of the ith neuron that synapse on the kth dendrite
for the jth class; w1

ik is the activation terminal fiber and w0
ik is the

inhibition terminal fiber. More detailed information can be found in
[44, 46]. However, our new neuron uses the Mahalanobis distance. So,
we modified the computation of this dendrite in order to substitute
hyperboxes by hyperellipsoids, Eq. 6.1:

τ
j
k = (xi + µk)

T ∑ −1
k (xi + µk), (6.1)

where µk is a mean vector and ∑ −1
k is a covariance matrix associated

with the kth cluster, K = 1, ..., k.
In a conventional DMNN, the output value of the neuron τj is as-

signed to the class of dendrite output that has the maximum value, Eq
3.2. In contrast, the dendrites in DEN measure the distance between

35

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]

https://www.isprs.org/Default.aspx
https://www.isprs.org/Default.aspx
https://www.ijcnn.org/
https://link.springer.com/article/10.1007/s12530-018-9248-6


6.1 den : architecture 36

patterns and hyperellipsoids, so we proposed assigning the neuron
output to the dendrite output that has the minimum value, Eq. 6.2:

τj = argmink(τ
j
k), (6.2)

where the argmink only selects one dendrite. Fig. 6.1 shows the archi-
tecture of a DEN with a single output neuron and an example of a
hyperellipsoid generated by its dendrite parameters (µk and ∑ −1

k ) in
2D.

The argmin function allows DEN classifying outside patterns of
the hyperellipsoids and creates more complex decision boundaries
than simple hyperellipsoids. If Eq. 6.2 obtains more than one value,
then the argmin function chooses the first minimum argument as an
index class. If τj < 1, xi is inside of the hyperellipsoid; if τj > 1, xi is
outside of the hyperellipsoid; and, if τj = 0, xi is in the centroid of the
hyperellipsoid.

The substitution of hyperboxes by hyperellipsiods is key because hy-
perboxes cannot be rotated. Hyperboxes in DMNNs are always aligned
to the coordinate axes, which is a great limitation in the moment to
separate data. In contrast, hyperellipsoids have the flexibility to be
rotated. This requires fewer dendrites to separate data. Of course,
everything has a cost. A DEN requires n(n + 1) number of learning
parameters per dendrite, while a DMNN requires 2n parameters per
dendrite, where n is the dimension of the patterns.

⋮
⋮

𝜏𝑘

𝜏2

𝜏1
𝑥1

𝑥2

𝑥𝑛

𝑎𝑟𝑔𝑚𝑖𝑛(𝜏𝐾) 𝑦𝑖

(a) Architecture of a DE with a single
output.

𝜏𝑘
𝑗
𝐱 < 1

𝜏𝑘
𝑗
𝐱 > 1

(b) An example of a hyperellipsoid in
2D generated by its dendrite param-
eters (µk and ∑−1

k ).

Figure 6.1: Differential Evolution (DE).

To explain the besought classifier, we used a straightforward ex-
ample of two classes and two dimensions, and two noisy patterns

to test the generated neuron; x̃1 =
[

8.0, 3.5
]T

of class C1 and

x̃2 =
[

2.0, −2.0
]T

of class C2. Fig. 6.2 shows the ellipsoids created
by a DEN in the training process and Table 6.1 presents the ellipses
hyperparameters.

When we applied Eq. 6.1 to the input patterns in both ellipses:

τ1
1 (x̃1) = (x̃1 − µ1)

T ∑ −1
1 (x̃1 − µ1),

τ2
1 (x̃1) = (x̃1 − µ2)T ∑ −1

2 (x̃1 − µ2),

τ1
2 (x̃2) = (x̃2 − µ1)

T ∑ −1
1 (x̃2 − µ1),
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Figure 6.2: Straightforward example of two classes and two dimensions, blue
dots belong to C1 and green starts belong to C2. x̃1 is denoted by
a triangle and x̃2 is denoted by a square.

τ2
2 (x̃2) = (x̃2 − µ2)T ∑ −1

2 (x̃2 − µ2),

we obtained: τ1,2
1 =

[
22.74, 67.97

]
and τ1,2

2 =
[

38.47, 30.67
]
,

respectively. Lastly, by applying Eq. 6.2 to these dendral computa-
tions, we achieved: τ1 = argmin(

[
22.74, 67.97

]
) = 1 and τ2 =

argmin(
[

38.47, 30.67
]
) = 2. Therefore, x̃1 is classified into class C1

and x̃2 into C2. Both noisy patterns were well classified, as expected.

6.2 den : training

One of the most important problems in DMNN training algorithms is
the election of the dendrite number. DEN automatically determines
the optimum number of dendrites; this section explains its training
algorithm. Before presentation, two definitions are provided:

Definition 1. Let x1, x2, . . . , xm be a finite set of sample patterns (for
i = 1, 2, . . . , m), where each pattern xi = (xi1, xi2, . . . , xin) ∈ Rn is an
n-dimensional vector. Each pattern xi belongs to only one Cj class, for
j = 1, 2, . . . , p, where p > 1 is a finite number.

Definition 2. A hyperellipsoid HEn is an n-dimensional ellipsoid
that contains a finite set of patterns x ∈ Rn. This HEn is defined by its
dendrite parameters µk and ∑ −1

k .
Definition 3. The minimum number of hyperellipsoids produced

in the training process is equal to the number of classes (j), one
hyperellipsoid per class. The maximum is equal to the number of
training patterns (mj) per the number of classes divided by two mj×j

2 .
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Table 6.1: Hyperparameters of the ellipsoids formed by a DEN for the straight-
forward example.

Hyperparameters

µ1

[
9.24, 1.03

]
T

∑ −1
1

[
3.08, 0.22

0.22, 0.31

]

µ2

[
6.49, 7.34

]
T

∑ −1
2

[
6.55, 8.27

8.27, 10.93

]

So, we can express the nHEn number of generated hyperellipsoids as
Eq. 6.3:

j ≤ nHEn ≤
j×mj

2
, (6.3)

where nHEn is the number of hyperellipsoids.
Definition 4. The number of hyperparameters hP produced by one

hyperellipsoid is Eq. 6.4:

hP = n(n + 1), (6.4)

in an n-dimensional space.
Definition 5. The goal of the training algorithm is to create and place

a set of hyperellipsoids HEn ∈ Rn for k ∈ {n, . . . K} that establish an
optimal decision boundary between the classes with the least number,
where K is the number of produced hyperellipsoids.

We provide the steps of the proposed training algorithm.

6.2.1 Steps of DEN training algorithm

This sub-section provides the steps of the proposed algorithm.

1. Set a global error (errorglobal) and a local error (errorlocal). Both
errors are the number of training patterns that are allowable to
misclassify. Global means the total allowable errors, while local
means the allowable errors (false positives and false negatives)
for each class.

2. For a Cj class, generate k clusters (by using k-means++), k ∈ Z+.

a) Obtain µk and ∑ −1
k of the k clusters. The inverse of the

covariance matrix is obtained by using the Moore–Penrose
pseudo-inverse [38].
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b) Calculate errorlocal by counting the bad classified patterns.

c) If errorlocal < errorglobal continue with the next class, go to
step 2. Else k = k + 1. Algorithm 6.1 shows the training
algorithm for DEN. Note that we use a counter c to avoid
staying in an infinite cycle when there is no improvement
in errorlocal .

Algorithm 6.1 Training algorithm for DEN.
Begin
Define errorglobal and errorlocal
For Cj class, k = 1

while errorlocal > errorglobal :
Transform the k clusters to k hyperellipsoids
Calculate errorlocal
if errorlocal == 0:

break
if errorglobal ≥| errorlocal [k− 1]− errorlocal [k] | :

c = c + 1
if c == 3

break
k = k + 1

End

6.2.2 Example of DEN training algorithm

In order to explain the training algorithm, a straightforward example
of three classes with two features is illustrated. Fig. 6.3presents the
problem to solve; blue dots belong to C1, green crosses belong to C2

and red asterisks to C3.
1) For C1, form one hyperellipsoid by using the clustering algorithm

k-means++ and calculate errorlocal . Fig. 6.4 presents the generated
hyperellipsoids when k = 1, k = 2 and k = 3, for C1.

2) Continue with C2 and C3, Fig. 6.5 shows the hyperellipsoid
generated for C2 and Fig. 6.6 exhibits for C3. Fig. 6.7 displays all the
generated hyperellipsoids with DEN for this straightforward example.

6.3 experiments

We present the experimental validation results in this section and
we discuss the besought neuron and other classifiers that we have
used. Experiments were performed using four synthetic datasets and
11 datasets from the UCI repository reported in Section 5.2. Based
on the results, the proposed classifier achieved a superior perfor-
mance compared to state-of-the-art for DMNN training algorithms and
a substantial decrement in the number of dendrites. Furthermore, our
neuron obtained a similar performance to the most common classi-
fiers. We also applied our approach for lane detection in image and
geometrical figure recognition in a Nao robot.
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Figure 6.3: Straightforward example of two classes and two dimensions, blue
dots belong to C1 and green starts belong to C2. x̃1 is denoted by
a triangle and x̃2 is denoted by a square.

6.3.1 Experimental results using synthetic data

We mainly compared the results of DEN with the DCM [59] and the
SLLP [48] because they represent the state-of-the-art for DMNNs training
algorithms.

Fig. 6.8 (a) and (b) illustrate the two hyperellipsoids that were
generated by DEN and the 419 hyperboxes created by the DCM to solve
classification problem A.

For Synthetic B, DEN formed three hyperellipsoids and the DCM 505

hyperboxes, Fig. 6.9 (a) and (b).
Fig. 6.10 presents Spiral 2, which is solved by DEN placing 20 hyper-

ellipsoids. DCM set 356 hyperboxes. For Spiral 10, DEN generated 542

hyperellipsoids and DCM 1648 hyperboxes.
Table 6.2 displays the classification errors and the number of den-

drites achieved with SLLP, and DCM and with DEN.
For the synthetic datasets, DEN achieved the least classification error

and the least number of dendrites (except with Spiral 10) compared
with the DCM and SLLP training algorithms. We can appreciate the
considerable reduction in the dendrite number obtained using DEN.

SLLP and DCM always obtained zero percent of classification error
in the training set, leading to overfitting because of the increment in
the model complexity. In contrast, DEN prevents overfitting by placing
an optimal number of hyperellipsoids.

We also compared the besought neuron with some of the most
common classifiers: MLP, SVM and RBN. For these classifiers, we used
WEKA 3.6 and 3.8 and Python 2.7 for DEN.

Table 6.3 illustrates a comparison between DEN and the rest of the
classifiers. DEN lightly overcomed MLP, SVM and RBN for A, B, and
Spiral 2, despite not having a feature extraction layer. In contrast, DEN
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(a) When k is equal to 1, local error is
equal to 8.
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(b) When k is equal to 2, local error is
equal to 2.

0 2 4 6 8 10
X1

0

2

4

6

8

X
2

(c) When k is equal to 3, local error is
equal to 0.

Figure 6.4: Generated hyperellipsoids with DEN for C1.

readily set 542 hyperellipsoids and achieved 4% error in the testing
part, for Spiral 10. MLP achieved a 48.5% error, although it uses 400

neurons in the hidden layer. This occurs because neural networks
respond better to directions in space rather than to exact locations [27].
Table 5.1 illustrates the hyperparameters used for MLP, SVM and RBN.

6.3.2 Results from real datasets

DEN easily overcomed DCM and SLLP training algorithms for almost
all the datasets in both accuracy and least number of dendrites. This
happened because DEN creates smoother decision boundaries and its
training algorithm involves the dendrite computation in the training
part. In contrast, DCM and SLLP form rectangular decision boundaries
and use heuristics that do not take the dendrite computation into
account: they simply check if the training patterns are inside their cor-
responding hyperboxes. Although a perfect classification performance
is obtained in the training process, they both fail in generalization.

By comparing DEN with MLP, SVM and RBN, we can observe that the
proposed neuron had a similar performance to these classifiers, even
though it does not have a feature extraction layer as MLP and SVM.
This is an important observation because the mathematical operations
performed with DEN are differentials. This gives us the possibility to
implement a feature extraction layer previous to the dendrite classifi-
cation layer and train the neuron by using SGD.

Table 6.4 presents a statistical comparison between the proposed
neuron and the other classifiers. This shows us the p-values achieved
in a paired t-test with a significance level α = 0.05. On the basis of
these results, DEN had a better performance than the DCM and SLLP
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Table 6.2: Comparison between DMNN training algorithms and DEN for the
15 datasets.

SLLP DCM DEN

Dataset K Etrain Etest K Etrain Etest K Etrain Etest

A 194 0.0 28.0 419 0.0 25.0 2 20.0 20.0

B 161 0.0 50.3 505 0.0 20.3 6 15.0 15.0

Spiral 2 160 0.0 8.6 356 0.0 7.2 20 5.0 6.0

Spiral 10 200 0.0 26.7 1648 0.0 10.6 542 3.0 4.0

Iris 5 0.0 6.7 28 0.0 3.3 3 1.0 0.0

Mammographic Mass 51 0.0 14.4 26 0.0 19.2 16 19.0 12.0

Liver Disorders 41 0.0 42.0 183 0.0 35.5 14 19.0 28.0

Glass Identification 60 0.0 36.7 82 0.0 31.8 7 0.0 9.0

Wine Quality 120 0.0 51.0 841 0.0 42.1 60 56.0 55.0

Mice Protein Expression 77 0.0 18.9 809 0.0 5.0 8 0.0 0.0

Abalone 835 0.0 88.2 3026 0.0 80.6 27 77.0 80.0

Dermatology 192 0.0 57.8 222 0.0 15.5 42 4.0 6.0

Hepatitis 19 0.0 53.3 49 0.0 46.7 7 40.0 20.0

Pima Indians Diabetes 180 0.0 70.6 380 0.0 31.4 80 35.0 26.0

Ionosphere 238 0.0 10.0 203 0.0 35.7 10 10.0 9.0

Nao 231 0.0 13.3 74 0.0 2.2 8 6.0 2.0

Table 6.3: Comparison of MLP, SVM, RBN and DEN for all datasets.

MLP SVM RBN DEN

Dataset Etrain Etest Etrain Etest Etrain Etest Etrain Etest

A 20.7 24.0 20.8 22.0 21.8 23.5 20.0 20.0

B 15.5 16.7 15.7 16.7 15.5 17.0 15.0 15.0

Spiral 2 6.6 7.4 45.1 44.4 47.4 45.2 5.0 6.0

Spiral 10 48.8 48.9 49.5 49.6 49.4 45.6 3.0 4.0

Iris 1.7 0.0 4.2 0.0 4.2 0.0 1.0 0.0

Mammographic Mass 15.7 11.2 18.4 11.2 17.9 16.0 19.0 12.0

Liver Disorders 40.3 40.6 40.0 40.2 29.0 37.8 19.0 28.0

Glass Identification 14.1 20.4 12.3 18.2 0.0 20.4 0.0 9.0

Wine Quality 34.3 39.0 40.6 43.0 41.5 44.3 56.0 55.0

Mice Protein Expression 0.0 0.6 0.1 0.5 11.4 13.9 0.0 0.0

Abalone 75.0 75.0 73.1 75.0 72.0 76.0 77.0 80.0

Dermatology 0.0 0.0 1.4 1.4 1.0 2.8 4.0 6.0

Hepatitis 1.6 40.0 15.6 33.3 15.6 33.3 40.0 20.0

Pima Indians Diabetes 15.5 29.4 22.3 24.8 22.3 24.8 35.0 26.0

Ionosphere 0.3 7.1 6.8 6.8 6.4 8.6 10.0 9.0

Nao 4.5 4.4 31.8 32.2 31.5 31.1 6.0 2.0
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Figure 6.5: Generated hyperellipsoid with DEN for C2. When k is equal to 1,
local error is equal to 0.

training algorithms for DMNNs and a similar performance to MLP, SVM

and RBN. Moreover, DEN achieved an average accuracy of 80.7%, MLP

78.4% and SVM 72.7% for all of the datasets that we tested.

6.3.3 Results from real datasets

In order to test the performance and solve a real practical problem,
DEN was focused on classifying geometric figures (a rectangle, a circle
and a pentagon) using a Nao robot as we did with the DMNN in
Chapter 5.2.

Table 6.2 presents the results with DEN and with DMNN training
algorithms for the eight real datasets. In most cases, the proposed
algorithm achieved the smallest classification error and the number of
dendrites was much less than the others. This allows us to implement
this classifier in embedded devices to obtain real time responses.

Analyzing the results of the actual best training algorithm for DMNN

(the DCM and the SLLP) with the proposed algorithm, it can be appre-
ciated that both presented overfitting. This is because they fit very
well in the training set but failed to generalize in the testing set due to
these techniques are heuristics and not an optimization method. For
this reason, DEN overcomed them.

In order to compare statistically the performance of the proposed al-
gorithm with the previously mentioned classifiers (with a significance
level α = 0.05), Table 6.4 exhibits the obtained p-values in a paired
t-test. Based on these results, we can say that the DEN had a similar
performance to the MLP, SVM and RBN, for the used datasets.
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(a) When k is equal to 1, local error is
equal to 11.
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(b) When k is equal to 2, local error is
equal to 4.
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(c) When k is equal to 3, local error is
equal to 0.

Figure 6.6: Generated hyperellipsoids with DEN for C3.

Table 6.4: P-values of a paired t-test to compare the performance of the
proposed algorithm with the rest of classifiers.

Classifiers p-values

SLLP 0.0025

DCM 0.0037

MLP 0.1247

SVM 0.0395

RBN 0.0152

6.3.4 Lane detection

To solve a real-life practical problem, DEN was used to detect lane lines
in an urban highway. For this practice, we used a video taken at the
Santa Fe entrance road, Mexico City. The video has 2850 frames with
a resolution of 720 *1280 pixels per frame. The applied methodology
has five steps:

1. Changing of color space: the first step is the conversion of the
color space, from RGB to HLS to work in the Saturation channel.
Fig. 6.11 (a) presents the original image while Fig. 6.11 (b) depicts
the same image in the S channel.

2. Selecting the area of interest: the second step is the selection
of the area of interest, which contains a high probability to
further detect lane lines. To do this, we created a polynomial to
discriminate the rest of the image, as can be seen in Fig, 6.12 (a).
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Figure 6.7: Generated hyperellipsoids with DEN for the straightforward ex-
ample.

(a) Two hyperellipsoids generated
with DEN.

(b) 419 hyperboxes generated with
DCM training algorithm.

Figure 6.8: Hyperellipsoids and hyperboxes generated by DEN and DCM train-
ing algorithm for problem A.

3. Image thresholding: once the area of interest is selected, the next
step is the thresholding of the image. The superior and inferior
thresholds were 225 and 105, respectively. Fig. 6.12 (b) shows the
thresholded image.

4. Application of DEN to the binary image: the next step is to
create ellipses over the thresholded image by using DEN. To
do this, red and black pixels were assigned to class zero and
one, respectively. Rather than assigning an optimal number of
ellipses, as we proposed, we fixed 12 ellipses to decrease the
processing time required per frame. Fig. 6.13 (a) displays the
ellipses generated by DEN in the thresholded image.

5. Ellipses filtering: the last step consists of eliminating the el-
lipses that are not over the lane lines by using a RANSAC filter.
This algorithm deletes atypical values that do not coincide with
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(a) Three hyperellipsoids generated
with DEN.

(b) 505 hyperboxes generated with
DCM training algorithm.

Figure 6.9: Hyperellipsoids and hyperboxes generated by DEN and DCM train-
ing algorithm for problem B.

Figure 6.10: Spiral 2 solved with DEN using 20 hyperellipsoids.

the model [25]. Fig. 6.13 (b) exhibits the filtered ellipses using
RANSAC.

This experiment was developed to aid a laboratory research project
that focuses on scaled self-driving cars. The proposed methodology
achieved 98.8 % accuracy. Fig. 6.14 illustrates nine images that result
from applying the proposed methodology for lane detection.

6.4 chapter conclusions and future work

This research has presented a new and efficient method for using
hyperellipsoids to resolve classification tasks. Unlike the besought
neuron, the typical DMNN training algorithms are based on heuristics
that do not take into account the dendrite computations and they form
rectangular decision boundaries. The main difference between these
methods and DEN is that the DEN training algorithm uses a fitness
function for the dendrite computations, achieving a least classification
error and a least number of produced dendrites for most of the bench-
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(a) Original image taken at the Santa
Fe entrance road, Mexico City.

(b) Saturation channel of the original
image.

Figure 6.11: First step for lane detection.

(a) Selection of the area of interest. (b) Thresholding of the area of interest.

Figure 6.12: Second and third step for lane detection.

marks. In addition to the proposed neuron, a training algorithm was
also besought.

The new neural model was tested experimentally using four syn-
thetic benchmarks and 11 real datasets. If we compare the experimental
results obtained with DEN and DCM - SLLP algorithms, it can be ap-
preciated that our proposed model achieved the least classification
error and formed the least number of dendrites for most of the bench-
marks. Compared with the other classifiers (i.e., MLP, SVM and RBN),
DEN presented a competitive performance. Moreover, our classifier
does not need hyperparameter adjustment, which is one of the most
time consuming activities in the process of tuning machine learning
algorithms. We encourage the reader to consider that a performance
tantamount to the MLP, SVM and RBN was obtained using a classifier
that does not have feature extraction layers but just has a classification
layer.

DEN was successfully used to segment lane lines on an urban high-
way and it was able to recognize geometrical figures with a Nao robot.
For this reason, it is recommended that future work should employ

(a) Generated ellipses using DEN on
the binary image.

(b) Filtered ellipses using RANSAC.

Figure 6.13: Fourth and fifth steps for lane detection.

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]



6.4 chapter conclusions and future work 48

Figure 6.14: Results of lane detection using the proposed methodology.

DEN in a CNN and implement it on a Graphic Processing Unit (GPU)
while focusing on applications that require real-time responses.
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7
D E N D R I T E E L L I P S O I D A L N E U R O N T R A I N E D B Y
S T O C H A S T I C G R A D I E N T D E S C E N T F O R M O T O R
I M A G E RY C L A S S I F I C AT I O N

The content of this chapter was published in the The 11th Mexican
Conference on Pattern Recognition (MCPR-2019).

Dendrite Ellipsoidal Neuron (DEN) showed good performance in
low dimensional datasets, requiring so few training parameters and it
can be easily implemented in embedded electronic devices. Although
DEN has shown to be efficient, it also has poor performance with high
dimensional datasets. All these advantages motivated us to explore
new ideas in order to improve DEN accuracy in high dimensional
datasets.

This chapter proposes an improvement to the DEN trained with k-
means++ algorithm [6, 4], we trained a DEN using Stochastic Gradient
Descent (SGD) [37] implemented as a Keras layer [18]. Furthermore, in
order to test the proposed training algorithm in a high dimensional
dataset, we acquired our own Electroencephalography (EEG) dataset
from eight able-bodied subjects for classifying these Motor Imagery
(MI) signals into binary classes (Left vs Right). Contributions of this
research are:

• This is the first time that a DEN is trained by SGD.

• Through a series of experiments, we showed that the new train-
ing algorithm outperformed the actual DEN accuracy for our
dataset, and the accuracy achieved by some of the most common
classifiers for MI.

The rest of the chapter is structured as follows: Section 7.1 describes
the methods and materials used to obtain and characterize the EEG

signals. Section 7.2 shows the DEN and the proposal architecture.
Section 7.3 describes the general details of the used classifiers and
the experimental results. In Section 7.4, we give our conclusions and
future work.

7.1 methods and materials

7.1.1 Experiment setup

For this study, eight healthy people (three males and five females)
aged 25 to 30 participated in an experiment designed to obtain EEG

recordings for two mental tasks:

1. Imagined movements of the left hand and,

2. Imagined movements of the right hand.

These experimental conditions consisted of flexion and extension of
the fingers of the right and left hand mentally without performing the
actual movements. A graphical user interface developed by our team

49
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provided the instructions of the experiment and indicated when the
subject had to carry out the mental imaginations.

The experiment was divided into 16 blocks of a duration of 28

seconds each. A block started with a fixation cross shown on the screen
for 5 seconds, followed by a visual cue of the action to be performed
by the participant (3 seconds). Fig. 7.1 illustrates the different stages of
this paradigm. White arrows and a sphere that moved from the center
of the screen to the left or right side of the monitor represented the
different types of tasks 7.2. Then, the participant had to execute for
15 seconds the imagined movement specified by the interface. Finally,
the word “Rest” was shown on the screen for 5 seconds, indicating
that the subject could relax or move freely until the beginning of the
next block. The user interface selected the task of each block randomly.
Also, both conditions were balanced, i.e., the subject performed eight
times the “Left” task and eight times the “Right” task. In total, an
experiment lasted around seven and a half minutes.

During the experiment execution, a g.USBamp amplifier recorded
EEG signals from 12 active electrodes at a sampling rate of 256 Hz
(g.tec medical engineering GmbH, Austria). Data were band-pass
filtered from 0.1 to 100 Hz, and a built-in notch filter removed the
power supply noise. According to the international 10/20 system, the
electrode positions used in this experiment were FC3, FCz, FC4, C3,
Cz, C4, CP3, CPz, CP4, P3, Pz, and P4. This arrangement was selected
to cover scalp locations that are close to the motor cortex. Additionally,
the ground electrode was located at AFz, and the reference electrode
was placed over the right earlobe.

7.1.2 Preprocessing and feature extraction

The Common Spatial Pattern (CSP) algorithm was used to characterize
the brain activity of both experimental conditions. This algorithm
finds linear combinations of the original EEG signals (or band-limited
components of the EEG) so that the variances of the new signals of
one condition are maximized, whereas the variances of the signals of
the other condition are minimized. In this way, if the log-variances of
the signals in the projected space are used as features, the separability
between conditions is optimal. In this study, the CSP algorithm was
applied over band-limited components extracted by a filter bank.
This strategy is commonly known as Filter Bank Common Spatial
Pattern (FBCSP).

In the preprocessing stage, a filter bank of gaussian bandpass filters
with a bandwidth of 4 Hz extracted 22 components from the EEG

signals (4, 5, 6, . . . , 25 Hz). Then, the data was separated into epochs
or trials of 1 second of time samples. Trials contaminated by visual
or muscular artifacts were identified and rejected from this study.
Finally, the CSP algorithm was used to compute a new set of signals
for each frequency component to increase the separability between
conditions. For each band, the three best spatial filters that maximize
the variances of the “Left” conditions were calculated. Likewise, the
three best spatial filters that maximize the variances of the “Right”
conditions were also computed, associated to a class label y {Left,
Right}. In total, each trial consisted of 132 new projected signals
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x ∈ <132×1. The features used in the classification stage were the
log-variances of these time-series.

7.2 den : architecture

DEN has the same structure as any other neural network architecture:
an input, a hidden and an output layer, Fig. 6.1. For more detailed
information check Chapter 6.1.

Once we experimentally observed that DEN had a good perfor-
mance with small dimensional datasets but not with high dimensional
datasets, we occurred to the task of setting the hyperellipsoids by
using SGD as an optimization method [37].

To do this, we first implemented the hidden layer 6.1 in a Keras
custom layer [18]. Keras computes gradients by using automatic dif-
ferentiation which automatically calculate the function derivatives of
a computer program [41]. And then, we removed the output layer 6.2
which could be replaceable by one or more neurons.

7.3 classifiers and results

This seccion shows the general details of the used classifiers for the MI

classification task and the results achieved by them.
We implemented a Support Vector Machine (SVM) with a Radial

Basis Function (RBF); kernel so commonly utilized on Brain Computer
Interface (BCI) based on EEG [31, 3]. And we selected the γ gamma and
the C compensation factor by doing a grid sweep in order to choose
the best parameters.

The second classifier was a Multilayer Perceptron (MLP). This was
implemented with two hidden layers, each layer with 100 ReLU neu-
rons and an output layer with a sigmoid neuron (σ). To decrease the
overfitting problem, we applied dropout with a rate of 0.2 between
each layer.

Last classifiers were DEN and DEN trained by SGD. DEN_SGD archi-
tecture was composed by three hyperellipsoids with sigmoid activation
functions in the input layer and a sigmoid neuron in the output layer,
Fig. 7.3.

Table 7.1 presents the accuracy achieved by the four different clas-
sifiers. It can be appreciated that the SVM always obtained a 100%
of accuracy in the training stage. However, it computed a 65.81% in
testing. As can be seen, the SVM has a high overfitting problem.

DEN achieved the lowest accuracy in training and in testing, 80.82%
and 62.77%, respectively.

The best classifiers for this task were the Multilayer Perceptron (MLP)
and the SGD_DEN. The MLP acquired and accuracy of 72.38% in
testing and the SGD_DEN slightly acquired and improvement with
76.02%. Both presented the overfitting problem, but it was less with
SGD_DEN.

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]



7.3 classifiers and results 53

Ta
bl

e
7
.1

:E
xp

er
im

en
ta

lr
es

ul
ts

ac
qu

ir
ed

by
th

e
SV

M
,M

LP
,D

EN
an

d
SG

D
_D

EN
cl

as
si

fie
rs

us
in

g
ou

r
EE

G
da

ta
se

t.

SV
M

M
LP

D
EN

SG
D

_D
EN

Pa
rt

ic
ip

an
t

Tr
ai

n
Te

st
Tr

ai
n

Te
st

Tr
ai

n
Te

st
Tr

ai
n

Te
st

P1
1
0
0
.0

0
6
2
.9

9
9
6
.7

3
7
0
.6

6
7
6

.0
2

6
2

.7
6

9
1

.4
8

7
4

.5
0

P2
1
0
0
.0

0
6
4

.4
5

9
9

.4
2

6
8
.4

9
8
3

.8
2

6
2

.7
0

9
1

.0
9

7
2

.8
6

P3
1
0
0
.0

0
7
2

.9
7

9
8
.5

1
7
8

.9
6

8
0

.7
9

6
4

.1
9

9
3

.4
6

8
1

.2
7

P4
1
0
0
.0

0
6
3

.2
4

9
6
.4

7
6
8

.2
8

8
3

.3
6

6
4

.0
2

9
4

.8
1

7
2

.6
0

P5
1
0
0
.0

0
6
2

.4
6

9
7
.7

4
6
8

.6
1

9
2

.6
1

6
3

.6
6

9
0

.5
2

7
3

.6
5

P6
1
0
0
.0

0
6
4

.3
5

9
8
.4

0
7
1

.5
4

8
4

.2
8

6
3

.5
5

9
0

.9
4

7
5

.4
4

P7
1
0
0
.0

0
7
5

.5
9

9
6
.8

4
8
2

.5
3

7
0

.3
4

6
3

.5
0

9
7

.9
4

8
5

.0
3

P8
1
0
0
.0

0
6
0

.4
8

9
8

.4
0

6
9
.9

6
7
5

.3
4

5
7

.7
9

9
5

.1
9

7
2

.8
0

A
ve

ra
ge

1
0
0
.0

0
6
5

.8
1

9
7
.8

1
7
2

.3
8

8
0

.8
2

6
2

.7
7

9
3

.1
8

7
6

.0
2

ST
D

0
.0

0
5

.0
6

0
.9

8
5

.0
2

6
.4

1
1

.9
4

2
.4

7
4

.3
1

[ July 5, 2019 at 15:37 – classicthesis v4.6 ]



7.4 chapter conclusions and future work 54

Finally, as a comparison of the proposed method with the other
classifiers in statistical terms, we performed a paired t-test with a
significance level of α = 0.05. Table 7.2 gives the p-values acquired
in the test. The comparisons between SGD_DEN and Support Vector
Machine (SVM), Multilayer Perceptron (MLP) and Dendrite Ellipsoidal
Neuron (DEN) achieved a less value than α, which indicates that for
this dataset SGD_DEN has a significantly better performance.

Table 7.2: P− values of a paired t-test with α = 0.05.

Classifiers P− values

SVM 0.000000136

MLP 0.000007950

DEN 0.000028302

7.4 chapter conclusions and future work

In this research, we have implemented SGD to train a DEN and acquired
an EEG dataset from eight healthy participants to test the performance
of the proposed training algorithm. The besought model achieved
an enhancement of 13.25% over the DEN training algorithm and an
improvement of 3.64% and 10.21% compared with the MLP and the
SVM, respectively. We invite the reader to regard an improvement
obtained with a shallow architecture which can be easily implemented
in embedded electronic devices. Future work will be the evaluation
of DEN_SGD using standard datasets and the implementation of this
network to control external electronic devices.
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(a) + Fixation Cross.

(b)← Imagined movements of the left upper
limb.

(c)→ Imagined movements of the right up-
per limb.

(d) Reset.

Figure 7.2: Visual cues.

⋮
σ(𝜏3)

σ(𝜏2)

σ(𝜏1)

𝑥1

𝑥2

𝑥132

𝑦𝑖σ

Figure 7.3: DEN_SGD architecture for EEG classification.
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G E N E R A L C O N C L U S I O N S A N D F U T U R E W O R K

A fitness function is a kind of objective function which tell us how
close we are of a particular solution in a given problem. In this chapter,
we give our thesis conclusions and the proposed future work derived
from this research.

8.1 general conclusions

This thesis was focused on improving the actual proposed training
methods for DMNNs and on enhancing the decision boundaries stab-
lished by their dendrites.

First, we adapted DE to train a DMNN. In this work, we proposed
two ways for creating the initial population of hyperboxes: one based
on the division of an initial hyperbox and the other on an initial
clustering using k-means++.

Second, we introduced a new neural network architecture based
on dendrite networks changing hyperboxes with hyperellipsoids. The
main advantage of this ellipsoidal model is that it makes smoother
decision boundaries.

The performance of these two methods was evaluated experimen-
tally using:

1. Four synthetic benchmarks. Synthetic A and B composed of two
and three Gaussian distributions, respectively. And Spiral 2 and
10 formed with a double and decuple spirals of two classes,
respectively.

2. 10 benchmarks of the UCI - MLR: Mammographic Mass, Liver Dis-
orders, Glass Identification, Wine Quality, Mice Protein Expres-
sion, Abalone, Dermatology, Hepatitis, Pima Indians Diabetes
and Ionosphere.

3. Two real practical benchmarks. The first real problem was fo-
cused on classifying geometric figures (a rectangle, a circle and
a pentagon) using a Nao robot with the DMNN based on DE and
with DEN. This experiment was developed to aid a laboratory
study which focuses on teaching geometric figures and colors
to children from two to three years old using a robot. And the
second real problem was used to detect lane lines in an urban
highway. For this practice, we used a video taken at the Santa Fe
entrance road, Mexico City.

In general, we achieved better results compared with the state-of-the-
art for DMNN training algorithms and competitive outcomes contrasted
with MLPs, SVMs and RBNs.

But, why did the DMNNs based on DE and DENs achieve the least
classification error and the least number of dendrites compared with
DCM and SLLP training algorithms most times?

56
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1. DMNN based on DE uses an optimization algorithm grounded
on an evolution technique and DEN in k-means++. Most of the
DMNN training methods employ heuristics to determine the lo-
cation of the hyperboxes in the input space. The main advantage
of an optimization based on evolution is that the analytical eval-
uation of expressions such as gradients need not be carried out,
and discontinuities of the cost function are not necessary. And
DEN was proposed with a training procedure based on the op-
timization algorithm k-means++, which avoids the overfitting
problem.

2. DCM and SLLP form rectangular decision boundaries that do not
take the dendrite computation into account: they simply check if
the training patterns are inside their corresponding hyperboxes.
These two training algorithms could be easily adapted to any
other classifier due to they do not care about the dendrite compu-
tation. Although a perfect classification performance is obtained
in training process, they both fail in generalization. DCM and
SLLP always finish when all training patterns are well classified,
creating very complex models. This leads to the networks with
poor predictive performance on testing data and the creation of
a large quantity of hyperparameters.

On the other hand, DEN and DMNN based on DE obtained competitive
results in low dimensional benchmarks with so few hyperparame-
ters, which make them ideal for applications in embedded devices.
However, they were defeated by the MLPs, the SVMs and the RBNs in
high dimensional benchmarks because the probability of an entry pat-
tern get inside in a hyperbox or in a hyperellipse in big dimensional
benchmarks is so high [Gerardo2018]. The main disadvantage of these
algorithms is the lack of accuracy in high dimensional datasets and
the required training time for DMNN based on DE.

Finally, we solved this problem training DEN by using SGD imple-
mented as a Keras layer. Furthermore, EEG data were acquired during
two mental conditions (imaginary movements of the left and right
hand) in order to test the new training algorithm. The besought model
achieved an enhancement over DEN and competitive results compared
with the MLPs, the SVMs and the RBNs.

8.2 future work

For future work we strongly recommend:

1. Adequate DEN training algorithm for RBNs and compare results.
With this, we could set a fix number of clusters, centroids and
variances of each instead of having a trial and error process as
commonly done.

2. Change the fitness function of DEN training algorithm in order
to set an optimum number of clusters and a maximum spacing
between these.

3. Characterize DEN trained by SGD using high and low dimen-
sional benchmarks. Due to lack of time, we just tested DEN
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trained by SGD for few problems: with EEG signals and with
spiral and Gaussian distribution benchmarks.

4. Employ DEN trained by SGD for feature extraction. Preliminary
results showed that can be used DEN for feature extraction in
binary images.

5. Use DEN trained by SGD for EEG signal classification. In chapter
7, DEN trained by SGD demonstrated achieving good results for
EEG signal classification so we recommend employing it by using
well-known benchmarks.

6. Train polytopes using SGD to create hyperboxes with different
orientation of their coordinate axes. Hyperboxes in DMNNs are
always aligned to the coordinate axes, which is a great limitation
in the moment to separate data.

7. Change the classification layers in a CNN by a DEN layer with a
view to obtain better results.

8. Make a comparison between DEN trained by SGD and hyper-
paraboloid neural networks. Tsapanos have demonstrated that
hyperparaboloid neuron networks could achieve better results
than RBF neural networks [68]. We believe that DEN trained by
SGD could achieve similar or better results due to ellipsoids
stablish closed boundaries and paraboloids do not.
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As a result of this doctoral thesis, we obtained:

9.1 major conference papers

1. Fernando Arce, Erik Zamora, Humberto Sossa, and Ricardo
Barrón. “Dendrite Morphological Neural Networks trained by
Differential Evolution.” In: 2016 IEEE Symposium Series on Com-
putational Intelligence (SSCI). Dec. 2016, pp. 1–8. doi:10.1109/
SSCI.2016.7850259. Status: published.

2. Fernando Arce, Erik Zamora, Gerardo Hernández, and Hum-
berto Sossa. “EFFICIENT LANE DETECTION BASED ON AR-
TIFICIAL NEURAL NETWORKS.” In: ISPRS Annals of Pho-
togrammetry, Remote Sensing and Spatial Information Sciences
IV-4/W3 (Sept. 2017), pp. 13–19. doi: 10.5194/isprs-annals-IV-4-
W3-13-2017. Status: published.

3. Fernando Arce, Erik Zamora, and Humberto Sossa. “Dendrite
Ellipsoidal Neuron.” In: 2017 International Joint Conference on
Neural Networks (IJCNN). May 2017, pp. 795–802. doi: 10.1109/I-
JCNN.2017.7965933. Status: published.

4. Fernando Arce, Erik Zamora, Gerardo Hernández, Javier M. An-
telis, and Humberto Sossa. “Recognizing Motor Imagery Tasks
Using Deep Multi-Layer Perceptrons.” In: Machine Learning and
Data Mining in Pattern Recognition. Ed. by Petra Perner. Cham:
Springer International Publishing, 2018, pp. 468–482. Status: pub-
lished.

5. Fernando Arce, Omar Mendoza-Montoya, Erik Zamora, Javier
M. Antelis, Humberto Sossa, Jessica Cantillo-Negrete, Ruben
I Carino-Escobar, Lui G. Hernández and Luis Eduardo Falcón.
“Dendrite Ellipsoidal Neuron Trained by Stochastic Gradient
Descent for Motor Imagery Classification.” Status: published.

9.2 journal papers

1. Carolina Fócil-Arias, Grigori Sidorov, Alexander Gelbukh, and
Fernando Arce. “Extracting medical events from clinical records
using conditional random fields and parameter tuning for hid-
den Markov models.” In: Preprint.Preprint (2018). Exported from
https://app.dimensions.ai on 2019/03/31, pp. 1–13. doi:10 . 3233

/ jifs - 169479. url: https://app.dimensions.ai/details /publica-
tion/pub.1104103653. Status: published.

2. Fernando Arce, Erik Zamora, Humberto Sossa, and Ricardo
Barrón. “Differential evolution training algorithm for dendrite
morphological neural networks.” In: Applied Soft Computing
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68 (2018), pp. 303–313. url:http://www.sciencedirect.com/ sci-
ence/article/pii/S1568494618301558. Status: published.

3. Fernando Arce, Erik Zamora, Carolina Fócil-Arias, and Hum-
berto Sossa. “Dendrite ellipsoidal neurons based on k-means
optimization.” In: Evolving Systems (2018), pp. 1–16.doi: 10.1007

/s12530-018-9248-6. Status: published.

4. Uriel Escalona, Fernando Arce, Erik Zamora, Humberto Sossa.
"Fully Convolutional Networks for Automatic Pavement Crack
Segmentation." Computación y Sistemas. Status: accepted.

5. Fernando Arce, Erik Zamora, Gerardo Hernández, Javier M.
Antelis, Humberto Sossa. "Deep Multilayer Perceptrons for Rec-
ognizing Motor Imagery Tasks from Electroencephalography
Signals." Status: in process.

9.3 chapter books

1. Humberto Sossa, Fernando Arce, Erik Zamora, and Elizabeth
Guevara. “Morphological Neural Networks with Dendritic Pro-
cessing for Pattern Classification.” In: Advanced Topics on Com-
puter Vision, Control and Robotics in Mechatronics. Ed. by
Osslan Osiris Vergara Villegas, Manuel Nandayapa, and Israel
Soto. Cham: Springer International Publishing, 2018, pp. 27–47.
doi:10.1007/978-3-319-77770-2_2. url:https://doi.org /10.1007

/978-3-319-77770-2_2. Status: published.

9.4 books

1. Humberto Sossa, Fernando Arce, Erik Zamora. “Redes neu-
ronales con Python.” Status: in process.
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