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RESUMEN

SETTING DECISION PROCESS OPTIMIZATION INTO

STOCHASTIC VS. PETRI NETS CONTEXTS

POR

JULIO CLEMPNER

Doctor in Computer Science

Center for Computing Research

National Polytechnic Institute

Mexico City, Mexico, 2006

Dr. Alín Cârsteanu and Dr. José de Jesús Medel

En este trabajo se introduce un paradigma nuevo de modelado para represen-

tar procesos de decisión relacionados con el problema de la trayectoria más corta

y teoría de juegos. Mientras que trabajos anteriores han restringido su atención

a recorrer la red utilizando la ecuación de Bellman como función de utilidad, en

este trabajo se utiliza una función de tipo Lyapunov. En ese sentido, se está

cambiando la función de costo tradicional por una función de trayectoria óptima

que es también una función de costo. Esto genera una diferencia signi�cativa en

la manera que el dominio del problema es conceptuado permitiendo el cambio
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del punto de equilibrio de Nash por el punto de equilibrio de Lyapunov en teoría

de juegos. Se utilizan dos aproximaciones teóricas diferentes para representar el

dominio del problema: i) procesos de decisión de Markov, y ii) redes de Petri

lugar-transición teniendo como característica un proceso de decisión de Markov.

El punto principal del escenario propuesto en procesos de decisión de Markov es la

habilidad de representar las propiedades de la dinámica del sistema y la dinámica

de las trayectorias de un proceso de decisión. Dentro del marco de las propiedades

dinámicas del sistema se muestran características nuevas de equilibrio y estabili-

dad. Dentro del marco de las propiedades de dinámica por trayectoria del sistema

se optimiza la función de utilidad usada para calcular la trayectoria de planeación

vía una función del tipo Lyapunov, obteniendo como resultado una caracterización

nueva para puntos �nales de decisión (puntos óptimos) y estabilidad. Además, se

muestra que las propiedades dinámicas del sistema y las propiedades dinámicas

por trayectoria del sistema de equilibrio, estabilidad y puntos �nales de decisión

(puntos óptimos) convergen bajo ciertas restricciones. Inclusive, se generaliza el

problema para desembocar en teoría de juegos. En ese contexto, se introduce el

punto de equilibrio de Lyapunov en teoría de juegos. Se muestra que el punto

de equilibrio de Lyapunov coincide con el punto de equilibrio de Nash. Como

consecuencia todas la propiedades de equilibrio, estabilidad y punto �nal de de-

cisión persisten en teoría de juegos. Esta es la contribución más importante de

este trabajo. La potencialidad de esta aproximación está en la simplicidad de la
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prueba formal para la existencia de un punto de equilibrio en teoría de juegos. Se

extienden las propiedades de los resultados anteriores y se presenta una aproxi-

mación original para la representación de procesos de decisión llamada Redes de

Petri con Procesos de Decisión (RPPD) y Redes de Petri de Juegos (RPJ). Hasta

lo que nuestro conocimiento alcanza parece ser una aportación totalmente nueva

en teoría de redes de Petri. También son presentadas extensiones a de RPPD

incorporando Redes de Petri con Procesos de Decisión con Colores (RPPDC),

Redes de Petri con Procesos de Decisión con Jerarquía (RPPDH), de Redes de

Petri de Juegos con Entropía (RPJE). Con propósitos ilustrativos son presentados

ejemplos de aplicación en procesos de negocio, aprendizaje, recursos humanos y

redes metabólicas.
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ABSTRACT

SETTING DECISION PROCESS OPTIMIZATION INTO

STOCHASTIC VS. PETRI NETS CONTEXTS

BY

JULIO CLEMPNER

Doctor in Computer Science

Center for Computing Research

National Polytechnic Institute

Mexico City, Mexico, 2006

Dr. Alín Cârsteanu and Dr. José de Jesús Medel

In this work we introduce a new modeling paradigm for developing decision

process representation for shortest-path problem and games. Whereas in previ-

ous work, attention was restricted to tracking the net using as a utility func-

tion Bellman�s equation, this work uses a Lyapunov-like function. In this sense,

we are changing the traditional cost function by a trajectory-tracking function

which is also an optimal cost-to-target function for tracking the net. This makes

a signi�cant di¤erence in the conceptualization of the problem domain, allow-

ing the replacement of the Nash equilibrium point by the Lyapunov equilibrium
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point in shortest-path game theory. Two di¤erent formal theoretic approaches are

employed to represent the problem domain: i) Markov decision process and, ii)

place-transitions Petri Nets having as a feature a Markov decision process. The

main point of the Markov decision process is its ability to represent the system-

dynamic and trajectory-dynamic properties of a decision process. Within the

system-dynamic properties framework we prove new notions of equilibrium and

stability. In the trajectory-dynamic properties framework, we optimize the trajec-

tory function value used for path planning via a Lyapunov-like function, obtaining

as a result new characterizations for �nal decision points (optimum points) and

stability. Moreover, we show that the system-dynamic and Lyapunov trajectory-

dynamic properties of equilibrium, stability and �nal decision points (optimum

points) meet under certain restrictions. Furthermore, we generalize the problem

to join with game theory. This makes a signi�cant di¤erence in the conceptual-

ization of the problem domain, allowing the replacement of the Nash equilibrium

point by the Lyapunov equilibrium point in shortest-path game theory. We show

that the Lyapunov equilibrium point coincides with the Nash equilibrium point

under certain restrictions. As a consequence, all the properties of equilibrium

and stability are preserved in game theory under certain restrictions. This is the

most important contribution of this work. The potential of this approach remains

in its formal proof simplicity for the existence of an equilibrium point. We ex-

tend the properties the previous results and present a novel approach for decision
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process representation called Decision Process Petri Nets (DPPN) and Game Petri

Nets (GPN). To our knowledge the approach seems to be new in Petri Nets theory.

There are also presented extensions of the DPPN including Colored Decision Petri

nets (CDPNs), Hierarchical Decision Process Petri Net (HDPPN), Game Entropy

Petri Nets (GEPN). For illustration purposes, application examples in business

process, machine learning, human resources and metabolic systems networks are

presented.
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CHAPTER 1

INTRODUCTION

In this chapter we present a description of the problem and its relevance, as well

as the contribution of the proposed modeling paradigm for developing decision

process representation.

1.1 Problem Description and Motivation

Decision making is the study of identifying and choosing strategies which guide

the selection of actions that lead a decision maker to a �nal decision state. Deci-

sions involve a choice based on a set of prede�ned criteria and the identi�cation

of alternatives. The available alternatives in�uence the criteria we apply to them,

and similarly the criteria we establish in�uence the alternatives we will consider.

Decision-making problems in complex systems are a classic topic in business,

science, communication and others [173]. Some examples are inventory control

problems and computer and communication networks, where decisions are made

based on throughput rate or average time a job or packet remains in the system.

In general, the optimal control of such systems needs to take into account

di¤erent circumstances and preferences and, in addition, the treatment of uncer-

tainty of future events. In most of the real applications the optimum performance
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is an impossible goal. On the contrary, certain problems present a particular

structure that allows to avoid the complexity and to achieve optimality e¢ ciently.

Thus, tey impulse the need for extending the decision-making framework to make

good decisions e¢ ciently.

As a motivating example, imagine a robot that is operating autonomously

carrying out a complex mission on the moon. It is clear that there is a need for

synchronization and planning in order for the robot to perform its mission in an

optimal way. At any given time, it has a set of pending requests. For instance,

the mission can involve taking a sample of the ground in a given position and

doing an experiment in a di¤erent location. It is also obligated to ensure that its

batteries in no way will run down, at regular intervals, checking their state and

visiting the spacecraft. In this case, it is natural to suppose that the resources

of the robot are limited. Then, the spacecraft might be considered a stationary

point, and the trajectory to the target location must be optimized. Even more, it

is expected that the robot will interact with a complex environment whenever it

is not able to deterministically reason about the e¤ects of its actions. Then, it is

necessary to adopt a representation model able to express the uncertainty of the

robot in the environment. As a consequence, a problem of stochastic trajectory

optimization arises.

In multi-robot interaction environments each agent attempts to realize it own

goal making the representation of the problem domain di¢ cult as well as the
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search for a solution. In the usual course of events, the objectives of the robots

are in con�ict. They concurrently interact in the environment having di¤erent

resources and goal preferences for solving the problem domain.

Let us consider the well known Block World [155] to exemplify a scenario

where agents do not cooperate. The Block World is a toy world for organization

and logistic problems, where moving blocks correspond to moving objects like

containers, packages, others. For instance, consider the arrival of a ship, where

containers can be considered as blocks and cranes as robots that are piling and

unpiling containers. Problems of loading and unloading and container stacking

can be treated as an optimization problem [5]. However, come out other con�icting

situations related with the optimization problems in a multi-agent environment:

a) the unloading time should be minimized (this corresponds with the optimization

of the moves of the cranes), but an appropriate distribution of containers on the

ship should be respected because of its stability [6]; b) di¤erent cranes can be

designed to realize di¤erent goals in parallel.

Non-cooperative game theory has been extensively used to analyze situations

of interaction. The most important solution in non-cooperative games is the notion

of Nash equilibrium ([151], [152], [153]). Formally, Nash equilibrium de�nes an

equilibrium of a non-cooperative game with respect to a pro�le of strategies, one

for each player in the game, such that each player�s strategy attempts to maximize

that player�s expected utility opposed to the set of strategies of the other players.
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Then, players are in equilibrium if a change in strategies by any one of them would

lead that player to earn less than if he stood by the current strategy. For games

in which players randomize mixed strategies, the expected utility must be at least

as large as that available by any one of the strategies ([65], [87], [101]).

In game theory, the interaction among players obligates each player to develop

a belief about the possible strategies of the other players. Nash equilibria are

supported by two premises: i) each player behaves rationally given the beliefs

about the other players�strategies; and 2) these beliefs are correct. Both premises

allow us to regard the Nash equilibrium point as a steady-state of the strategic

interaction.

Most of the time, a game is a sequence of stages where each step is the same

normal form game. It is totally characterized by a player function that de�nes

which players are allowed to play in that stage, and a set of decision rules that

describe the rules that each player follows its decisions when it is that player�s

turn to play. Therefore, it makes sense to discuss concepts such as convergence

and stability in game theory.

The de�nition of system stability has attracted the attention of many past

and present mathematicians and physicists including Torricelli, Laplace, Lagrange

and others. However, it became a transparent criterion with the publication of

the work of Lyapunov in 1982. The principal idea of Lyapunov is enclosed in the

following interpretation: given an isolated physical system, if the change of the

4



energy E for every possible state s is negative, with the exception of the equilib-

rium point s�, then the energy will decrease until it �nally reaches the minimum

at s�. Intuitively, this concept of stability means that a system perturbed from

its equilibrium point will always return to it.

In this paper we consider dynamical systems in which the time variable changes

discretely, and it is governed by ordinary di¤erence equations. Let us consider sys-

tems of �rst-order di¤erence equations given by

sn+1 = f(sn; an); sn0 = s0, n 2 Nn0+ (1.1)

where si with i 2 N are the state variable of the system, s0 is the initial state, ai

with i 2 N are the action of the system, Nn0+ = fn0; n0 + 1; :::; n0 + k; :::g ; n0 � 0.

The system is speci�ed by the state transition function f , which is always assumed

as a one-to-one function for any �xed a and n 2 N, continuous in all its arguments.

He de�ned a scalar function L, called a Lyapunov-like function, inspired by a

classical energy function, which has four important properties that are su¢ cient

for establishing the domain of attraction of a stable equilibrium point: a) 9s� such

that L(s�) = 0, b) L(s) > 0 for 8s 6= s�, c) L(s) ! 1 when s ! 1 and, d)

�L = L(si+1)� L(si) < 0 8i si 6= s�. The condition (a) requires the equilibrium

point to have zero potential by means of a translation to the origin, b) means

that the Lyapunov-like function is de�ned semi-positive, c) means that there is

no s� reachable from some s, and d) means that the Lyapunov-like function has

5



a minimum at the equilibrium point.

A system is stable ([127], [128]) if for a given set of initial states, the state of the

system ensures: i) to reach a given set of states and stay there perpetually or, ii)

to go to a given set of states in�nitely often. The conventional notions of stability

in the sense of Lyapunov and asymptotic stability can be used to characterize

the stability properties of discrete event systems. An important advantage of the

Lyapunov approach is that it does not require high computational complexity but

the di¢ culty lies in specifying the Lyapunov-like function.

At this point, it is important to note that the Lyapunov-like function L is not

unique, however the energy function of a system is only one of its kind. A system

whose energy E decreases on the average, but not necessarily at each instance, is

stable, but E is not a Lyapunov-like function.

Lyapunov-like functions [115] can be used as trajectory-tracking functions

and optimal cost-to-target functions. As a result of calculating a Lyapunov-like

function, a discrete vector �eld can be built for tracking the actions over the net.

Each applied optimal action produce a monotonic progress (of the optimal cost-to-

target value) toward an equilibrium point. In this sense, if the function decreases

with each taken action then it approaches to an in�mum/minimum (converge

asymptotically or reach a constant).

From what we have stated before we can �nd out the following geometric

interpretation of distance:
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a) L(s) is a measure of the distance from the stating state s0 to any state s in

the state space. This is straightforward from the fact that 9s� such that L(s�) = 0

and L(s) > 0 for 8s 6= s�.

b) The distance from the stating state s0 to any state sn in the state space

decrease, when n!1. It is because L(si+1)� L(si) < 0 8i si 6= s�.

A Lyapunov-like function can be considered as a distance function denoting

the length from the initial state to the equilibrium point. However, a Lyapunov-

like function is not necessarily optimal, it usually makes a monotonic convergence

to the equilibrium point. It is important to note that the Lyapunov-like function

is constructed to respect the constraints imposed by the di¤erence equation of the

system. In contrast, a Euclidean metric does not take into account these factors.

For that reason, the Lyapunov-like function o¤ers a better understanding of the

concept of the distance required to converge to an equilibrium point in a discrete

dynamical system.

By applying the computed actions, a kind of discrete vector �eld can be imag-

ined over the search graph. Each applied optimal action yields a reduction in

the optimal cost-to-go value, until the equilibrium point is reached. Then, the

cost-to-go values can be considered as a discrete Lyapunov function.

In our case, an optimal discrete problem, the cost-to-target values are calcu-

lated using a discrete Lyapunov-like function. Every time a discrete vector �eld

of possible actions is calculated over the decision process. Each applied optimal
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action (selected via some �criteria�) decreases the optimal value, ensuring that the

optimal course of action is followed and establishing a preference relation. In this

sense, the criteria change the asymptotic behavior of the Lyapunov-like function

by an optimal trajectory-tracking value.

Usually, the criterion in optimization problems is related with the choice of

whether to minimize or maximize the optimal action. If the problem is related

with energy transformations, as is classically the case in control theory, then the

criterion of minimization is applied. However, if the dilemma involves a reward,

typical in game theory, then maximization is considered. In this work we will

arbitrary consider the criterion of minimization.

The Lyapunov-like function can be employed as a trajectory-tracking func-

tion through the use of an operator, which represents the criterion that selects

the optimal action that forces the function to decreases and approaches an in�-

mum/minimum. It forces the function to make a monotonic progress toward the

equilibrium point. The Lyapunov-like function can be de�ned for example as

L�(sn+1) = min
a�2A

L(f(sn; a
�
n)) (1.2)

which means that the optimal action is chosen to reach the in�mum/minimum.

The function L� works as a guide leading the system optimally from its initial

state to the equilibrium point.

There exist di¤erent methods to calculate a trajectory (given a trajectory-
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tracking function) for tracking the net. The cost function established by the

algorithm of Dijkstra working backward from the equilibrium point result in an

optimal function for tracking the net. In this sense, if we consider the cost as the

number of states in the net that would be traversed from the initial state to the

equilibrium point. The algorithm of Dijkstra will backward-produce the shortest

path in terms of the number of states needed to reach the equilibrium point.

In Dijktra�s algorithm it is supposed that every edge Z in a state transition

graph has associated a nonnegative cost. The cost is interpreted as the expense

of applying the related action. It is usually symbolized as c(s; a) representing the

cost of apply action a from state s. The total cost is given by the sum of the

c(s; a) along the trajectory from the initial state to the equilibrium point. The

optimal cost C� is given by the least cumulative cost calculated by summing the

c(s; a) over all possible trajectories from s0 to s�.

By induction the optimal cost is calculated as following. The cost at the initial

state s0 is 0. The next state is selected by considering the optimal condition that

no other state can be reached with a lower cost. Continuing with the induction,

let us suppose that every state has been appropriately selected by the optimal

cost condition. At the end of the process the Dijkstra�s algorithm produces the

shortest paths in a graph in terms of the cost needed to reach the equilibrium

point s�. The complexity time of the Dijkstra�s algorithm is O(jXj log jXj+ jZj)

where jXj and jZj are the numbers of vertices and edges respectively in a state
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transition graph representation.

In fact, we can make use of backward search algorithms like: 1) Breadth First

with complexity O(jXj + jZj); 2) Depth First with complexity O(jXj + jZj); 3)

A� search algorithm that is an extension of Dijkstra�s algorithm attempting to

reduce the total number of states by incorporating a heuristic function to improve

the cost; and others similar, where the distance correspond to the cost given by

every reached state when the net is tracked back from the equilibrium point to

the initial state.

In order to maximize the utility we propose to de�ne the payo¤ functions as

Lyapunov-like functions. The core idea of our approach uses a utility function

that is non-negative and converges asymptotically to the equilibrium point. For

instance, in the arms race the level of defense of a nation is non-negative. In

economics models there are variables that correspond e.g. with, quantities of

goods that remain non-negative.

In this equilibrium each player chooses a strategy with a utility equal to the

utility that this strategy is a best reply to a strategy pro�le chosen by the oppo-

nents. The advantage of this approach is that �xed-point conditions for the game

are given by the de�nition of the Lypunov-like function, however formally it is not

necessary for a �xed-point theorem to satisfy the Nash equilibrium conditions as

usual. In addition, new properties of equilibrium and stability are consequently

introduced for �nite n-player non-cooperative games. We show that the concept
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of Lyapunov equilibrium coincides with the concept of Nash equilibrium.

One approach for solving optimization and game theory problems is to for-

mulate them in the Markov Decision Process (MDP) framework ([10], [94], [173]),

by de�ning appropriate states, actions, transition probabilities, time horizon, and

cost criterion. The goal is to �nd a function, called a policy, which speci�es which

action to take in each state, so as to maximize some function of the sequence

of rewards. It is possible to formalize the MDP in terms of Bellman�s equation

[10], which can be solved iteratively using policy iteration. The unique �xed

point of this equation is the optimal policy. A MDP describes the dynamics of a

stochastic environment ful�lling the well-known characteristic that costs are as-

signed to states. A Markov decision problem is a Markov decision process where

the best choice is selected �according to some criteria�. A solution to a Markov

decision problem is a policy (strategy) that determines state transitions to min-

imize the cost �according to some criteria�. The criterion allows the allocation

of a cost to each state for a given policy. Given a Markov decision process with

an initial state, the policy determines a probability distribution over sequences

of state/action pairs called trajectories. The criterion assigns to each trajectory

a cost and the sum of these costs, determine the total cost of a policy for that

state. Markov decision processes have become a standard model for decision the-

oretic planning problems, having as key drawbacks the exponential nature of the

dynamic policy construction algorithms.
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An alternative scenario is the Petri Nets, a formal, graphical, executable

method for the speci�cation and analysis of concurrent, discrete-event dynamic

systems. As a modeling language, it graphically depicts the structure of a dis-

tributed system as a directed bipartite graph with annotations. It has places,

transitions, and directed arcs connecting places with transitions. As well, tokens

are used in the Petri net to simulate the dynamic and the concurrency of the sys-

tem. As a mathematical tool, it is possible to represent state equations, algebraic

equations, stability and other mathematical models.

1.2 Contribution

In this work we introduce a new modeling paradigm for developing decision

process representation. Two di¤erent formal theoretic approaches are employed

to represent the problem domain: i) Markov decision process and, ii) place-

transitions Petri Nets having as a feature a Markov decision process.

We used the Markov decision process to formally describe the principal things

this work thinkings is about. The main point of the proposed scenario in Markov

decision process is its ability to represent the system-dynamic and trajectory-

dynamic properties of a decision process. Within the system-dynamic properties

framework we show new notions of equilibrium and stability. In the trajectory-

dynamic properties framework, we optimized the utility function used for trajec-

tory planning via a Lyapunov-like function, obtaining as a result new characteriza-
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tions for �nal decision points (optimum points) and stability. Moreover, we show

that the system-dynamic and Lyapunov trajectory-dynamic properties of equilib-

rium, stability and �nal decision points (optimum points) converge under certain

restrictions. Whereas in previous work attention was restricted to tracking the

net using as a utility function Bellman�s equation, this work uses a Lyapunov-like

function, making a signi�cant di¤erence in the conceptualization of the problem

domain. In this sense, we are changing the traditional cost function by a tra-

jectory tracking function and optimal cost-to-target function. Furthermore, we

generalize the problem to join with game theory. In this context, we introduce

the Lyapunov equilibrium point in the game theory. We show that the Lyapunov

equilibrium point coincides with the Nash equilibrium point. As a consequence

all the properties of equilibrium, stability and �nal decision points persist in game

theory. This is the most important contribution of this work.

We extend the properties the previous results and present a novel approach for

decision process representation called Decision Process Petri Nets (DPPN). Up to

our knowledge the approach seems to be new in Petri Nets theory. It extends the

place-transitions Petri net theoretic approach by including the Markov decision

process. Place-transitions Petri nets (PN) are used for process representation tak-

ing advantage of the formal semantic and the graphical display. Markov decision

process is utilized as a tool for trajectory planning via a utility function. The main

point of the DPPN is its ability to represent the mark-dynamic and trajectory-
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dynamic properties of a decision process. Within the mark-dynamic properties

framework we show that the DPPN theoretic notions of equilibrium and stability

are those of the place-transitions Petri net. In the trajectory-dynamic proper-

ties framework, we optimized the utility function used for trajectory planning in

the DPPN via a Lyapunov-like function, obtaining as a result new characteriza-

tions for �nal decision points (optimum points) and stability. Moreover, we show

that the DPPN mark-dynamic and Lyapunov trajectory-dynamic properties of

equilibrium, stability a �nal decision points (optimum points) converge under cer-

tain restrictions. We propose an algorithm for optimum trajectory planning, that

makes use of the graphical representation of the place-transitions Petri net and

the utility function. Furthermore, it is added that the Lyapunov equilibrium point

coincides with the Nash equilibrium point, allowing the place-transition Petri net

theory to join with game theory by introducing the Game Petri net (GPN).

There are also presented extensions of the DPPN including a hierarchical

decomposition process called Hierarchical Decision Process Petri Net (HDPPN).

This modeling process generates less complex nets with equivalent behavior. As

a result, the complexity of the analysis for sophisticated system is reduced dras-

tically.

Colored Decision Petri nets (CDPNs) provide a framework for the design,

validation and veri�cation of systems. CDPN combined the strength of Decision

Process Petri nets with the strength of programming languages. In this sense,
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Decision Process Petri nets provide the primitives for describing synchronization

of concurrent processes, while a programming language provides the primitives

for de�ning data types (color sets) and manipulating data values.

The theoretical foundations for the de�nition of the Entropy as a Lypunov-like

utility function are laid out in this work. It allows the introduction of a formal

framework for game representation called Game Entropy Petri Nets (GEPN). In

game sense, we introduce the Entropy-Lyapunov equilibrium point as an alterna-

tive de�nition to the Nash equilibrium point for games. The advantage of this

approach is that �xed-point conditions for games are given by the de�nition of

the vector Entropy function. As a result, new properties related with the charac-

terization of the Lyapunov-like function by the Entropy are introduced.

In terms of application examples this work presents a formal framework for

business process modeling, analysis and validation using partially ordered tran-

sition Decision Process Petri nets (DPPN). The advantage of this approach is

its ability to represent the dynamic behavior of the business process. The busi-

ness process model is supported by an information technology strategic planning

(ITSP) model and methodology. The modeling methodology is based in busi-

ness strategy transformation. High-level business strategies are re�ned up to the

point when they can be described in terms of the activities needed to achieve a

certain tactical business strategy given only in terms of goals and strategies. At

this point, partially ordered DPPN are used for business process representation
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and analysis. DPPN extends the place-transitions Petri net theoretic approach

including the Markov decision process. In this sense, DPPN corresponds to a se-

ries of strategies which guide the selection of actions that lead to a �nal (decision)

state. By taking into account di¤erent possible courses of action the overall util-

ity of each strategy is considered. The utility function of each business process is

represented by a Lyapunov-like function. Conditions of equilibrium and stability

for the DPPN are analyzed. We also present a formal framework for comparing

�at (DPPN) and Hierarchical Decision Process Petri nets (HDPPN). The goal

of these examples is to show the �at and hierarchical architecture problems of

business process modeling. Conditions of equilibrium and stability for the DPPN

and HDPPN are also analyzed.

We also propose a learning algorithm that is optimal in �nding the best re-

sponse strategy, which at the same time coincides with an equilibrium point. The

learning algorithm infers a model of the opponent�s strategies and produces as

a result the best-response against such strategies, �nding the optimum at the

equilibrium point in natural and coherent fashion. We prove that the algorithm

converge to the Lyapunov-Nash equilbrium point. A formal treatment is pre-

sented.

In addition, we present a competencies model for the evaluation of job posi-

tions consisting of a competencies de�nition model, an evaluation process model

and a graphic representation model. In the competencies de�nition model, every
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position pro�le is designed and each pro�le is particularly con�gured under the

support of the processes of the business. Business process modeling and analysis is

represented by partially ordered transition Hierarchical Decision Process Petri nets

(HDPPN). The advantage of the HDPPN is its ability to represent the dynamic

behavior of the business process. The competencies model provides a tool to de�ne

an "employee prototype" (ideal or expected employee) in terms of competencies.

The evaluation process is implemented by partition functions which are de�ned

by features that are mostly qualitative: classes, competencies, sub-competencies.

For evaluating an employee prototype are de�ned metrics for determining how to

rate the sub-competencies of the partition functions. For evaluating an evaluated

candidate are used psychological tools to rate the sub-competencies of the parti-

tion functions. As a result, the model produces an "closeness degree" of how close

the evaluated employee is of what is expected from an employee. To represent the

evaluations we proposed a special pie chart, where each slide or partitition repre-

sents a competence. Naturally, this model reveals how the development program

of an employee must be developed and applied. To validate the selection process

the behavior, of the employee prototype and each candidate employee, is simulated

on the HDPPN . At the end of validation process we obtain a "utility closeness

degree" of how close the evaluated employee behavior is of what is expected from

an ideal employee. The competencies model is supported by an information tech-

nology strategic planning model and by a methodology. The competencies model
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can be applied to other application domains like: education, health, crime preven-

tion, etc. The method is illustrated with a case study constructed at a non-pro�t

organization.

We also present a novel approach to representing metabolic and signaling

transduction systems networks using �at, hierarchy and game theory Decision

Process Petri Nets. The aim is to create a user-friendly interface to represent,

analyze, simulate and predict the behavior of paths. The model described in

this example concentrates not only on the structure of the pathways, but also

deal with the dynamic properties of the system. For pathway planning we use an

energy function as, for example, the Gibbs energy function that is a Lyapunov-like

function. It is important to note that the equilibrium point of a metabolic and

signaling transduction systems networks is the Lyapunov equilibrium point that

not necessarily is a Nash equilibrium point. This example justi�es in practical

terms the introduction of the Lyapunov equilibrium point in game theory.

1.3 Outline

The rest of the work is structured in the following manner. The next section

introduces related work in decision process and game theory. Section 3 presents

the necessary mathematical background and terminology needed to understand

the rest of the work. Section 4 presents the decision model, and all the structural

assumptions are introduced, discussing the main results of the work, giving a
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detailed analysis of the equilibrium, stability and optimum-point conditions for

the system-dynamic and the trajectory-dynamic parts of the MDP and DPPN.

Section 5

Finally, in section 6 some concluding remarks and future work projects are

provided. For completeness, appendices related with the work are included.
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CHAPTER 2

RELATED WORK

In this chapter we decribe previous work on decision process, stability and op-

timization. In section 2.1 we discuss related ideas of optimization and planning

problems where shortest-path and minimum cost-to-go problems properties are

analized. Finally, in section 2.2 we present related work of equilibrium point and

stability in game theory.

2.1 Discrete-State Optimization and Planning

Discrete-state optimization problems can be described semantically by a state-

transition graph. A state-transition graph [3] consists on a set of states connected

by transitions along with conditions, called events, between these states. The

state-transition graph has a singular state that represents the initial state of the

system and, has a set of states that correspond to �nal states. Each transition

is labeled with an event. When the event occurs, it follows the corresponding

transition from the current state to arrive at the new state. It is often represented

graphically as a diagram with the states shown as circles and the transitions as

labeled arrows between the states. The concept of state-transition graph plays a

central role in modeling processes, because made it possible to e¤ectively analyze
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the behavior of complex systems. Famous methods have been developed for take

advantage of the properties of these graphs, including methods for determining

reachability, �nding connecting paths, and computing optimal policies.

Markov decision processes can be used to analyze shortest-path and mini-

mum cost-to-target problems, in which a natural form of termination ensures that

expected future costs are bounded, at least under some classes of policies. The

stochastic shortest-path problem ([14], [15], [18], [63], [125], [196], [210]) is a gen-

eralization of the deterministic shortest-path problem through which at each node

there exists a probability distribution over all possible successor nodes. Given a

starting node and a selection of distributions we wish that the path would lead

to a �nal point with probability one, and that it would have minimum expected

length. Note that the case where at each node the probability distribution of

transitions associates a unit probability to exactly one successor, is precisely the

case of the deterministic shortest-path problem.

In this sense, �nite action-state and action-transient Markov decision processes

with positive cost functions were �rst formulated and studied by Eaton and Zadeh

[67]. They called this a problem of pursuit, which consists of intercepting in

minimum expected time a target that moves randomly among a �nite number

of states. In the study, they established the idea of proper policy and supposed

that at each state, except for the �nal state, and the set of controls is �nite.

Pallu de la Barriere [160] supported and improved their results. Derman [63]
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also extended these results under the title of �rst passage problems, observing

that the �nite-state Markovian decision problem is a particular case. Veinott

[206] obtained similar results to those of Eaton and Zadeh [67] proving that the

dynamic programming mapping is a contraction under the assumption that all

stationary policies are proper (transient). Kushner [125] enhanced the results of

Eaton and Zadeh [67] letting the set of controls to be in�nite at each state, and

restricting the state space with a compactness assumption. Whittle [210], under

the name transient programming, supported the results obtained by Veinott [206].

He extended the problem presented by Veinott [206] to in�nite state and control

spaces under uniform boundedness conditions on the expected termination time.

Bertsekas and Tsistsiklis ([14], [15], [16]), denoting the problem as stochas-

tic shortest path problem, improved the results of Eaton and Zadeh [67], Veinott

[206] and Whittle [210], by weakening the condition that all policies be transient.

They established that every stationary deterministic policy can have an associ-

ated value function that is unbounded above. Bertsekas and Tsistsiklis [17], in a

subsequent work, strengthened their previous result by relaxing the condition that

the set of actions available in each state be �nite. They assumed that the set of

actions available in each state is compact, the transition kernel is continuous over

the set of actions available in each state and the cost function is semi-continuous

(over the set of actions available in each state) and bounded. Hinderer and Wald-

mann ([98], [99]) improved the result presented by Mandl [135], Veinott [206] and
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Rieder [175] for �nite Markovian decision processes with an absorbing set. They

were interested in the critical discount factor, de�ned as the smallest number such

that for all discount factors � smaller than this value, the limit v of the n-stage

�-discounted optimal value function exists and is �nite for each choice of the one-

stage reward function. Pliska [169] assumed that the cost function is bounded and

that all policies are transient, additionally to the alredy mentioned assumptions

of compact action space, continuous transition kernel, and lower semi-continuous

cost function. It is important to note that this work was the �rst one to extend

the problem to Borel states and action spaces. Hernandez-Lerma et. al [95] ex-

panded the results of Pliska by weakening the condition that the cost function were

bounded and supposing that the cost function is dominated by a given function.

The optimal stopping problem is directly related with the stochastic shortest-

path problem and was investigated by Dynkin [66], and Grigelionis and Shiryaev

[81], and considered extensively in the literature by others ([63], [125], [189], [210]).

It is a special type of transient Markov decision process where a state-depend end

cost is incurred only when invoking a stopping action which leads the system to the

destination (�nish); all costs are zero before stopping. For the optimal stopping

problems, the associated value function of the policy (under which the stopping

action is never taken) is equal to zero at all states, however it is not transient.

Markov processes are also widely used to to combine optimization with sto-

chastic environments in planning, due to their expressiveness and analytical tractabil-
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ity specially in operation research (OR) and arti�cial intelligence (AI) communi-

ties. In particular, unconstrained ([20], [61], [103], [172]) as well as constrained

([1], [2]) Markov decision processes have gained signi�cant popularity as tools for

devising optimal policies under uncertainty. The vast majority of the work in the

area has focused on optimization criteria and constraints that are based on the

expected values of the rewards and costs.

Unfortunately, solution techniques for MDPs often require more computa-

tional overhead than is practical in many systems with runtime constraints. Fur-

thermore, even intuitively simple tasks may yield extremely complex decision

processes whose solution requires resources that are infeasible even for dedicated,

non-realtime systems. However, such approaches are not always applicable and

expressive enough. A number of researchers have proposed approaches to work-

ing with such complex models by attempting to exploit various classes of special

structure in the model ([21], [64], [121]) however, such approaches are not always

applicable and expressive enough. Furthermore, some complexity results indicate

that even for compactly representable MDPs, the exact and approximate planning

problems for MDPs are intractable on general domains ([132], [134], [149]). Addi-

tionally, it may be di¢ cult to generalize the solution of a single MDP to related

models; by default, even a small change in the problem�s dynamics or reward

model requires complete recomputation of the plan from scratch. Thus motivate

the need for extending the MDP framework to model new utility functions and
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constraints.

Decision theory has been applied to develop reinforcement learning methods

that deal with uncertainty in state-transitions. Reinforcement learning tradition-

ally uses the criterion of expected value. The expected value is the optimal action

that will result in the expected reward. Therefore, the design of the learning

method presupposes that it is the unique decision maker in the system. How-

ever, an agent performing on line reinforcement learning (RL) can perform worse

than is acceptable, while exploring to �nd better solution . In some cases, explo-

ration might have unsafe, or even catastrophic, results, often modeled in terms of

reaching failure states of the agent�s environment.

In this sense, there are methods that make use of the minimax criterion,

choosing actions under the assumption that the worst possible state transition

will occur ([13], [55], [92], [131]) or alike, that the worst possible disturbance to

the state will occur [148]. Other methods make use of the uncertainty and the

knowledge of the distribution of state transitions to produce an averse policy [55].

Weld and Etzoni [209] in his research were the �rst in considering safety consid-

eration in autonomous system design. Neuneier and Mihatsch [154] developed a

method that reached the same goal by emphasizing unexpected negative results

and de-emphasizing unexpected positive results. Geibel [76] proposed an algo-

rithm that �nds the middle ground between achieving the task and keeping the

risk of fatality low.
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Singh et. al [191] presented a method that uses domain knowledge supported

in a Lyapunov-like function to reduce the number of failures during exploration.

The method formulates the set of action from which the RL agent composes a

control policy to ensure that exploration is conducted in a policy space that ex-

cludes most of the unacceptable policies. Schneider [183] addressed the case where

a model learning combined with dynamic programming must be prevented from

having catastrophic failures during learning. He propose an algorithm adapted

fro the dual control literature and use Bayesian locally weighted regression mod-

els with stochastic dynamic programming. Gorgdon [79] presented two methods

that improve the e¢ ciency of reveri�cation after learning: i) the �rst method

uses positive results that certain learning operators are a priori guaranteed to

preserve useful classes of behavioral assurance constraints; ii) the second method

presents an e¢ cient incremental reveri�cation algorithms for those learning oper-

ators that negative a priori results. Perkins and Barto ([166], [167]) and Perkins

[168] proposed a general approach to safe reinforcement learning control based on

Lyapunov design methods. In their approach, a Lyapunov-like function a special

form of domain knowledge is used to formulate the action choices available to a

reinforcement learning agent.

In disagreement with the previous researches, when the goal is a natural at-

tractor and safety is not a concern or is easily achieved, the di¢ culty of learning

became an easy problem. Therefore, it is possible to propose extraordinary solu-
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tions to di¢ cult, large-scale problems. In this concern it is possible to �nd in the

literature researches with remarkable results ([57], [200], [202], [214]).

2.2 Equilibrium Point and Stability

Game theory is a mathematical theory of socio-economic phenomena exhibit-

ing interaction among decision-makers, called players, whose actions a¤ect each

other. The fundamental assumptions that underlie the theory are that players

pursue well-de�ned exogenous objectives and take into account their knowledge,

or expectations, of other players�behavior. The theory has been so far applied in

the �elds of economics, political science, evolutionary biology, computer science,

statistics, accounting, social psychology, law, and branches of philosophy such as

epistemology and ethics. A game is a model of strategic interaction among a

number of players, which includes the constraints on the actions that players can

take and the players�interests, but does not specify the actions that players do

take. A solution is a systematic description of the outcomes that may emerge in

a game.

Shortest-path games are usually conceptualized as two-player zero-sum, games.

On the one hand, the "minimizing" player seeks to drive a �nite-state dynamic

system to reach a terminal state along an expected least cost path. On the other

hand, the "maximizer" player seeks to maximize the expected total cost interfering

with the minimizer�s progress. In playing the game, the players implement actions
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simultaneously at each state, with full knowledge of the state of the system, but

without knowledge of each other�s current decision.

Shapley [187] provided the �rst work on shortest path games. In his paper,

two players are successively faced with matrix-games of mixed strategies, where

both the immediate cost and transition probabilities to new matrix-games are in-

�uenced by the decisions of the players. In this conceptualization, the state of the

system is the matrix-game currently being played. Kushner and Chamberlain�s

[124] took into account undiscounted, pursuit, stochastic games. They assumed

that the state space is �nite with a �nal state corresponding to the evader being

trapped and they considered pure strategies over compact action spaces. Under

these considerations, they proved that there exists an equilibrium cost vector for

the game which can be found through value iteration. Van der Wal [203] explored

a particular case of Kushner and Chamberlain [124] research. He produced er-

ror bounds for the updates in value iteration, considering restrictive assumptions

about the capability of the pursuer to capture the evader. Kumar and Shiau [123],

for the case of non-negative additive cost, proved the existence of an extended real

equilibrium cost vector in non-Markov randomized policies. They showed that the

minimizing player can achieve the equilibrium using a stationary Markov random-

ized policy. In addition, for the case where the state space is �nite, the maximizing

player can play "-optimally using stationary randomized policies.

Patek and Bertsekas ([163], [164]) analyzed the case of two players, where one
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player seeks to drive the system to termination along a least-cost path and the

other seeks to prevent termination altogether. They did not assume non-negativity

of the costs, the analysis is much more complicated than the corresponding analy-

sis of Kushner and Chamberlain�s [124] and generalize (to the case of two players)

those for stochastic shortest path problems [17]. Patek and Bertsekas proposed

alternative assumptions which guarantee that, at least under optimal policies, the

terminal state is reached with probability one. They considered undiscounted

additive cost games without averaging, admitting that there are policies for the

minimizer which allow the maximizer to prolonge the game inde�nitely at in�-

nite cost to the minimizer. Under assumptions which generalize deterministic

shortest-path problems, they established (i) the existence of a real-valued equilib-

rium cost vector achievable with stationary policies for the opposing players and

(ii) the convergence of value iteration and policy iteration to the unique solution

of Bellman�s equation. The results of Patek and Bertsekas did imply the results of

Shapley [187], as well as those of Kushner and Chamberlain [124]. Because of their

assumptions relating to termination, they were able to derive stronger conclusions

than those made by Kumar and Shiau [123] for the case of a �nite state space. In a

subsequent work, Patek [165] reexamined the stochastic shortest-path formulation

in the context of Markov decision processes with an exponential utility function.

One of the most important questions of game theory is whether Nash equi-

libria ([151], [152], [153]) are stable or unstable. The interaction among players
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obligates each player to develop a belief about the possible strategies of the other

players. Nash equilibria are supported by two premises: i) each player behaves

rationally given the beliefs about the other players�strategies; and 2) these beliefs

are correct. Both premises allow us to regard the Nash equilibrium point as a

steady-state of the strategic interaction. In particular, the second premise makes

this an equilibrium concept, because when every individual is acting in agreement

with the Nash equilibrium no one has the need to take another strategy.

The expectation is to predict how to play a strategy: if an equilibrium point

is an attractor for a plausible strategy then it is a possible outcome for the actual

play. Nevertheless, evaluating such strategy is a di¢ cult task, for the reasons that

are numerous calculations to know if the strategy is at an equilibrium point.

In this sense, for mixed Nash equilibria when the mixed strategies of the player,

are not directly observable, it is necessary to look at play averaged over a number

of periods, at least as a �rst approximation. However, if a Nash equilibrium point

is unstable it is expected that players will not to play that equilibrium point or

to be close to this strategy.

The motivation of the problem is as follows. A game is structured by a

set of players each with a �nite set of possible actions. The player strategy is

represented by a probability distribution over the actions. The game is played

every time by the selection of a strategy. The utility of each player depends on

the strategy taken. Let us suppose that one player keep a constant probability
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distribution to generate the strategies. Such strategies are called stationary. Then

the others player could learn the others players� strategies by maintaining the

average of the opponents actions. By playing the best response to the observed

strategies, a player will eventually converge to its own optimal response to the

�xed strategy of the opponents. The process where the players supposed that

the others player are using a constant strategy process is called �ctitious play.

Under this assumption, players observe the actions played by their opponents

and, by (incorrectly) assuming that opponent mixed strategies are not changing,

estimate the current value of each of their actions based upon knowledge of the

game; a mixed strategy based upon these estimates is then played [11]. The game

would be in equilibrium if the strategies converged. Given that the players are

performing the best response to the observed strategies, the equilibrium of the

game will correspond with the players applying the strategies that are at a Nash

equilibrium point.

The best response as a procedure to calculate the Nash equilibria was in-

troduced in 1951 ([23], [176]). Related researches on the topic with substantial

results are present in the literature. Benaim and Hirsch [11] showed smooth �cti-

tious play with two-player/two move games with a countable Nash equilibria using

the theory of stochastic approximation to show that the asymptotic behavior of

this process is characterized by the smooth best response, Berger [12] presents

two-player games where one player has only two moves, Fudenberg and Kreps [74]

31



reports smooth �ctitious play with two-player/two-move games with a single Nash

equilibrium point, Miyasawa [145] studies two-player with two-move games, Mon-

derer and Shapley [146] study presents multiplayer games with identical player

utilities, and Robinson [176] showed two-player with zero-sum games.

Shapley [188] found that there are games for which learning may not approach

the only Nash equilibrium but rather will continuously cycle, then there are games

in which Nash equilibrium play will never emerge. That is, the game admits

a single Nash equilibrium that is completely mixed where all strategies have a

positive probability of being played. The concept of mixed Nash equilibria has

received some scrutiny concerning its justi�cation. The study of Brown Kruse et

al. [24] showed, in an experimental research of a Bertrand-Edgeworth oligopoly

market with no pure equilibrium that prices cycle. They, on the contrary �nd that

prices averaged across the whole session approximate the mixed equilibrium point

of the distribution. Cason and Friedman [28] reported data of the price dispersion

models ([204], [27]) that is extraordinarily close to the price distribution that

would be obtained by playing the mixed Nash equilibrium. Morgan, Orzen, and

Sefton [147] supported this result. However, Cason, Friedman and Wagener [29]

�nd that play is highly non-stationary and there are clear cycles present, therefore

deny the hypothesis that subjects were in fact playing Nash equilibrium. Hopkins

and Seymour [102] indicate that the mixed equilibria of these models are unstable

under most common processes.

32



There are results that denial the possibility of the emerging of mixed equilibria

because of interactive behavior. Crawford [56] study demonstrated that a wide

class of strategy regulation processes di¤erent from �ctitious play cannot converge

to a mixed equilibrium. Krishna and Sjostrom [122] showed that more often

than not, games in which players have more than two moves cannot converge to

completely mixed equilibria in best response �ctitious play. Hart and Mas-Colell

[88] determined that an extended adaptation of the Jordan [114] game will not

present convergence for any strategy regulation processes. Related researches with

similar results are presented in Ellison and Fudenberg [68], Foster and Young [72]

and Vasin [204].

There are search algorithms that are able to �nd a neighborhood of a Nash

equilibrium ([72], [73], [89]) theoretically di¤er from �ctitious play, given that the

process consist in a randomized search in the strategy space contrasting to gradual

strategic adjustment of the �ctitious play. There are also methods ([71], [75], [90],

[88]) that re-examine past decisions in an attempt to evaluate what could have

been a more optimum course of action. These are algorithms that for all games

promise to converge to set of the correlated equilibria, which is the convex set

that encloses the set of Nash equilibria.

An alternative way of approaching the equilibrium selection problem in game

theory is to model evolution. Such models have provided powerful support for fully

rational game-theoretic equilibria as the eventual outcomes reached by groups of
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boundedly rational individuals.

Samuelson and Zhang [180] showed that the regular monotonic selection, it

has been shown that a necessary and su¢ cient condition for pure-strategy equilib-

ria to be asymptotically stable is that they be strict. Somanathan [192] research

discussed su¢ cient conditions for pure-strategy Nash equilibria of �nite games to

be Lyapunov stable under a large class of evolutionary dynamics. Norman [156]

extended recent techniques for evolution on in�nite strategy spaces, introducing

new setwise stability concepts. He showed that in coordination games, the inter-

val of preference biases supporting the Pareto-dominant equilibrium is Lyapunov

stable.

Dekel, Ely, and Yilankaya [62] concluded that a resulting strategy is stable

only if it is e¢ cient, given observability of preferences. The characteristic of non-

�tness-maximizing preferences fails if preferences are unobservable. In that case,

the stability concept corresponds with the notion of neutrally stable strategies. Ok

and Vega-Redondo [157] observed that complete information is needed to make

a di¤erence from individualistic preferences. Ely and Yilankaya [70] and Guth

and Peleg [82] obtain results having the same characteristics. Heifetz, Shannon,

and Spiegel [97] reported that non-�tness-maximizing preferences may remain

evolutionarily viable in imperfect observability scenarios.
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CHAPTER 3

PRELIMINARIES

In this chapter we present some well-established de�nitions and properties ([84],

[126], [127],[128], [138], [139], [161], [174], [212]) which will be used later.

3.1 Lyapunov Stability

The purpose of this section is to recall some results on stability theory.

Let us consider a 2n order system [138] represented by the following system

of di¤erential equations:

dzi=dt = Zi(t; z1; z2; :::; z2n), i = 1; :::; 2n (3.1)

or the same equation in vector form

dz=dt = Z(t; z) (3.2)

where z = (z1; z2; :::; z2n)T 2 R2n and Z = (Z1; Z2; :::; Z2n)T , Z : � � R2n ! R2n:

A motion of (3.2) is denoted by �(t; t0; z0); �(t0; t0; z0) � z0 and the reference

motion �r(t; t0; z0) which necessary satis�es (3.2) i.e.,

35



d�r(t; t0; z0)=dt = Z(t; �r(t; t0; z0)) (3.3)

and let consider the following Lyapunov transformation of coordinates: x = z�zr

(the motion \x � 0" with respect to zero). Let de�ne  : � � R2n ! R2n as

 (t; x) = Z(t; zr(t) + x)� Z(t; zr(t)) ( (t; 0) = 0) therefore, (3.2) can be written

as

dx=dt =  (t; x) (3.4)

this means, that we have been able to relate the behavior of z with respect to zr

to the behavior of the state x with respect to zero.

Theorem 3.1.1 Stability of x = 0 of the system (3.4) with respect to T = x

(equal to the identity) is equivalent to the stability of the reference motion of

(3.2) with respect to every vector function T : R2n ! R2n that is continuous in

z = (z1; z2; :::; z2n)
T :

Remark 3.1.2 We have managed to prove that it is possible to reduce the stability

problem of �r with respect to T (continuous) to the stability problem of x with

respect to the identity x:

Remark 3.1.3 The following de�nitions are stated considering that the system is

non-stationary or time varying. Notice that if the system results to be stationary

or invariant, the selection of the initial instant t0 � R does not matter at all.
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De�nition 3.1.4 System (3.4) is bounded, if there exists a constantM(x0; t0) > 0

such that

jx(t;x0; t0)j < M(x0; t0), 8t � t0:

De�nition 3.1.5 The state x = 0 of equation (3.4) is:

1. Stable with respect to �i if and only if, 8t0 2 �i and 8" > 0 9 � = �(t0;2) > 0

such that if jx0j < � ) jx(t; t0; x0)j < " 8t 2 �o = (t0;1):

2. Uniformly stable with respect to �i i¤, it is stable and the maximal � ,obeying

the stability condition, (for each t0 2 �i ) is such that :

�� = inf(maximal �(t0;2) : t0 2 �i) > 0:

(this �� is the one that works 8t0 2 �i and therefore becomes independent

of the initial time i.e., �� = ��("): The uniformly stable property means that

all the solutions of (3.4) converge to the zero solution x = 0 with the same

speed).

3. Unstable with respect to �i i¤, there are t0 2 �i; " 2 (0;1) and � , "; �o,

� > t0 such that 8 � 2 (0;1) there is x0; jx0j < � for which jx(� ; t0; x0)j � ";

(the motion is being frozen at �):

4. Asymptotically stable i¤, it is stable and 8t0 2 �i there exists an �(t0) > 0

(independent of &) and for every & > 0 there exists � = �(t0;x0; &) 2 (0;1)

such that

jx0j < �(t0)) jx(t;x0; t0)j < & , 8t > t0 + � :
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(Note that there are cases where the perturbed motions converge to the zero

solution however, the zero solution is unstable. The condition of being stable

can be removed for the one dimensional case, see [139]).

5. Exponentially stable with respect to �i i¤, there are � > 0 and real numbers

� � 1; � > 0 such that jx0j < �) jx(t;x0; t0)j < � jx0j exp[��(t� t0)], 8t

" �o and 8t0 2 �i:

6. Practically stable i¤ , given (�;A) with 0 < � < A, then jx0j < � )

jx(t;x0; t0)j < A, 8t � t0 for some t0 2 �i:

7. Uniformly practically stable, if it is practically stable for every t0 2 �i:

8. Practically asymptotically stable, if it is practically stable and for each � > 0;

� > 0 and t0 2 �i there exists a positive constant T = T (t0; �; �) such that

jx0j < �) jx(t;x0; t0)j < �;8t � t0 + T:

(Note that exponentially stable implies asymptotically stable. The notion of

practical stability depends on the choice of (�;A), with 0 < � < A, i.e., it

can be used for design �practical purposes�. So, there can be cases where

the system is unstable (leaves the "�ball for some small amount however,

we can choose A in such a way that the de�nition of practical stability is

satis�ed), but it is practically stable. This is the reason, why it is usually

better to state the requirements for practical stability in terms of sets [127]).
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Remark 3.1.6 The reader is referred to [30] for a more detailed discussion on

stability de�nitions.

De�nition 3.1.7 (Equilibrium state) The state x� of (3.4) is a state equilibrium

over �i; i¤ x(t;x�; t0) = x� 8t � t0 and 8t0 2 �i:

Lyapunov proposed two methods to study the stability of Dynamical Systems,

for the �rst one, the solution of the di¤erential equation is needed while for the sec-

ond method, this is not required instead, one proposes functions of (x1; x2; :::; xn; t)

which satisfy certain conditions and certain conditions over the total derivative

with respect to t. In order to develop the 2nd method, the following concepts

must be introduced.

Let us consider a continuous function L : � � Rn ! R i.e., (x1; x2; :::; xn; t) ! R

obeying conditions (*) jxij �M ; i = 1; :::; n; t � T (whereM and T are constants,

the former arbitrarily large and the latter arbitrarily small) and such that if x1 =

x2 =; :::;= xn = 0 then, L is also zero.

De�nition 3.1.8 Consider a function L : � �Rn ! R. The function L is said to

be of sign constant if besides the zero value it takes only values of some de�ned sign

i.e., positive or negative function. In addition if the function L is independent of

t with M as small as desired so that L = 0 holds only for x1 = x2 =; :::;= xn = 0

then, the function is said to be sign de�nite (in case of wishing to underline its

sign: positive or negative de�nite).
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De�nition 3.1.9 The function L such that, takingM so small that for numerical

values of L under conditions (*) there is an upper bound, will be called bounded.

If in addition, it is always possible to chose an M such that, this upper bound

can made equal to some positive "; regardless how small, will be said to admit an

in�nitely small bound.

Let consider dL=dt =
@L

@x1
dx1=dt +

@L

@x2
dx2=dt + ::: +

@L

@xn
dxn=dt +

@v

@t
then, we

state the following result.

Theorem 3.1.10 (Stability of x = 0). If for the di¤erential equation of a per-

turbed motion, it is possible to �nd a sign-de�nite function L, with a sign constant

dL=dt, identically zero or of opposite sign than L; then, the unperturbed motion

is stable.

Remark 3.1.11 The proof of this result is straightforward once the concept of

comparison functions has been introduced (what is done in the next section). This

result was generalized by Gantmacher for matrices (Theorem of Lyapunov for ma-

trices). Therefore, generalizing the notions of positive de�nite etc., for matrices,

we have:

Theorem 3.1.12 All the eigenvalues of a matrix X 2 Rn�n posses negative real

part i¤ for every positive de�nite symmetric Q 2 Rn�n there exists unique positive

de�nite symmetric solution Y 2 Rn�n of the Lyapunov matrix equation

XTY + Y X = �Q:
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The stability condition, is obtained by imposing growing conditions on L and

its total derivative along perturbed motions on a neighborhood of x = 0: This

growing conditions are given in terms of comparison functions, which were, �rstly,

introduced by Hahn [84].

De�nition 3.1.13 A continuous function � : [0;1) ! [0;1) is said to belong

to class K if it is strictly increasing and �(0) = 0: A continuous function � :

[0;1)! [0;1) is said to belong to class KR if it is strictly increasing, �(0) = 0

and �(r)!1 as r !1.

De�nition 3.1.14 A continuous function � : [0;1) ! [0;1) is said to belong

to class L if it is strictly decreasing and, �(r)! 0 as r !1.

De�nition 3.1.15 Two functions �i 2 K (or KR) i = 1; 2 are said to be of the

same order of magnitude (or to grow with the same speed) if there exist positive

constants �i; �i i = 1; 2 such that

�i�i � �j � �i�i i 6= j; i; j = 1; 2:

De�nition 3.1.16 A function L : � �Rn ! R is positive de�nite on a neighbor-

hood of x = 0:i¤ there exists a function � 2 K such that L(t; 0) = 0 8t 2 � and

L(t; x) � �(jxj) 8(t; x) 2 � � Rn:

Theorem 3.1.17 Let the vector function  in system (3.4) be continuous on its

domain i.e., � � Rn, if there exists an open connected neighborhood of the origin

x = 0 and a positive de�nite function L : � � Rn ! R such that:
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� it is well de�ned for every solution of (3.4) on its domain of de�nition, is

continuous and it vanishes at the origin,

� it does not increase 8(t; x) 2 � � Rn;

then, the origin is stable.

Remark 3.1.18 It is worth mentioning that we could have proceed by contradic-

tion i.e., assuming that there exists a T such that jx(T )j = " while jx(t)j < " 8t 2

(t0; T ) this would imply by one side that L(T; x) � �(jxj) = �("); by the other

side, using the fact that it does not increase, we get that L(T; x) � L(t0; x0) < �(")

, from this last two inequalities we arrive to the expression �(") < �(") !, which

proves our assertion.

De�nition 3.1.19 A function L : ��Rn ! R is decreasing on � i¤ there is a time

invariant neighborhood of x = 0 and a function b 2 K such that L(t; x) � b(jxj)

8(t; x) 2 � � Rn

Corollary 3.1.20 Assume that all what was stated before in theorem (3.1.17) is

true. Let us suppose that L : � � Rn ! R is a decreasing function. Then, the

origin is uniformly stable.

Theorem 3.1.21 Let suppose that all the conditions of theorem (3.1.17) hold.

Assume that along any integral curve x(t; t0; x0) the function L(t; x) tends to zero

as t!1 then, the origin x = 0 is asymptotically stable on � :
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Theorem 3.1.22 Suppose that there exist constants a; b; c; " > 0; p � 1 and a

continuous function L : � � Rn ! R such that

a jj x jjp� L(t; x) � b jj x jjp 8t 2 � ; 8x 2 B"

dL(t; x)

dt
� �c jxjp 8t 2 � ; 8x 2 B"

then, the origin x = 0 is exponentially stable on � :

An important contribution, with a similar �avor to the results presented in the-

orem (3.1.17) and (3.1.22), is our next result, due to Lasalle-Yoshizawa theorem

([126], [212]), but before we proceed to state it, we need to de�ne what it means

for a function to be radially unbounded.

De�nition 3.1.23 Let  : R � Rn ! R,  is said to be radially unbounded i¤

j (t; x) j! 1 as jj x jj! 1:

Theorem 3.1.24 Let x = 0 be an equilibrium of (3.4) and suppose  is locally

Lipschitz in x uniformly in t. Let L : R�Rn ! R be a continuously di¤erentiable,

positive de�nite and radially unbounded function such that

'1(jxj) � L(t; x) � '2(jxj)
@L

@x
 (x; t) +

@L

@t
� �H(x) � 0, 8t � 0;8x 2 Rn

where '1,'2
are class K functions and H is a continuous function. Then, all the

solutions of (4) are globally uniformly bounded and satisfy

lim
t!1

H(x(t)) = 0.
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In addition, if H(x) is positive de�nite, then the equilibrium x = 0 is globally

uniformly asymptotically stable.

Theorem 3.1.25 The equilibrium x = 0 of system (3.4) is unstable if there exists

a continuous decreasing function L : Br � Rn ! R and a time t0 � 0 such that:

� the total derivative of L is a positive de�nite function,

� L(t; 0) = 0 8 t � t0 and,

� there exist points x0 6= 0 arbitrarily close to the origin such that L(to; x0) � 0

.

Notation 3.1.26 We have the following notation:

� Given x; y 2 Rn, we usually denote the relation ���to mean componentwise

inequalities with the same relation, i.e., x � y is equivalent to xi � yi;8i.

� The function  : Rn ! Rn of class C1 is called quasimonotone nondecreasing

in x if @ i=@xj � 0, 8i 6= j (i; j = 1; :::; n), i.e., if @ =@x is a Metzler ma-

trix (nonnegative o¤-diagonal elements). The quasimonotone nondecreasing

property of  , with respect to x, also implies that given x; y 2 Rn such that

x � y and xi = yi for any index 1 � i � n then 8i  i(t; x; u) �  i(t; y; u).

Theorem 3.1.27 [128] Let L : R+ � Rn ! Rs+ be a continuously di¤erentiable

vector Lyapunov function, such that

L0(t; x) =
sX
i=1

Li(t; x)
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satis�es

'1(jxj2) � L0(t; x) � '2(jxj2);

for '1,'2
2 K and , the di¤erential inequality

L((x; t) � h[t; L(x; t)]

holds for all (t; x) 2 T�Rn where h : R+�Rs+ ! Rs is a continuously di¤erentiable

function such that h(t; 0) � 0 and h(t; L) is quasimonotone nondecreasing in L

(for all L 2 Rs+ and t 2 T ). Let !(t;w0; t0) be the solution of the comparison

system

_!(t) = h(!(t); t), !(t0) = !0 � 0:

Then,

L(t; x(t)) � !(t;!0; t0), t � t0

provided that L(t0; x0) � !0. Therefore, the stability properties of the trivial solu-

tion ! = 0 of the comparison system imply the corresponding stability properties

of system (3.4).

Remark 3.1.28 i). Note, that we have used the measure
Ps

i=1 Li(t; x), to de-

�ne the scalar function L0(t; x). However, we could have used other convenient

measures such as

L0(t; x) = maxfLi(t; x); i = 1; :::; sg; L0(t; x) =
sX
i=1

diLi(t; x); d 2 Rs+

ii). Note, that one needs to use the same measure when de�ning boundedness and

stability notions for the comparison system.
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De�nition 3.1.29 Stable with respect to �i if and only if, 8t0 2 �i and 8" > 0

9 � = �(t0;2) > 0 such that if
Pn

i=1 x0i < � )
Pn

i=1 xi(t; t0; x0) < " 8t 2 �o =

(t0;1):

Corollary 3.1.30 In Theorem (3.1.27), when L : R+ � Rn ! R+:

i). If h(t; !) � 0 we get uniform practical stability of (3.4).

ii). If h(t; !) = ��!, � > 0, we get uniform asymptotic practical stability of

(3.4).

3.2 Stability of Di¤erence Equations

Notation 3.2.1 N = f0; 1; 2; :::g, R+ = [0;1), Nn0+ = fn0; n0 + 1; :::; n0 + k; :::g ; n0 �

0. Given x; y 2 Rd, we usually denote the relation ��� to mean componentwise

inequalities with the same relation, i.e., x � y is equivalent to xi � yi;8i. A func-

tion  (n; x),  : Nn0+ � Rd ! Rd is called nondecreasing in x if given x; y 2 Rd

such that x � y and n 2 Nn0+ then,  (n; x) �  (n; y).

Consider systems of �rst ordinary di¤erence equations given by

x(n+ 1) =  [n; x(n)], x(no) = x0, n 2 Nn0+ (3.5)

where n 2 Nn0+, x(n) 2 Rd and  : Nn0+ � Rd ! Rd is continuous in x(n).

De�nition 3.2.2 The n-vector valued function �(n; n0; x0) is said to be a solution

of (3.5) if �(n0; n0; x0) = x0 and �(n + 1; n0; x0) =  (n; �(n; n0; x0)) for all n 2

Nn0+.
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De�nition 3.2.3 The system (3.5) is said to be

i) Practically stable, if given (�;A) with 0 < � < A, then

jx0j < �) jx(n; n0; x0)j < A, 8n 2 Nn0+, n0 � 0;

ii) Uniformly practically stable, if it is practically stable for every n0 � 0.

The following class of function is de�ned.

De�nition 3.2.4 A continuous function � : [0;1)! [0;1) is said to belong to

class K if �(0) = 0 and it is strictly increasing.

Consider ([128]) the vector function v(n; x(n)), v : Nn0+�Rd ! Rp+ and de�ne

the variation of v relative to (3.5) by

�v = v(n+ 1; x(n+ 1))� v(n; x(n)) (3.6)

Then, the following result concerns the practical stability of (3.5).

Theorem 3.2.5 Let v : Nn0+ � Rn ! R+ be a continuous function in x, such

that b(jxj) � v(n; x(n)) � a(jxj) for b; a 2 K and

�v(n; x(n)) � w(n; v(n; x(n)))

hold for n 2 Nn0+, x(n) 2 Rn , where w : Nn0+�R+ ! R is a continuous function

in the second argument. Assume that : (n; u) , u + w(n; u) is nondecreasing
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in u, 0 < � < A are given and �nally that a(�) < b(A) is satis�ed. Then, the

stability properties of

u(n+ 1) = (n; u(n)), u(n0) = u0 � 0; (3.7)

imply the corresponding stability properties of the system (3.5).

Remark 3.2.6 As was done for the continuous case, one can state and prove the

comparison principle for di¤erence equations (see [127] (pages: 105-106, theorem

A.1.5 page 161 and the prove given in point (i)).

Now, we extend our last theorem to the case of several Lyapunov functions. Con-

sider a vector-Lyapunov function v(n; x(n)), v : Nn0+ � Rn ! Rp+; and de�ne the

variation of v relative to (3.5). Then, the following result concerns the practical

stability of (3.5).

Theorem 3.2.7 Let v : Nn0+ � Rd ! Rp+ be a continuous function in x, de�ne

the function v0(n; x(n)) =
Pp

i=1 vi(n; x(n)) such that it satis�es the estimates.

b(jxj) � v0 (n; x (n)) � a(jxj) for a; b 2 K and

�v(n; x(n)) � w(n; v(n; x(n)))

for n 2 Nn0+, x(n) 2 Rd , where w : Nn0+�R
p
+ ! Rp is a continuous function in

the second argument. Assume that : (n; e) , e + w(n; e) is nondecreasing in e,

0 < � < J are given and �nally that a(�) < b(A) is satis�ed. Then, the practical
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stability properties of

e(n+ 1) = (n; e(n)), e(n0) = e0 � 0. (3.8)

imply the corresponding practical stability properties of the system (3.5).

Corollary 3.2.8 In theorem 3.2.8

1. If w(n; e) � 0 we obtain uniform practical stability of (3.5) which implies

structural stability [150].

2. If w(n; e) = �c(e), for c 2 K, we obtain uniform practical asymptotic sta-

bility of (3.5).

3.3 Place-Transitions Petri Nets

Petri nets are a tool for the study of systems [161]. Petri net theory allows a

system to be modeled by a Petri net, a mathematical representation of the system.

Analysis of the Petri net then can, hopefully, reveal important information about

the structure and dynamic behavior of the modeled system. This information

can then be used to evaluate the modeled system and suggest improvements or

changes.

A Petri net is a 5-tuple, PN = fP;Q; F;W;M0g where: P = fp1; p2; :::; pmg

is a �nite set of places, Q = fq1; q2; :::; qng is a �nite set of transitions, F �

(P �Q)[ (Q�P ) is a set of arcs, W : F ! N+1 is a weight function, M0: P ! N

is the initial marking, P \Q = ? and P [Q 6= ?.
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A Petri net structure without any speci�c initial marking is denoted by N .

A Petri net with the given initial marking is denoted by (N;M0). Notice that if

W (p; q) = � (or W (q; p) = �) then, this is often represented graphically by �, (�)

arcs from p to q (q to p) each with no numeric label.

Let Mk(pi) denote the marking (i.e., the number of tokens) at place pi 2 P at

time k and let Mk = [Mk(p1); :::;Mk(pm)]
T denote the marking (state) of PN at

time k. A transition qj 2 Q is said to be enabled at time k if Mk(pi) � W (pi; qj)

for all pi 2 P such that (pi;qj) 2 F . It is assumed that at each time k there exists

at least one transition to �re, i.e. it is not possible to block the net. If a transition

is enabled, then it can �re. If an enabled transition qj 2 Q �res at time k then,

the next marking for pi 2 P is given by

Mk+1(pi) =Mk(pi) +W (qj; pi)�W (pi; qj):

Let A = [aij] denote an n�m matrix of integers (the incidence matrix) where

aij = a+ij � a�ij with a
+
ij = W (qi; pj) and a�ij = W (pj; qi). Let uk 2 f0; 1gn denote

a �ring vector, where if qj 2 Q is �red, then its corresponding �ring vector is

uk = [0; :::; 0; 1; 0; :::; 0]T with a "1" in the jth position in the vector and zeros

everywhere else. The matrix equation (nonlinear di¤erence equation) describing

the dynamical behavior represented by a Petri net is:

Mk+1 =Mk + ATuk (3.9)
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where if at step k, a�ij < Mk(pj) for all pj 2 P; then qi 2 Q is enabled and if this qi 2

Q �res, then its corresponding �ring vector uk is utilized in the di¤erence equation

(3.9) to generate the next step. Notice that ifM
0
can be reached from some other

markingM and, if we �re some sequence of d transitions with corresponding �ring

vectors u0; u1; :::; ud�1 we obtain that

M
0
=M + ATu; u =

d�1X
k=0

uk: (3.10)

De�nition 3.3.1 The set of all the markings (states) reachable from some start-

ing marking M is called the reachability set, and is denoted by R(M).

Let (Nn0+; d) be a metric space where d : Nn0+ � Nn0+ ! R+ is de�ned by

d(M1;M2) =
mX
i=1

� i jM1(pi)�M2(pi) j; � i > 0; i = 1; :::;m:

and consider the matrix di¤erence equation which describes the dynamical behav-

ior of the discrete event system modeled by a Petri net (3.10) then we have ([161],

[174])

Proposition 3.3.2 Let N be a Petri net. N is uniform practical stable if there

exists a � strictly positive m vector such that

�v = uTA� � 0: (3.11)

Moreover, N is uniform practical asymptotic stability if the following equation
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holds

�v = uTA� � �c(e); for c 2 K: (3.12)

Proof. Pick as our Lyapunov function candidate v(M) = MT� with � an

m vector (to be chosen). One can verify that v satis�es all the conditions of

Theorem (3.2.5), and that one obtains uniform practical (asymptotic) stability if

there exists a strictly positive vector � such that equation (3.11) holds

Remark 3.3.3 It is an extension of the results presented by Passino in [161]

theorem 5, pag. 11 presented in [174].

Lemma 3.3.4 Let suppose that Proposition (3.3.2) holds then,

�v = uTA� � 0, A� � 0: (3.13)

Proof. )) Since uTA� � 0 holds for every u) A� � 0.

() This is immediate from the fact that u is positive.

Remark 3.3.5 The if an ony if relationship of 3.13 exists from the fact that u is

positive. It is a trivial extension of the results presented by Passino [161].

De�nition 3.3.6 Let N be a Petri net. N is said to be stabilizable if there exists

a �ring transition sequence with transition count vector u such that system (3.10)

remains bounded.
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Proposition 3.3.7 Let N be a Petri net. N is stabilizable if there exists a �ring

transition sequence with transition count vector u such that the following equation

holds

�v = ATu � 0: (3.14)

Proof. De�ne as our vector Lyapunov function v(M) = [v1(M); v2(M); :::; vm(M)]
T ;

where vi(M) =M(pi); 1 � i � m we can verify that all the conditions of Theorem

(3.2.8) are satis�ed and, that one obtains uniform practical stability if there exists

a �reable transition sequence with transition count vector u such that equation

(3.14) holds. Therefore, we conclude that N is stabilizable.

Remark 3.3.8 This result is presented by Passino in [161].

3.4 Colored Petri Nets

In this section, we present the concepts of colored Petri nets ([109], [110],

[111], [112], [113]), multi-set, marking, step, �ring rule and incidence matrix.

De�nition 3.4.1 A multi-set m over a non-empty set S is a function m : S ! N

which we represent as a formal sum:

X
s2S

m(s) s:

By Sms we denote the set of all multi-sets over S. The non-negative integers

fm(s) : s 2 S g are the coe¢ cients of the multi-set. s 2 S i¤m(s) 6= 0.
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De�nition 3.4.2 Addition, scalar multiplication, comparison and size of multi-

sets are de�ned in the following way, for all m1, m2, m3 2 Sms and all n 2 N:

(i) m1 +m2 =
P

s2S( m1(s) +m2(s)) s (addition)

(ii) n �m =
P

s2S( n �m(s)) s (scalar multiplication)

(iii) m1 6= m2 = 9s 2 S : m1(s) 6= m2(s) (comparison)

(iv) m1 � m2 = 8s 2 S : m1(s) � m2(s) (� and = are de�ned analogously

to �).

(v) j m j =
P

s2Sm(s) ( j m j = 0 i¤m = ; the empty multi-set) (size)

When j m j = 1 we say that m is in�nite. Otherwise m is �nite. When m1 �

m2 we also de�ne substraction:

(vi) m2 �m1 =
P

s2S( m2(s)�m1(s)) s (substraction).

Remark 3.4.3 The weighted-sets over a set S, Sws, are de�ned as multi-sets but

over Z allowing negative coe¢ cients. The operations for the weighted-sets Sws are

the same to the operations with multi-sets but scalar multiplication is de�ned for

negative integers and substraction is de�ned also for all weighted-sets.

De�nition 3.4.4 A colored Petri Net is a 7-tuple, CPN = (�; P;Q;K;A+; A�;M0),

where:

� � is a �nite set of non-empty sets, called colors,

� P is the set of places,
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� Q is the set of transitions,

� P \Q = ? and P [Q 6= ?,

� K : P [Q �! � is the color function, where � is the set of �nite non-empty

sets,

� A+ : K(p)�K(q)! N is the forward incidence matrix of P �Q,

� A� : K(p)�K(q)! N is the backward incidence matrix of P �Q,

� M0 , the initial marking, is a vector indexed by the elements of P , where

M0(p) : K(p)! N .

Remark 3.4.5 The A+ and A� are matrices of size P �Q with coe¢ cients in N

which de�ne linear applications from K(q) to K(p)ms. The initial marking M0(p)

takes its values in K(p)ms.

De�nition 3.4.6 A marking of CPN is a function M de�ned on P , such that

M(p) 2 K(p)ms for all p 2 P:

De�nition 3.4.7 A step of CPN is a function X de�ned on Q, such that X(q) 2

K(q)ms for all q 2 Q.

De�nition 3.4.8 The transition �ring rule is given by:

� A step X is enabled in a marking M i¤ the following property holds 8p 2 P ,

M(p) �
P

q2QA
�(p; q)(X(q)) which can also be written as M � A� � X
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where � denotes generalized matrix-multiplication. We then say that q is

enabled or �rable under the marking M .

� Firing a transition q leads to a new markingM1 de�ned by: 8p 2 P ,M1(p) =

M(p) +
P

q2QA
+(p; q)(X(q))�

P
q2QA

�(p; q)(X(q))

or in general :

M1 =M + A+ �X � A� �X:

Remark 3.4.9 The condition M(p) �
P

q2QA
�(p; q)(X(q)) tells us that the

multi-set of all the colors, which are removed from p when q occurs (for all q 2 X),

is required to be less than or equal to the marking of p. It is important to mention

that the generalized matrix-multiplication, (when it is de�ned), behaves in relation

to the size operation as follows:

j A1 � A2 j=j A1 j � j A2 j :

De�nition 3.4.10 The incidence matrix of a colored Petri net is de�ned by

A = A+ � A�; A(p; q) 2 K(q)! K(p)ws (3.15)

where A(p; q) is a linear mapping whose associated matrix P �Q takes values

in Z.

Remark 3.4.11 When a transition q is �red with respect to a color �q 2 K(q)

then, for every color �p 2 K(p), A(�p; �q) gives the number of colors �p to be added
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to (if the number is positive) or to be removed from (if the number is negative)

place p. Notice that if M
0
can be reached from a marking M i.e., there exists

a sequence of enabled steps whose associated transitions have been �red, then we

obtain that

M
0
=M + A �X: (3.16)

De�nition 3.4.12 Let a place p 2 P , a non negative n 2 N be given then, n is

an integer bound for p i¤ 8M 0
reachable from M jM 0(p) j� n.

Let (Nn0+; d) be a metric space where d : Nn0+ � Nn0+ ! R+ is de�ned by

d(M1;M2) =
mX
i=1

� ik(M1(pi)(�p)�M2(pi)(�p))k; � i > 0;8�p 2 K(pi); i = 1; :::;m;

(3.17)

and consider equation (3.16), which de�nes a continuous function in (Nn0+; d).

Now, we are ready to state and prove the two main results of this subsection

([161], [174]).

Proposition 3.4.13 Let CPN be a colored Petri net. The colored Petri net

CPN is uniformly practically stable if there exists a strictly positive linear mapping

� : K(p)ws ! �ws (with � normally one of the color sets already used in CPN)

such that:

�v =j � � A �X j� 0: (3.18)
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Proof. Let us choose v(M(p)(cp)) =j � � M j 8cp 2 C(p) as a Lyapunov

function candidate and let � a strictly positive linear mapping. The Lyapunov

function v satis�es the conditions of theorem 3.2.5. Therefore, it is obtained

uniform practical stability if there exists a strictly positive linear mapping � such

that equation (3.18) holds.

Remark 3.4.14 This is an extension of the results presented by Passino in [161]

to colored Petri Nets [174].

Remark 3.4.15 The condition given by equation (3.18) with strict equality sign

is equivalent to the condition:

� � A = 0 . (3.19)

where 0 is the zero function.

The solution of this equation is not an easy task. However, di¤erent methods have

been proposed (see [112] and the references quoted therein).

Proposition 3.4.16 Let CPN be a colored Petri net. The CPN is stabilizable

if there exists a step X such that

�v =j A �X j� 0: (3.20)

Proof. Let us choose v(M(p)(cp)) = [v1(M(p)(cp)); v2(M(p)(cp)),..., vm(M(p)(cp)(p)(cp))]
T 8cp 2

C(p) as a vector Lyapunov function candidate, where vi(M(p)(cp)) =jM(pi) j; 1 �

i � m (with m equal to the number of places in CPN). The Lyapunov function
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v satis�es the conditions of theorem 3.2.5. Therefore, uniform practical stability

is obtained if there exists a step X such that (3.20) holds. Therefore, we conclude

that the CPN is stabilizable.

Remark 3.4.17 This is an extension of the results presented by Passino in [161]

to colored Petri Nets [174].
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Part II

Second Part
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CHAPTER 4

DECISION PROCESS

4.1 Shortest-Path Markov Decison Process

Whereas previous e¤orts ([14], [15], [18], [63], [125], [196], [210]) have restricted

attention to track the net using the Bellman�s equation as a utility function, this

paper introduces a modeling paradigm for developing decision process representa-

tion, including the Markov decision process, using a trajectory function as a tool

for path planning. The main point of this paper is its ability to represent the

system-dynamic and the trajectory-dynamic properties of a decision process ap-

plication. We will identify the system-dynamic properties as those characteristics

related only with the global system behavior, and we will identify the trajectory-

dynamic properties as those characteristics related with the trajectory function

at each state that depends on a probabilistic routing policy.

Within the system-dynamic properties framework we show notions of stability.

In this sense, we call equilibrium point to the state in a MDP that does not change,

and it is the last state in the net.

In the trajectory-dynamic properties framework we de�ne the trajectory func-

tion as a Lyapunov-like function. By an appropriate selection of the Lyapunov-like
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function, under certain desired criteria, it is possible to optimize the trajectory.

By optimizing the trajectory we understand that t is maximum or minimum re-

ward (in a certain sense). In addition, we use the notions of stability in the sense

of Lyapunov to characterize the stability properties of the MDP. The core idea of

our approach uses a non-negative trajectory function that converges in decreasing

form to a (set of) �nal decision states. It is important to point out that the value

of the trajectory function associated with the MDP implicitly determines a set

of policies, not just a single policy (in case of having several decisions states that

could be reached). We call "optimum point" the best choice selected from a num-

ber of possible �nal decision states that may be reached (to select the optimum

point, the decision process chooses the strategy that optimizes the reward).

As a result, we extend the system-dynamic framework including the trajectory-

dynamic properties. We show that the system-dynamic and the trajectory-dynamic

properties of equilibrium, stability and optimum-point conditions converge under

certain restrictions: if the MDP is �nite then we have that a �nal decision state

is an equilibrium point.

The Markov Decison Process is structured in the following manner. Next

section (4.1.1) presents the decision model, and all the structural assumptions

are introduced. Sections 4.1.2, 4.1.3 and 4.1.4 discusses the main results giving

a detailed analysis of the equilibrium, stability and optimum-point conditions for

the system-dynamic and the trajectory-dynamic parts of the MDP. Section 4.1.5
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presents the utility function properties.

4.1.1 Markov Decision Model

The aim of this section is to introduce the decision model and all the structural

assumptions related with the Markov decision model ([94], [96]).

De�nition 4.1.1 A Markov Decision Process is a 5-tuple

MDP = fS;A;�; Q; Ug (4.1)

where:

� S is a countable set of feasible states, S � N, endowed with discrete topology.

� A is the set of actions, which is a metric space. For each s 2 S; A(s) � A

is the non-empty set of admissible actions at state s 2 S. Without loss of

generality we may take A=
[

s2S
A(s):

� � = f(s; a)js 2 S; a 2 A(s)g is the set of admissible state-action pairs, which

is a measurable subset of S � A.

� Q =
�
qijjk

�
is an array of probabilities, where qijjk � P (sijsj; ak) represents

the probability associated with the transition from state si to state sj under

an action ak 2 A(si): Note that for any �xed k, Qjk is a stochastic matrix.

� U : S ! R+ is a trajectory function, associating to each state a real value.

Note that U is a function bounded from below. ( e.g. kUk = sups2S U(s) ).
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Interpretation: The control model (4.1) represents a discrete-time controlled

stochastic system that is observed at time n 2 N: Denoting by sn and ak the state

of the system and action applied at time n, respectively, the interpretation of the

MDP dynamics is as follows. At each discrete time n 2 N the state of the system

sn = s 2 S is observed. For every action ak = a 2 A(s); the probability of the

system to �nd itself in the next state sn+1 at time n+1 is P (sn+1jsn = s; ak = a):

Considering the previous states of the trajectory (path, orbit) (s0; s1; :::; sn) the

value of the trajectory function U is obtained and, then the next state sn+1 is

selected according to U applying some �criteria�. This is the Markov property of

the decision process in (4.1).

For each n 2 N the cross product Hn = �n � S is the set of admissible

histories up to time n. The vector hn = (s0; a0; :::; sn�1; an�1; sn) 2 Hn denotes the

history of the process at time n. Considering the previous states of the trajectory

(s0; s1; :::; sn), and for every action ak 2 A(si); the probability of the system to

�nd itself in state sj 2 S is qijjk: A policy � is a (possibly randomized) measurable

rule for choosing actions, which depends on the current state. The policy �kji �

P (akjsi) represents the probability measure associated with the occurrence of an

action ak from state si. The set of all policies is denoted by �.

We de�ne a process over S as a �nite or in�nite sequence of elements of S. If

p = (s0; s1:::; sn) is a �nite process, we say that sn is the end state of p, and we

denote it last(p) = sn. For completeness, first(p) = s0 denote the state in which
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p starts. Let us de�ne the sample space 
 = (S � A)1 ; i.e. 
 represents the set

of in�nite processes over S: Let us de�ne the random variables Xn : 
 ! S for

each n 2 N, so that we have: Xn(!) = xn for ! = (x0; a0; x1; :::).

Let (
;F) be a measurable space with F a �-algebra of subsets of the previ-

ously de�ned sample space 
. We de�ne a probabilistic process over S as a pair

(S;P), where P is a probability measure on F . If there is an element s0 2 S such

that X0 = s0, we say that s0 is the initial state of the probabilistic process (S;P).

Let p = (s0; :::; sn) be a �nite process.

We de�ne the likelihood of p by l(p) = P(p). Intuitively, l(p) is the probability

measure of p to occur in an execution of the system. Be aware however that

the likelihood function does not de�ne a probability measure on the set of �nite

processes, since it does not sum to 1.

Let (S;P) be a probabilistic process, and let p = (s0; :::; s0) be a �nite process

over S with l(p) > 0. Let us consider the mapping g : p ! 
 de�ned by:

g(s0; s1; :::; sn; Xn+1; Xn+2; :::) = (sn; Xn+1; Xn+2; :::).

The mapping g let us de�ne a probability measure P on (
;F) as follows:

8A 2 F ; P(A) = P(g�1(A)jp); where P(� jp) is the probability conditional on p.

We call the new probabilistic process (S;P) the probabilistic future of process

p. We denote by the symbol E the expectation on 
 under probability P. By

construction, sn = last(p) is the initial state of the probabilistic future of p.

De�nition 4.1.2 Two given processes p and p0 represent a Path:
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1. OR if one has a better probability P to occur,

2. AND if having the same probability P they occur at the same time,

3. Concur if they have the same probability P to occur.

From the previous de�nition we have the following remark.

Remark 4.1.3 In a Concur-Path, we have last(p) = last(p0) and therefore we

also have P(p) = P(p0):

s21

s12

s31

s22

s13

s41

s32

s23

s42

s33s11

s43

U = 0.9

U = 0.85

U = 0.80

U = 0.60

U = 0.50

U = 0.70

U = 0.45

U = 0.30

U = 0.38
U = 0.20

U = 0.10

Figure 4.1: Markov Decision Process

Example 4.1.4 A discrete world (Figure 1) can be characterized by a �nite num-

ber of world states, e.g., S = f(1; 1); (1; 2); :::; (4; 3)g. At each time step it is possi-

ble to select an action a among a �nite set A of actions, e.g., A = fUp; Down; Left; Rightg.

66



A transition model speci�es how the world changes when an action is executed.

An "equilibrium point" s� is a desired �nal state of the system, e.g. s� = s43. The

shortest path problem is related with selecting at each state a successor state, so

that the trajectory formed by a sequence of successor states beginning at s0 termi-

nates at a �nal state sf and it has minimum length. Therefore, the shortest path

problem is a search through the state space for an optimal path to the equilibrium

point s�, using a deterministic transition model. By default, we are looking for

�nal state. We call "optimum point" the best choice selected from a number of

possible �nal decision states. More generally, we may hold preferences between

any system states.

The value of a state s is a number U(s) that intuitively speaking expresses

the desirability of state s. We de�ne the trajectory function as a Lyapunov-like

function that, under certain criteria, is possible to optimize the path, reaching a

minimum or a maximum. For example, if we are looking for the minimum, we

have that U(s) � U(s�) then s is preferred to s�.

The stochastic shortest path problem for non-discrete world is a generalization

through which at each state, it is a probability distribution selected over all possible

successor states. In this sense, assume that each state s has value U(s), and that

the world is stochastic with transition model qs0sja and policy �ajs0. In any state

s the agent must choose the action that ful�ll a "given criteria". In plain words,

to see how good an action is, multiply the trajectory function value, the transition
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probability and the policy of each possible resulting state.

We are using a non-negative trajectory function that converges to a (set of)

�nal decision state(s). The trajectory function associated with the MDP implicitly

determines a set of policies, not just a single policy. The decision process chooses

the strategy that optimizes the reward.

Consider an arbitrary sj 2 S and for each �xed action ak 2 A we look at the

previous states si of the state sj, denoted by the list (set) s�jk = fsh : h 2 �jkg

where �jk = fh : (sh; ak; sj)g, that materialize the concurrent state-action pair

(sh; ak) 2 � and form the sum

X
h2�jk

�kjhqhjjk U
(�kjh)

h (4.2)

Notation 4.1.5 With the intention to facilitate the notation we will represent

the trajectory function U as follows:

1. Ui � U(si) representations of the value at state si.

2. Ui � U�
i for an aritraty policy �.

Proceeding with all the ak�s we form the vector indexed by the sequence k

identi�ed by (k0; k1; :::; kf ) as follows:

24 X
h2�jk0

�k0jhqhjjk0Uh;
X
h2�jk1

�k1jhqhjjk1Uh; :::;
X
h2�jkf

�kf jhqhjjkfUh

35 (4.3)
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the index sequence k is the set � = fk : ak 2 (sh; ak; sj) & sh running over the

set s�jkg; and f = j�j is the number of actions to state sj:

Intuitively, the vector (4.3) represents all the possible trajectories through the

actions ak where (k0; k1; :::; kf ) to a state sj for a �xed j.

Continuing the construction of the de�nition of the trajectory function U , let

us introduce the following de�nition.

De�nition 4.1.6 Let MDP = fS;A;�; Q; Ug be a Markov Decision Process,

let (s0; s1; :::; sn) be a realized trajectory of the system and let L : Rn ! R+ be

a continuous map. Then L is a Lyapunov-like function [115] if it satis�es the

following properties:

1. 9s� such that L(s�) = 0;

2. L(s) > 0 for 8s 6= s�;

3. L(s)!1 when s!1;

4. �L = L(si+1)� L(si) < 0 8i si 6= s�.

From the previous de�nition we have the following remark.

Remark 4.1.7 In de�nition 4.1.6 point 3 we state that L(s)!1 when s!1

meaning that there is no x� reachable from some x.

Then, formally we de�ne the trajectory function U as follows:
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De�nition 4.1.8 For the discrete time n 2 N the trajectory function U with

respect a Markov Decision Process MDP = fS;A;�; Q; Ug is represented by

Uj =

�
U0 if n = 0

L(�) if n > 0
(4.4)

where

� =

24 X
h2�jk0

�k0jhqhjjk0Uh;
X
h2�jk1

�k1jhqhjjk1Uh; :::;
X
h2�jkf

�kf jhqhjjkfUh

35 (4.5)

the function L : D � Rn+ ! R+ is a function that optimizes the reward through all

possible transitions (i.e. trough all the possible trajectories de�ned by the di¤erent

ak�s), D is the decision set formed by the k�s : 0 � kl � f of all those possible

transitions (sh; ak; sj), �jk is the index sequence of the list of previous places to sj

through action ak and sh (h 2 �jkl) is a speci�c previous place of sj through action

ak.

From the above de�nition we have the following remark.

Remark 4.1.9

� Note that the Lyapunov-like function L guarantees that the optimal course of

action is followed (taking into account all the possible paths de�ned). In ad-

dition, the function L establishes a preference relation because by de�nition

L is asymptotic; this condition gives to the decision maker the opportunity

to select a path that optimizes the reward.

� The iteration over time n 2 N for U is as follows:
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1. for n = 0 the trajectory function value is U0 at state s0 and for the rest

of the states si the value is 0,

2. for n > 0 the trajectory function value is Uj at each state sj, is com-

puted by taking into account the value of the previous states si.

Property 4.1.10 The function U satis�es the following properties:

1. 9s4 such that

(a) if there exists an in�nite sequence fsig1i=1 with sn !
n!1

s4 (sn converge

at s4) such that 0 � ::: < Un < Un�1::: < U1, then U(s4) is the

in�mum of the in�nite sequence, i.e. U(s4) = 0 ,

(b) if there exists a �nite sequence s1; :::; sn with s1; :::; sn ! s4 (s1; :::; sn

converge at s4) and there exists a constant C 2 R such that C = Un <

Un�1::: < U1, then U(s4) is the minimum of the �nite sequence, i.e.

U(s4) = C, (s4 = sn).

2. there exists a constant C 2 R such that U(si) > max f0; Cg, 8si such that

si 6= s4.

3. 8si; si�1 such that si�1 �U si then 8i �Ui = Ui � Ui�1 < 0 (a trajectory

function U : S ! R is consistent with the preference relationship of a

decision problem (S;�) if 8w; z 2 S : w �u z if and only if Uw � Uz)
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Property 4.1.11 The trajectory function U : S ! R+ is a Lyapunov-like func-

tion.

Proof. Straightforward from the previous de�nitions.

Explanation. Intuitively, a Lyapunov-like function can be considered as rout-

ing function and optimal cost function. In our case, an optimal discrete problem,

the cost-to-target values are calculated using a discrete Lyapunov-like function.

Every time a discrete vector �eld of possible actions is calculated over the decision

process. Each applied optimal action (selected via some �criteria�) decreases the

optimal value, ensuring that the optimal course of action is followed and establish-

ing a preference relation. In this sense, the criteria change the asymptotic behavior

of the Lyapunov-like function by an optimal trajectory tracking value. It is im-

portant to note, that the process �nished when the equilibrium point is reached.

This point determines a signi�cant di¤erence with the Bellman�s equation.

Remark 4.1.12 From property 4.1.10 and 4.1.11 we have that :

� U(s4) = 0 or U(s4) = C means that a �nal state is reached. Without loss

of generality we can say that U(s4) = 0 by means of a translation to the

origin.

� In property 4.1.10 we determine that the Lyapunov-like function U(s) ap-

proaches to a in�mum/minimum when s is large thanks to property 4 of

de�nition 4.1.6.
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� Property 4.1.10, point 3 is equivalent to the following statement: 9 f"ig ;

"i > 0 such that jUi � Ui�1j > "i, 8si; si�1 such that si�1 �U si:

� Property 4.1.10, point 3 means that the Lyapunov-like function U(s) will

progress without cycling and the equilibrium point will eventually be reached.

For instance, the trajectory function U being equal to the entropy is a speci�c

Lyapunov-like function used in information theory as a measure of the information

disorder. Another possible choice is the min function, used in business process

reengineering to evaluate job performance.

Remark 4.1.13 It is important to note that the trajectory function value can be

re-normalized after each transition of the net. That is, when � 6= 0 and q = 0

implies a re-normalization of the ��s.

Remark 4.1.14 In property 4.1.10 point 3 we state that �U = Ui � Ui�1 < 0

for determining the asymptotic condition of the Lyapunov-like function. However,

it easy to show that such property is convenient for deterministic systems. In

Markov decision process systems is necessary to include probabilistic decreasing

asymptotic conditions to guarantee the asymptotic condition of the Lyapunov-like

function.

Remark 4.1.15 We are using [ ] to denote the OR-Path,
P
to denote the AND-

PAth, and f j to denote the Conc-Path.
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4.1.2 System Dynamic Properties

We will identify the system-dynamic properties of the MDP as those properties

related with the Markov chain.

Theorem 4.1.16 The Markov Decision ProcessMDP = fS;A;�; Q; Ug is �nite

and bounded by a state s of the system.

Proof. Let us suppose that the MDP is not �nite. Then s is never reached.

Therefore, it is possible to evolve in time n and to reduce the trajectory function

value over s. However, the Lyapunov-like trajectory function converges to zero

when n!1 (or reached a minimum) i.e., Un = 0 or Un = C.

Theorem 4.1.17 Let MDP = fS;A;�; Q; Ug be a Markov Decision Process

bounded by a state s. Then, a Lyapunov-like trajectory function can be constructed

i¤ s is reachable from s0.

Proof. (=)) If U is a Lyapunov-like function then by the previous theorem

s is reachable.

((=) By induction, let us construct the optimal inverse path from s to s0.

At each discrete time n 2 N in descending order (n is the maximum state index)

the state of a system sn is observed and an action ak 2 A(sn�1) leading to sn�1 is

chosen. We choose the trajectory function U as the best choice set of states. We

continuous this process until s0 is reached. Then, the trajectory function U is a

Lyapunov-like function.
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De�nition 4.1.18 An equilibrium point with respect a Markov Decision Process

MDP = fS;A;�; Q; Ug is a state s� such that P1(s�) = 1 and s� is the last state

of the net.

Remark 4.1.19 From the previous de�nition we have the following remarks:

1. The state s� is the last state of the Markov Decision Process.

2. The routing policy attached to the transition(s) that follows s� is 0.

3. If T is the Markov operator de�ning the evolution on the net of states then

the invariant probability distribution F �, for which TF � = F �, is F �(s) =

H(s� s�) where H(z) is the Heaviside step function H(z) := 1[0;1)(z) iden-

tical to the indicator function of the interval [0;1).

De�nition 4.1.20 An equilibrium point s� with respect a Markov Decision Process

MDP = fS;A;�; Q; Ug is asymptotically stable in probability if for a realized tra-

jectory (s0; s1:::; sn) we have that lim
n!1

P (jU(sn)� U(s�)j > ") = 0:

Theorem 4.1.21 The Markov Decision Process MDP = fS;A;�; Q; Ug is as-

ymptotically stable in probability if there exist a trajectory such that P n(s) ! 1

when n!1 .

Proof. By contradiction let us suppose that it is not asymptotically stable

in probability. Therefore, by choosing v = Id(Ui) then �v = Ui+1 � Ui � 0

the trajectory function value is a decreasing function of si and an in�mum or
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a minimum s is attained. This implies that the routing policy attached to the

transition(s) that follows s is 0. By de�nition, s is the last state of the net.

Therefore, P n(s)! 1 when n!1.

4.1.3 Trajectory Dynamic Properties

We will identify the trajectory-dynamic properties of theMDP as those prop-

erties related with the trajectory function value at each state of the MDP . In

this sense, we will relate an optimum point the best possible performance choice.

Formally we will introduce the following de�nition.

De�nition 4.1.22 A �nal decision point sf with respect a Markov Decision Process

MDP = fS;A;�; Q; Ug is a state s where the in�mum of the trajectory function

is asymptotically approached (or the minimum is attained), i.e. U(s) = 0 or

U(s) = C.

De�nition 4.1.23 An optimum point s4 with respect a Markov Decision Process

MDP = fS;A;�; Q; Ug is a �nal decision point sf where the best choice is selected

�according to some criteria�.

Assumption 4.1.1 Every Markov Decision ProcessMDP = fS;A;�; Q; Ug has

a �nal decision point.

Remark 4.1.24 In case that 9s1; :::; sn, such that U(s1) = ::: = U(sn) = 0, then

s1; :::; sn are optimum points.
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Remark 4.1.25 The monotonicity of U guaranties that it is possible to make the

search from the decision points.

Then, we can conclude the following theorem.

Theorem 4.1.26 Let MDP = fS;A;�; Q; Ug be a bounded Markov Decision

Process and let (s0; s1:::; sn) be a realized trajectory which converges to s4 such

that 9�i : jUi+1 � Uij > �i (with �i > 0). Let � = minf�ig; then the optimum

decision point s4 is reached in a time step bounded by O(U0=�):

Proof. Let us suppose that s4 is never reached, then, s4 is not the last

state in the Markov net. So, it is possible to �nd some output transition to s4.

Therefore, it is possible to reduce the trajectory function value over s4 by at least

�. As a result, it is possible to obtain a lower value than C (that is a contradiction).

Theorem 4.1.27 Let MDP = fS;A;�; Q; Ug be a Markov Decision Process.

Then, U converges to an optimum (�nal) decision point s4 (sf ).

Proof. We have to show that U converges to an optimum (�nal) decision

point s4 (sf ): By the previous theorem the optimum decision point s4 is reached

in a time step bounded by O(U0=�), therefore U converges to s4:

Explanation. Bellman�s equation is expressed as a sum over the state of a

trajectory needs to be solved backwards in time from the equilibrium point. It

results in an optimal function when is governed by Bellman�s principle, described
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by Posnyak [171], producing the shortest path needed to reach a known equilib-

rium point. Notice that the necessity to know the equilibrium point beforehand

when applying the equation is a signi�cant constrain, given that, in many practi-

cal situations, the state space of a MDP is too large for an easy identi�cation of

the equilibrium point.

Moreover, algorithms using Bellman�s equation usually solve the problem in

two phases: pre-processing and search. In the pre-processing phase, the distance

is usually calculated between each state and the equilibrium points (�nal states)

of the problem, in a backward direction. Then, in the search phase, these results

are employed to calculate the distance between each state and the equilibrium

points, leading the search process in a forward search.

Lyapunov-like functions can be used as forward trajectory-tracking functions.

Each applied optimal action produces a monotonic progress toward an equilibrium

point. Because, it is a solution to the di¤erence equation, naturally will lead the

system from the starting state to the equilibrium point.

Tracking the state-space in a forward direction lets the decision maker to

avoid invalid states that occur in the space generated by a backward search. In

most cases, the forward search gives the impression to be more useful than the

backward search. The explanation is that in the backward direction, when the

case of incomplete �nal states arises, invalid states appear which cause obvious

problems.
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Proposition 4.1.28 Let MDP = fS;A;�; Q; Ug be a Markov Decision Process

and let s4 an optimum point. Then U(s4) � U(s), 8s such that s �U s
4.

Proof. We have that U(s4) is equal to the minimum or the in�mum. There-

fore, U(s4) � U(s) 8s such that s �U s
4.

Proposition 4.1.29 (Cauchy Criterion) The realized trajectory (s0; s1:::; sn) con-

verges to some value if and only if the following holds: for every � > 0 we can

�nd N such that jsn � smj < � whenever m;n > N .

Proof. Since 9�i : jUi+1 � Uij > �i (with �i > 0) and because s �U s
4 (by the

previous proposition) we have that 9m;n > N such that jsn � smj < � and � ! 0

, it is clear that the Cauchy Criterion is satis�ed and the realized trajectory has

a limit.

Theorem 4.1.30 The Markov Decision Process MDP = fS;A;�; Q; Ug is uni-

formly practically stable i¤ Ui+1 � Ui � 0.

Proof. (=)) Let us choose v = Id(Ui) then �v = Ui+1 � Ui � 0, then by

the autonomous version of theorem A.1 and corollary A.1 (see appendix A), the

MDP is stable.

((=) We want to show that the MDP is practically stable, i.e., given 0 <

� < A we must show that jUij < A. We know that U0 < � and since U is

non-decreasing we have that jUij < jU0j < � < A.
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4.1.4 Convergence of the System-Dynamic and Trajectory-Dynamic

Properties

Theorem 4.1.31 Let MDP = fS;A;�; Q; Ug be a Markov Decision Process. If

s� is an equilibrium point then it is a �nal decision point.

Proof. Let us suppose that s� is an equilibrium point we want to show that its

trajectory function value has asymptotically approached an in�mum (or reached a

minimum). Since s� is an equilibrium point, by de�nition, it is the last state of

the net. But, this implies that the routing policy attached to the transition(s) that

follows s� is 0, (in case there is such a transition(s) i.e., worst case). Therefore,

its value can not be modi�ed and since the trajectory function is a decreasing

function of si an in�mum or a minimum is attained. Then, s� is a �nal decision

point.

Theorem 4.1.32 Let MDP = fS;A;�; Q; Ug be a (�nite) Markov Decision

Process (unless s is an equilibrium point). If sf is a �nal decision point then

it is an equilibrium point.

Proof. If sf is a �nal decision point, since the MDP is �nite, there exists a

n such that U(sf ) = C. Let us suppose that sn is not an equilibrium point.

case 1. Then, it is not bounded. So, it is possible to �re some transition of

sf in the MDP . Therefore, it is possible to modify its value. As a result, it is

possible to obtain a lower value than C.

case 2. Then, it is not the last state in the net. So, it is possible to �re some
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transition to sf . Therefore, it is possible to modify the trajectory function value

over sf . As a result, it is possible to obtain a lower value than C.

Corollary 4.1.33 LetMDP = fS;A;�; Q; Ug be a �nite Markov Decision Process

(unless s is an equilibrium point). Then, an optimum point s4 is an equilibrium

point.

Proof. From the previous theorem we know that a �nal decision point is an

equilibrium point and since in particular s4 is �nal decision point then, it is an

equilibrium point.

Remark 4.1.34 The �nite condition over the MDP can not be relaxed. Let us

suppose that the MDP is not �nite, i.e. s is in a cycle then, the Lyapunov-like

function converges when n!1, to zero i.e., L(s) = 0 but the MDP has no �nal

place therefore, it is not an equilibrium point.

Conjecture 4.1.35 A formal framework for decision process has been presented.

Stability theory was used to characterize the dynamical behavior of the MDP. In

addition, we show that the MDP mark-dynamic and trajectory-dynamic properties

of equilibrium, stability and optimum point converge under some mild restrictions.

There are a number of questions relating classical planning, that may in the fu-

ture be addressed satisfactorily within this approach. We introduce the notion of

uniformly practically stable and provide su¢ cient and the necessary conditions of

stability for the MDP.
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4.1.5 Utility Function Properties

As a completement of what we have discussed in section 3 we extend the

de�nitions and properties concerned with the utility function.

De�nition 4.1.36 A utility function U : P ! R is consistent with the preference

relationship of a decision problem (P;�) if for all s; t 2 P : s �Ui t if and only if

U(s) � U(t).

The preference relation �U induce a von Neumann-Morgenstern utility func-

tion ([207]). Although the preference relation is the basic primitive of any decision

problem (and generally observable) it is much easier to work with a consistent

utility function U : P ! R because we only have to remember n real numbers

U = fU1; :::; Ung.

Given any set P 0 � P of states that are viable in some speci�c case, a rational

decision maker chooses a state t0 2 P 0 that is viable and optimal in the sense that

U(t0) � U(t) for all t 2 P 0 solving the problem maxt2PU(t). A rational decision

maker who deals with a decision problem selects a strategy which optimizes his

utility. An assumption upon which the e¢ cacy of this model of decision making

depends is that an individual makes use of the same preference relation �Uwhen

choosing from di¤erent sets P 0.

Proposition 4.1.37 Let the set P �nite and the utility function U be a Lyapunov-

like function, then the utility function U is consistent with the preference relation.
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Proof. Let �rst consider �Ube the equivalence relation on P induced by U

8s; t 2 P : s �U t() U(s) = U(t) (4.6)

Then the equivalence class (P= �U) = f�(s)js 2 Pg is a poset isomorphic to a

subset of R. Thus, P= �U is linearly ordered and, consequently, it is a lattice.

The structure P= �U is indeed trivial: all elements in P giving the same value

under U are identi�ed in this quotient set.

On the other hand, let us consider the relation �Uas follows:

8s; t 2 P : s �U t() U(s) � U(t) (4.7)

This relation is re�exive and transitive, and it is antisymmetric because U is a

Lyapunov-like function strictly decreasing and therefore it is one-to-one. Thus,

�U is an ordering in P .

A problem arise at this point. In the original de�nition the utility function

U can take values positive or negative, but de�ned as a Lyapunov-like functions

only can take positive values.

At this point let us introduce some notation on partial order.

For any s 2 P let successors of s:

t 2 suc(s) i¤ s 6= t; s �U t and 8r : (s �U r �U t) =) (r = s) _ (r = t);

predecessors of s:

t 2 pre(s) i¤ t 6= s; t �U s and 8r : (t �U r �U s) =) (r = t) _ (r = s);
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LetGU be the graph whose set of nodes is P and for each pair (s; t) 2 P 2 : (s; t)

is an edge i¤ t 2 suc(s) , or equivalently, s 2 pre(t). Let us say that U is consistent

ifGU has no cycles. From now on, we will consider only consistent functions. Since

R is linearly ordered we have

8s; t 2 P : (s <U t) _ (s �U t) _ (t <U s) (4.8)

thus, U induces a hierarchical structure on P .

The minimal elements are those with no predecessors, i.e. nodes with null

inner degree in GU . The maximal elements are those with no successors, i.e. node

with null outer degree in GU

Let us de�ne the upper distance d+ as follows:

d+(s; t) = 1() t 2 suc(s)

d+(s; t) = 1 + r () 9r : d+(s; r) = o & d+(r; t) = 1

Similarly, the lower distance d�

d�(s; t) = 1() t 2 pre(s)

d�(s; t) = 1 + o() 9r : d�(s; r) = o & d�(r; t) = 1

Thus d+(s; t) = d�(t; s) . The upper height of a node s is h+(s) = max fd+(s; t)jt is minimalg.

The lower height of a node s is h�(s) = max fd�(s; t)jt is maximalg :

Let S 6= ; and let U1; U2 : P ! R be two real functions.

Let us say that U1 is an eq-re�nement of U2 if
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8s1; s2 2 P : (U1(s1) = U1(s2)) =) (U2(s1) = U2(s2)) (4.9)

In this case, (P= �U1) is an homomorphic image of (P= �U2) (both are linearly

ordered sets).

Let us say that U1 is an ineq-re�nement of U2 if

8s1; s2 2 P : (U1(s1) � U1(s2)) =) (U2(s1) � U2(s2)) (4.10)

In this case, the ordering �U1is included, as a set in P � P; in the ordering

�U2. Hence, it follows that GU2 is an homomorphic image of GU1, i.e. GU2 can be

realized as a subgraph of GU1.

We may introduce a stronger notion to compare functions. For instance, let

Sgn : R! R be such that

8x 2 R : x > 0 =) Sgn(x) = 1; x = 0 =) Sgn(x) = 0; x < 0 =) Sgn(x) =

�1

Let us say that U1 is an tonal-re�nement of U2 if

8s1; s2 2 S : Sgn(U1(s1)� U1(s2)) = Sgn(U2(s1)� U2(s2)) (4.11)

In this case, GU2 is isomorphic to GU1.

The von Neumann and Morgenstern utility assessments called a preference

probability determined by a preference relation �Uthat establish a poset.
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Accordingly with all what was discussed we formally can establish the follow-

ing result.

Proposition 4.1.38 if U1 and U2 are utility functions related by a positive a¢ ne

transformation, then U1 and U2 produce the same ranking of utility, i.e. GU1 is

isomorphic to GU2.

Example 4.1.39 Let us consider the entropy as a utility function. We must do

the analogy between probability and utility which appears naturally in the proba-

bilistic equivalence used in the von Neumann and Morgenstern utility assessments.

We assume that there is at least one strategy, which has strict preference to

exclude the case of absolute indi¤erence between the n strategies. Then, without

loss generality, we assign a utility value of zero to the least preferred strategy and

a utility value of one to the most preferred strategy.

Example 4.1.40 Let us consider a positive utility function linear transformation

as a utility function. A positive utility function linear transformation is a function

u(w) = aw + b , where a is positive and b is the equilibrium point. A linear

transformation u(w) = aw+ b means that there is an isomorphism between u and

w, which maps points from u to corresponding points of w, and vice versa.

The utility function speci�ed up to a positive linear transformation is called

interval scales. Our de�nition of a utility function require an interval scale to be

invariant only under positive linear transformations.
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4.2 Shortest-Path Game Markov Decision Process

The introduction of the vector Lyapunov-like function allowed the MDP to join

with game theory in a Game Markov Decision Process (GMDP) . In the GMDP

we introduce the well-known Nash equilibrium point ([151], [152], [153]) concept.

We also introduce an alternative de�nition to the Nash equilibrium point that we

call steady-state equilibrium point in the sense of Lyapunov. The steady-state

equilibrium point is represented in the GMDP by the optimum point. We show

that the optimum point (steady-state equilibrium point) and the Nash equilibrium

point coincide under certain restriction. It is interesting to note that the steady-

state equilibrium point lends necessary and su¢ cient conditions of stability to the

game.

The paper is structured in the following manner. The next section presents

the shortest-path game theory model, and all the structural assumptions are in-

troduced. Thereafter, we introduce the main results of the paper, giving a detailed

analysis of the de�nitions to join game theory and introduce the Lyapunov-Nash

equilibrium point properties, in section 3. Finally, in section 4 some concluding

remarks and future work projects are provided.

4.2.1 Game Theory Model

The interaction among players obligates each player to develop a belief about

the possible strategies of the other players. Nash equilibria are supported by
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two premises: i) each player behaves rationally given the beliefs about the other

players� strategies; and ii) these beliefs are correct. Both premises allow us to

regard the Nash equilibrium point as a steady-state of the strategic interaction.

In particular, the second premise makes this an equilibrium concept, because when

every individual is acting in agreement with the Nash equilibrium no one has the

need to take another strategy.

Notation 4.2.1 As usual let R be the set of real number and let N be the set

of non-negative integers. Let C 2 R be a given constant, let �0 be the vector

(0; :::; 0) 2 Rd and let �C be the vector of constants (C; :::; C) 2 Rd.

A game is a �nite set of states Si for each player, and a trajectory function

U i for each player mapping S1 � :::� Sn to the integers.

De�nition 4.2.2 A Game Markov Decision Process is a 6-tuple GMDP = fN ; S; A;�; Q; Ug

where:

� N = f1; 2; :::; ng denotes a �nite set of players.

� S = S1 � :::� Sn is a countable set of feasible states, endowed with discrete

topology.

� A=A1 � ::: � An is the set of actions, which is a metric space. For each

s 2 S; A(s) � A is the nonempty set of admissible actions at state s 2 S.

Without loss of generality we may take A=
[

s2S
A(s):
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� � = f(s; a)js 2 S; a 2 A(s)g is the set of admissible state-action pairs, which

is a measurable subset of S � A.

� Q =
h
q�ijjk

i
such that � 2 N , is an array of probabilities, where q�ijjk �

P �(sijsj; ak) represents the probability associated with the occurrence transi-

tion from state si to state sj under an action ak 2 A(si) for player �: Note

that for any �xed k, Qjk is a stochastic matrix.

� U : S ! Rn+ is a trajectory function, associating to each state a vector of

real values. U � is a trajectory function for player � mapping S1 � :::� Sn to

a corresponding integer. Note that U is a function bounded from below.

Consider an arbitrary sj 2 S and for each �xed action ak 2 A we look at the

previous state si of the state sj, denoted by the list (set) s�jk = fsh : h 2 �jkg

where �jk = fh : (sh; ak; sj)g, that materialize the state-action pair (sh; ak) 2 �

and form the vectorial sum

X
h2�jk

�kjhqhjjkU
�kjh
h (4.12)

Proceeding with all the aks we form the vector indexed by the sequence k

identi�ed by (k0; k1; :::; kf ) as follows:

24 X
h2�jk0

�k0jhqhjjk0Uh;
X
h2�jk1

�k1jhqhjjk1Uh; :::;
X
h2�jkf

�kf jhqhjjkfUh

35 (4.13)
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the index sequence k is the set � = fk : ak 2 (sh; ak; sj) & sh running over the

set s�jkg and f = j�j is the number of actions to state sj:

Intuitively, the vector (4.13) represents all the possible trajectories through

the actions aks where (k0; k1; :::; kf ) to a state sj for a �xed j.

Continuing the construction of the de�nition of the trajectory function U , let

us introduce the following de�nition.

De�nition 4.2.3 Let GMDP = fN ; S; A;�; Q; Ug be a Markov Decision Process,

let (s0; s1; :::; sn) be a realized trajectory of the system and let L : Rn ! Rn+ be a

continuous map. Then, L is a vector Lyapunov-like function [115] if it satis�es

the following properties:

1. L(x1; :::; xn) =
�
L1(x1); :::; Ln(xn)

�
;

2. if 9x�i such that 8i Li(x�i ) = 0 then L(x�1; :::; x�n) = �0;

3. if Li(xi) > 0 for 8xi 6= x�i then L(x1; :::; xn) > �0;

4. if Li(xi)!1 when xi !1 then L(x1; :::; xn)!1;

5. if�Li = Li(xi)�Li(yi) < 0 for all (y1; :::; yn) �U (x1; :::; xn) and (x1; :::; xn); (y1; :::; yn) 6=

(x�1; :::; x
�
n) then �L = L(x1; :::; xn)� L(y1; :::; yn) < �0.

Then, formally we de�ne the trajectory function U as follows:

De�nition 4.2.4 For the discrete time n 2 N the trajectory function U for a

player � 2 N with respect a Game Markov Decision Process GMDP = fN ; S; A;�; Q; Ug
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is represented by

U �
j =

�
U �
0 if n = 0

L(�) if n > 0
(4.14)

where

� =

24 X
h2�jk0

��k0jhq
�
hjjk0U

�
h;
X
h2�jk1

��k1jhq
�
hjjk1U

�
h; :::;

X
h2�jkf

��kf jhq
�
hjjkfU

�
h

35 (4.15)

the function L : D � Rn+ ! Rn+ is a function that optimizes the trajectory

function value through all possible transitions (i.e. trough all the possible tra-

jectories de�ned by the di¤erent aks), D is the decision set formed by the k�s ;

0 � kl � f of all those possible transitions (sh; ak; sj), �jk is the index sequence

of the list of previous places to sj through action ak, sh (h 2 �jkl) is a speci�c

previous place of sj through action ak.

Property 4.2.5 The trajectory function U : S ! Rn+ is a vector Lyapunov-like

function.

Proof. Straightforward from the previous de�nitions.

4.2.2 Lyapunov-Nash Equilibrium Point

De�nition 4.2.6 A strategy pro�le with respect a Game Markov Decision Process

GMDP = fN ; S; A;�; Q; Ug is identi�ed by � and consists of the routing policy

transition sequence � = (�0; �1; :::) such that some point s 2 S is reached.
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De�nition 4.2.7 An optimum strategy with respect a Game Markov Decision

Process GMDP = fN ; S; A;�; Q; Ug is identi�ed by �4 and consists of the rout-

ing policy transition sequence �4 = (�40 ; �
4
1 ; :::) such that an optimum point s4

is reached.

When �n(�) = �(�) then the routing policy transition sequence is stationary.

De�nition 4.2.8 Let GMDP = fN ; S; A;�; Q; Ug be a Game Markov Decision

Process. A trajectory ! is an (�nite or in�nite) ordered subsequence of states

s&(1) �U s&(2) �U ::: �U s&(n) �U ::: such that a given strategy � holds.

De�nition 4.2.9 Let GMDP = fN ; S; A;�; Q; Ug be a Game Markov Decision

Process. An optimum trajectory ! is an (�nite or in�nite) ordered subsequence of

states s&(1) �U4 s&(2) �U4 ::: �U4 s&(n) �U4 ::: such that the optimum strategy �4

holds.

Theorem 4.2.10 Let GMDP = fN ; S; A;�; Q; Ug be a Game Markov Decision

Process (unless s 2 S is an equilibrium point) then we have that:

U(s4) � U(s), 8�; �4

Proof. We have that

U �
j =

�
U �
0 if n = 0

L(�) if n > 0

� =

24 X
h2�jk0

��k0jhq
�
hjjk0U

�
h;
X
h2�jk1

��k1jhq
�
hjjk1U

�
h; :::;

X
h2�jkf

��kf jhq
�
hjjkfU

�
h

35
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Then, starting from s0 and proceeding with the iteration, eventually the tra-

jectory ! given by s0 = s&(1) �Uk s&(2) �Uk ::: �Uk s&(n) �Uk ::: which converges

to s4, i.e., the optimum trajectory, is obtained. Since at the optimum trajectory

the optimum strategy �4 holds, we have that U(s4) � U(s), 8�; �4.

Remark 4.2.11 The inequality U(s4) � U(s) means that the utility is optimum

when the optimum strategy is applied.

The best-response strategy for a player is relative to the strategy chosen by

the opponents. The strategy is said to contain a best response for a given player

if one can not increase the trajectory function value by playing another strategy

with respect to the opponents strategies. A strategy is a Nash equilibrium point if

none of the players can increase the trajectory function value by playing another

strategy, in other words each player�s choice of strategy is a best response to the

strategies taken by his opponents. When a player is acting in accordance with the

Nash equilibrium, the player has no motivation to unilaterally deviate and take

another strategy. Formally, we have the following de�nitions.

Consider the game GMDP = fN ; S; A;�; Q; Ug. Denote for each player

� 2 N and each ��� strategies of his opponent the set of best replies, i.e. the

strategies that player � can not improve upon, and it is de�ned as follows:

B�(���) :=
n
�4� j8�0� : U (�

4
� ;�

4
��)(s4) � U (�

0
�;�

4
��)(s)

o
(4.16)
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Opposite to what we de�ne in game theory, in the GMDP by the de�nition

of the Lyapunov-like trajectory function we look for the equilibrium point at the

minimum, for that reason we change � by � in (4.16). Since �� is �nite and u�

establish an acyclic order, B�(���) is not empty.

A Nash equilibrium is a pro�le of strategies such that each player�s strategy

is an optimal response to the other players�strategies.

De�nition 4.2.12 A strategy �4� is a Nash equilibrium point if for all players �

U (�
4
� ;�

4
��)(s4) � U (�

0
�;�

4
��)(s) 8�0�:

Intuitively, a Nash equilibrium is a strategy pro�le for a game, such that no

player can increase its payo¤by changing its strategy, while the other players keep

their strategy �xed.

Remark 4.2.13 It is important to note that in case the strategy is implemented as

a chain of transitions � does not represent a vectorial inequality, the interpretation

is obtained from calculating the best reply B�.

De�nition 4.2.14 A strategy � has the �xed point property if it leads to the

optimum point U (�
4
� ;�

4
��)(s4):

Remark 4.2.15 From the two previous de�nitions the following characterization

is obtained: A strategy which has the �xed point property is equivalent to being a

Nash equilibrium point.
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Theorem 4.2.16 A Game Markov Decision Process GMDP = fN ; S; A;�; Q; Ug

has a strategy � which has the �xed point property.

Proof. The conclusion is a direct consequence of theorem 4.2.10 and its

proof (where the existence of s4 is guaranteed by the �rst property given in the

de�nition of the Lyapunov-like function, is given in 4.2.3).

Corollary 4.2.17 If in addition to the hypothesis of the theorem the game GMDP

is �nite, the strategy � leads to an equilibrium point .

Proof. Apply corollary 4.1.33 in to the �nite case.

Theorem 4.2.18 The optimum point1 coincides with a Nash equilibrium.

Proof. This is immediate from the de�nition of optimum point and remark

4.2.15

Remark 4.2.19 The potential of the previous theorem remains in its formal proof

simplicity for the existence of an equilibrium point.

A Lyapunov equilibrium point is particularly interesting when the players

have no motivation to unilaterally deviate from it to improve their outcome (as

the Nash equilibrium property) nor in cooperation. In this sense, the Lyapunov

equilibrium point strengthens the Nash equilibrium point to the fact that it is

resistant to cooperation deviations between players. This is because the stability

1The de�nition of optimum point is equivalent to the de�nition of �steady state�equilibrium
point in the Lyapunov sense given by [115].
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achieved by the Nash equilibrium is de�ned to avoid only the unilateral deviations

of each player.

Conjecture 4.2.20 A formal framework for shortest-path game representation

has been presented. The Lyapunov method induces a new equilibrium and stability

concept in game theory. We proved that the equilibrium concept in a Lyapunov

sense coincides with the equilibrium concept of Nash, representing an alternative

way to calculate the equilibrium of the game. Moreover, we introduce a new equi-

librium point type in the sense of Lyapunov to game theory, lending to the game

necessary and su¢ cient conditions of stability under certain restrictions.

4.3 Decision Process Petri Nets

A decision process consists on a series of strategies which guide the selection

of actions that lead a decision maker to a �nal decision state. For an initial state

there could be a number of possible �nal decisions states that may be reached. In

real decision processes the strategies often require probabilistic choices. Taking

into account di¤erent possible courses of action it is important that the overall

utility will take into consideration each strategy. This means that the utility

measure will be used to determine the (rational) optimum strategy preference for

some given situations.

In the last years, Petri nets and its relationship with decision process tech-

niques have received much attention from researchers in the performance and
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reliability arena. Petri nets models with Markovian state spaces were constructed

in ([60], [77], [83], [130], [136] and [137]). This allows the use of Markovian tech-

niques to analyze the state space of the Petri nets. However, these approaches

present some limitations with respect to its ability for characterizing the stability

properties related with the Petri net and the Markovian decision process.

This section introduces a modeling paradigm for developing decision process

representation called Decision Process Petri Net (DPPN). It extends the place-

transitions Petri net theoretic approach including the Markov decision processes,

using a utility function as a tool for trajectory planning ([33], [34], [40], [52], [53]).

On the one hand, place-transitions Petri nets are used for process representation,

taking advantage of the well-known properties of this approach namely, formal

semantic and graphical display, giving a speci�c and unambiguous description of

the behavior of the process. On the other hand, Markov decision processes have

become a standard model for decision theoretic planning problems, having as key

drawbacks the exponential nature of the dynamic policy construction algorithms.

Although, both perspectives are integrated in a DPPN they work in di¤erent

execution levels. That is, the operation of the place-transitions Petri net is not

modi�ed and the utility function is used exclusively for establishing a trajectory

tracking in the place-transitions Petri net.

The main point of the DPPN is its ability to represent the mark-dynamic

and the trajectory-dynamic properties of a decision process application. We will
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identify the mark-dynamic properties of the DPPN as those properties related

with only the place-transitions Petri net, and we will relate the trajectory-dynamic

properties of the DPPN as those properties related with the utility function at

each place that depends on a probabilistic routing policy of the place-transitions

Petri net.

Within the mark-dynamic properties framework we show that the DPPN the-

oretic notions of stability are those of the place-transitions Petri net. In this sense,

we call equilibrium point to the place in a DPPN that its marking is bounded,

does not change, and it is the last place in the net.

In the trajectory-dynamic properties framework we de�ne the utility function

as a Lyapunov-like function. The core idea of our approach uses a utility function

that is non-negative and converges to the equilibrium point. For instance, in the

arm race the level of defense of a nation is non-negative. In economics models there

are variables that corresponds with, for example, goods quantities that remains

non-negative. In a followers population model each variable remains non-negative

and corresponds to the population in a followers type.

By an appropriate selection of appropriate Lyapunov-like functions under a

certain desired criteria it is possible to optimize the utility. For optimizing the

utility we understand that is the maximum or the minimum utility (depending on

the concave or the convex shape of the application space de�nition). In addition we

used the notions of stability in the sense of Lyapunov to characterize the stability
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properties of the DPPN. The core idea of our approach uses a non-negative utility

function that converges in decreasing form to a (set of) �nal decisions states. It is

important to point out that the value of the utility function associated with the

DPPN implicitly determines a set of policies, not just a single policy, incase of

having several decisions states that could be reached. We call optimum point to

the best choice selected from a number of possible �nal decisions states that may

be reached (to select the optimum point the decision process chooses the strategy

that optimizes the utility).

As a result, we extend the mark-dynamic framework including the trajectory-

dynamic properties. We show that the DPPN mark-dynamic and the trajectory-

dynamic properties of equilibrium, stability and optimum point conditions con-

verge under certain restrictions: if the DPPN is �nite and non-blocking then we

have that a �nal decision state is an equilibrium point i¤ it is an optimum point.

An algorithm for optimum trajectory planning [35] used to �nd the optimum

point is presented. It consists on �nding a �ring transition sequence such that

an optimum decision state will be reached in the DPPN. For this propose the

algorithm uses the graphical representation provided by the place-transitions Petri

net and the utility function. It is important to note that the algorithm complexity

depends on the Lyapunov-like function chosen to represent the utility function.

The section is structured in the following manner. The next subsection dis-

cusses the main results of this section, providing a de�nition of the DPPN and
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giving a detailed analysis of the equilibrium, stability and optimum point condi-

tions for the mark-dynamic and the trajectory-dynamic parts of the DPPN. An

algorithm for calculating the optimum trajectory used to �nd the optimum point

is proposed. For illustration purposes we show how the standard notions of stabil-

ity in DPPN theory are applied to a practical example. Finally, some conjectures

are provided.

4.3.1 Decision Processes Petri Nets Model

We introduce the concept of Decision Process Petri nets (DPPN) by locally

randomizing the possible choices, for each individual place of the Petri net.

De�nition 4.3.1 A Decision Process Petri net is a 7-tupleDPPN = fP;Q; F;W;M0; �; Ug

where

� P = fp0; p1; p2; :::; pmgis a �nite set of places,

� Q = fq1; q2; :::; qng is a �nite set of transitions,

� F � I [ O is a set of arcs where I � (P � Q) and O � (Q � P ) such that

P \Q = ? and P [Q 6= ?,

� W : F ! N+1 is a weight function,

� M0: P ! N is the initial marking,
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� � : I ! R+ is a routing policy representing the probability of choosing a par-

ticular transition (routing arc), such that for each p 2 P ,
P

qj :(p;qj)2I
�((p; qj)) =

1;

� U : P ! R+ is a utility function.

The previous behavior of the DPPN is described as follows. When a token

reach a place, it is reserved for the �ring of a given transition according to the

routing policy determined by U . A transition q must �re as soon as all the places

p1 2 P contain enough tokens reserved for transition q. Once the transition �res,

it consumes the corresponding tokens and immediately produces an amount of

tokens in each subsequent place p2 2 P . When �(�) = 0 for � 2 I means that

there are no arcs in the place-transitions Petri net. In �gures 4.2 and 4.3 we have

represented partial routing policies � that generates a transition from state p1 to

state p2 where p1; p2 2 P :

� case 1. In �gure 4.2 the probability that q1 generates a transition from state

p1 to p2 is 1/3. But, because q1 transition to state p2 has two arcs, the

probability to generate a transition from state p1 to p2 is increased to 2/3.

� case 2. In �gure 4.3 we set by convention for the probability that q1 generates

a transition from state p1 to p2 is 1/3 (1/6 plus 1/6). However, because

q1 transition to state p2 has only one arc, the probability to generate a

transition from state p1 to p2 is decreased to 1/6.

101



� case 3. Finally, we have the trivial case when there exists only one arc from

p1 to q1 and from q1 to p2.

It is important to note, that by de�nition the utility function U is employed

only for establishing a trajectory tracking, working in a di¤erent execution level

of that of the place-transitions Petri net. The utility function U in no way change

the place-transitions Petri net evolution or performance.

1/3

p1 p2
q1

Figure 4.2: DPPN Routing policy case 1

1/6

1/6

p1 p2
q1

Figure 4.3: DPPN Routing policy case 2

Uk(:) denotes the utility at place pi 2 P at time k and let Uk = [Uk(:); :::; Uk(:)]T

denote the utility state of DPPN at time k. FN : F ! R+ is the number of arcs

from place p to transition q (the number of arcs from transition q to place p). The

rest of the DPPN functionality is as described in the PN preliminaries.

Consider an arbitrary pi 2 P and for each �xed transition qj 2 Q that forms an

output arc (qj; pi) 2 O, we look at all the previous places ph of the place pi denoted
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by the list (set) p�ij = fph : h 2 �ijg where �ij = fh : (ph; qj) 2 I & (qj; pi) 2 Og,

that materialize all the input arcs (ph; qj) 2 I and form the sum

X
h2�ij

	(ph; qj; pi) � Uk(ph) (4.17)

where 	(ph; qj; pi) = �(ph; qj) � FN(qj ;pi)

FN(ph;qj)
and the index sequence j is the set fj :

qj 2 (ph; qj) \ (qj; pi) & ph running over the set p�ijg.

Proceeding with all the qjs we form the vector indexed by the sequence j

identi�ed by (j0; j1; :::; jf ) as follows:

24 X
h2�ij0

	(ph; qj0 ; pi) � Uk(ph);
X
h2�ij1

	(ph; qj1 ; pi) � Uk(ph); :::;
X
h2�ijf

	(ph; qjf ; pi) � Uk(ph)

35
(4.18)

Intuitively, the vector (4.18) represents all the possible trajectories through the

transitions qjs where (j1; j2; :::; jf ) to a place pi for a �xed i.

Continuing the construction of the de�nition of the utility function U , let us

introduce the following de�nition.

De�nition 4.3.2 Let Xk the states of the system, let X� represent the equilibrium

point and let L : Rn ! R+ be a continuous map. Then, L is a Lyapunov-like

function [115] i¤ satis�es the following properties:

1. 9X� such that L(X�) = 0;

2. L(X) > 0 for 8X 6= X�;
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3. L(X)!1 when xx!1;

4. �L = L(Xi+1)� L(Xi) < 0 for all Xi; Xi+1 6= X�.

Then, formally we de�ne the utility function U as follows:

De�nition 4.3.3 The utility function U with respect a Decision Process Petri net

DPPN = fP;Q; F;W;M0; �; Ug is represented by the equation

U
qj
k (pi) =

�
Uk(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0 (4.19)

where

� =

266664
P

h2�ij0

	(ph; qj0 ; pi) � U
qj0
k (ph);

P
h2�ij1

	(ph; qj1 ; pi) � U
qj1
k (ph); :::;

P
h2�ijf

	(ph; qjf ; pi) � U
qjf
k (ph)

377775 (4.20)

the function L : D � Rn+ ! R+ is a Lyapunov-like function which optimizes

the utility through all possible transitions (i.e. trough all the possible trajectories

de�ned by the di¤erent qjs), D is the decision set formed by the j�s ; 0 � j � f

of all those possible transitions (qj pi) 2 O, 	(ph; qj; pi) = �(ph; qj) � FN(qj ;pi)

FN(ph;qj)
, �ij

is the index sequence of the list of previous places to pi through transition qj, ph

(h 2 �ij) is a speci�c previous place of pi through transition qj.

From the previous de�nition we have the following remark.

Remark 4.3.4
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� Note that the the Lyapunov-like function L guarantee that the optimal course

of action is followed, (taking into account all the the possible paths de�ned).

In addition, the function L establishes a preference relation because by def-

inition L is asymptotic, this condition, gives to the the decision maker the

opportunity to select a path that optimizes the utility.

� The iteration over k for U is as follows:

1. for i = 0 and k = 0 the utility is U0(p0) at place p0 and for the rest of

the places pi the utility is 0,

2. for i � 0 and k > 0 the utility is U qj
k (pi) at each place pi, is computed

by taking into account the utility value of the previous places ph for k

and k � 1 (when needed).

Property 4.3.5 The continues function U(:) satis�es the following properties:

1. 9p4 2 P such that

(a) if there exists an in�nite sequence fpig1i=1 2 P with pn !
n!1

p4 such

that 0 � ::: < U(pn) < U(pn�1)::: < U(p1), then U(p4) is the in�mum,

i.e. U(p4) = 0 ,

(b) if there exists a �nite sequence p1; :::; pn 2 P with p1; :::; pn ! p4 such

that C = U(pn) < U(pn�1)::: < U(p1), then U(p4) is the minimum,

i.e. U(p4) = C where C 2 R, (p4 = pn),
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2. U(p) > 0 or U(p) > C where C 2 R, 8p 2 P such that p 6= p4 ,

3. 8pi; pi�1 2 P such that pi�1 �U pi then �U = U(pi)� U(pi�1) < 0,

4. The routing policies decrease monotonically, i.e. �i � �j (notice that the

indexes i and j are taken j > i along a trajectory to the in�mum or the

minimum)

From the previous property we have the following remark.

Remark 4.3.6 In property 4.3.5 point 3 we state that �U = U(pi)�U(pi�1) < 0

for determining the asymptotic condition of the Lyapunov-like function. However,

it easy to show that such property is convenient for deterministic systems. In

Markov decision process systems is necessary to include probabilistic decreasing

asymptotic conditions to guarantee the asymptotic condition of the Lyapunov-like

function.

Property 4.3.7 The utility function U : P ! R+ is a Lyapunov-like function.

Remark 4.3.8 From property 4.3.5 and 4.3.7 we have that :

� U(p4) = 0 or U(p4) = C means that a �nal state is reached. Without lost

generality we can say that U(p4) = 0 by means of a translation to the origin

� In property 4.3.5 we determine that the Lyapunov-like function U(p) ap-

proaches to a in�mum/minimum when p is large thanks to property 4 of

de�nition 4.3.2,
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� Property 4.3.5, point 3 is equivalent to the following statement:9" > 0 such

that jU(pi)� U(pi�1)j > ", 8pi; pi�1 2 P such that pi�1 �U pi

For instance, the utility function U in terms of the entropy is a speci�c

Lyapunov-like function used in information theory as a measure of the information

disorder. Another possible choice is the min function, used in business process

reengineering to evaluate the job performance.

p1 p2

qd

qa

p3 p4

qe

qc

p5

qb

p6

qf qh

p0

1/6
2/6

3/6

qg

1/2

1/2

4/106/10
5/20 5/20

10/20

•
••

Figure 4.4: DPPN Example

Example 4.3.9 De�ne the Lyapunov-like function L in terms of the Entropy

H(pi) = �pi ln pi as L = max
i=1;:::;j�j

(��i ln�i). We will conceptualize H as the aver-

age amount of uncertainty created by moving one step ahead (where the uncertainty

is high when H is close to 0 and low when H is close to 1).
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Uk=0(p0) = 1

U qa
k=0(p1) = L[	(p0; qa; p1) � U qa

k=0(p0)] = L[1=6 � 1] = maxH[1=6 � 1] = 0:298

U qa
k=0(p2) = L[	(p0; qa; p2) � U qa

k=0(p0)] = L[1=6 � 1] = maxH[1=6 � 1] = 0:298

U qb
k=0(p3) = L[	(p0; qb; p3)�U qb

k=0(p0)] = L[(2=6�2)�1] = maxH[4=6�1] = 0:270

U qc
k=0(p4) = L[	(p0; qc; p4) � U qc

k=0(p0)] = L[3=6 � 1] = maxH[3=6 � 1] = 0:346

U qd
k=0(p5) = L[	(p1; qd; p5)U

qd
k=0(p1)+	(p2; qd; p5)U

qd
k=0(p2)] = L[1�0:298+1=2�

0:298] = maxH[0:447] = 0:359

U qe
k=0(p6) = L[	(p3; qe; p6)U

qe
k=0(p3) + 	(p4; qe; p6)U

qe
k=0(p4)] = L[1 � 0:270 + 1 �

0:346] = maxH[0:616] = 0:298

U
q(f;g;h)
k=1 (p0) = L[	(p5; qf ; p0)U

qf
k=1(p5);	(p5; qg; p0)U

qg
k=1(p5)+	(p6; qg; p0)U

qg
k=1(p6);	(p6; qh; p0)U

qh
k=1(p6)] =

L[6=10�2�0:359; (4=10�0:359+5=20�0:298)�2; 10=20�2�0:298] = maxH[0:430; 0:436; 0:298] =

max[0:362; 0:361; 0:360] = 0:362

for U
q(f;g;h)
k=1 (p0) we have that

j = (f; g; h)

qj = (qf ; qg; qh)

�0f = f5g; �0g = f5; 6g; �0h = f6g

p�0f = fp5g; p�0g = fp5; p6g; p�0h = fp6g

4.3.2 DPPN Mark-Dynamic Properties

We will identify the mark-dynamic properties of the DPPN as those properties

related with the PN.
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De�nition 4.3.10 An equilibrium point with respect a Decision Process Petri net

DPPN = fP;Q; F;W;M0; �; Ug is a place p� 2 P such that Ml(p
�) = S < 1,

8l � k and p� is the last place of the net.

Theorem 4.3.11 The Decision Process Petri netDPPN = fP;Q; F;W;M0; �; Ug

is uniformly practically stable i¤ there exists a � strictly positive m vector such

that �v = uTA� � 0.

Proof. =)) It follows directly from proposition 3.3.2 and 3.3.4.

(=) Let us suppose by contradiction that uTA� > 0 with � �xed. From

M 0 =M + uTA we have that M 0� =M�+ uTA� > M�. Then, it is possible to

construct an increasing sequence M� < M 0� < ::: < Mn� < ::: which grows up

without bound. Therefore, the DPPN is not uniformly practically stable.

Remark 4.3.12 It is important to underline that the only places where the DPPN

will be allowed to get blocked, are those which correspond to equilibrium points.

4.3.3 DPPN Trajectory-Dynamic Properties

We will identify the trajectory-dynamic properties of the DPPN as those prop-

erties related with the utility at each place of the PN. In this sense, we will relate

an optimum point the best possible performance choice. Formally we will intro-

duce the following de�nition.

De�nition 4.3.13 A �nal decision point pf 2 P with respect a Decision Process

Petri net DPPN = fP;Q; F;W;M0; �; Ug is a place p 2 P where the in�mum
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is asymptotically approached (or the minimum is attained), i.e. U(p) = 0 or

U(p) = C.

De�nition 4.3.14 An optimum point p4 2 P with respect a Decision Process

Petri net DPPN = fP;Q; F;W;M0; �; Ug is a �nal decision point pf 2 P where

the best choice is selected �according to some criteria�.

Property 4.3.15 Every Decision Process Petri netDPPN = fP;Q; F;W;M0; �; Ug

has a �nal decision point.

Remark 4.3.16 In case that 9p1; :::; pn 2 P , such that U(p1) = ::: = U(pn) = 0,

then p1; :::; pn are optimum points.

Proposition 4.3.17 Let DPPN = fP;Q; F;W;M0; �; Ug be a Decision Process

Petri net and let p4 2 P an optimum point. Then U(p4) � U(p), 8p 2 P such

that p �U p
4.

Proof. We have that U(p4) is equal to the minimum or the in�mum. There-

fore, U(p4) � U(p) 8p 2 P such that p �U p
4.

Theorem 4.3.18 The Decision Process Petri netDPPN = fP;Q; F;W;M0; �; Ug

is uniformly practically stable i¤ U(pi+1)� U(pi) � 0.

Proof. (=)) Let us choose v = Id(U(pi)) then �v = U(pi+1) � U(pi) � 0,

then by the autonomous version of theorem 3.2.8 and corollary 3.2.9, the DPPN

is stable.
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((=) We want to show that the DPPN is practically stable, i.e., given 0 <

� < A we must show that jU(pi)j < A. We know that U(p0) < � and since U is

non-decreasing we have that jU(pi)j < jU(p0)j < � < A.

De�nition 4.3.19 A strategy with respect a Decision Process Petri net DPPN =

fP;Q; F;W;M0; �; Ug is identi�ed by � and consists of the routing policy transition

sequence represented in the DPPN graph model such that some point p 2 P is

reached.

De�nition 4.3.20 An optimum strategy with respect a Decision Process Petri net

DPPN = fP;Q; F;W;M0; �; Ug is identi�ed by �4 and consists of the routing

policy transition sequence represented in the DPPN graph model such that an

optimum point p4 2 P is reached.

Equivalently we can represent (4.19, 4.20) as follows:

U
�hj
k (pi) =

�
Uk(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0 (4.21)

� =

24 X
h2�ij0

�hj0(pi) � U
�hj0
k (ph);

X
h2�ij1

�hj1(pi) � U
�hj1
k (ph); :::;

X
h2�ijf

�hjf (pi) � U
�hjf
k (ph)

35
(4.22)

where �hj(pi) = 	(ph; qj; pi). The rest is as previous de�ned.

Notation 4.3.21 With the intention to facilitate even more the notation we will

represent the utility function U as follows:
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1. Uk(pi)
4
= U

qj
k (pi)

4
= U

�hj
k (pi) for any transition and any strategy,

2. U4k (pi)
4
= U

q4j
k (pi)

4
= U

�4hj
k (pi) for an optimum transition and optimum strat-

egy.

The reader will easily identify which notation is used depending on the context.

Example 4.3.22 For example 3.1 we have that:

Uk=0(p0) = 1

U
�hj
k=0(p1) = L[	(p0; qa; p1) � U qa

k=0(p0)] = L[�0a(p1) � U�0a
k=0(p0)] where f�hag =

f�0ag

U
�hj
k=0(p2) = L[	(p0; qa; p2) � U qa

k=0(p0)] = L[�0a(p2) � U�0a
k=0(p0)] where f�hag =

f�0ag

U
�hj
k=0(p3) = L[	(p0; qb; p3) � U qb

k=0(p0)] = L[�0b(p3) � U�0b
k=0(p0)] where f�hbg =

f�0bg

U
�hj
k=0(p4) = L[	(p0; qc; p4) � U qc

k=0(p0)] = L[�0c(p4) � U�0c
k=0(p0)] where f�hcg =

f�0cg

U
�hj
k=0(p5) = L[	(p1; qd; p5)U

qd
k=0(p1)+	(p2; qd; p5)U

qd
k=0(p2)] = L[�1d(p5)�U�1d

k=0(p1)+

�2d(p5) � U�2d
k=0(p2)] where f�hdg = f�1d; �2dg

U
�hj
k=0(p6) = L[	(p3; qe; p6)U

qe
k=0(p3)+	(p4; qe; p6)U

qe
k=0(p4)] = L[�3e(p6)�U�3e

k=0(p3)+

�4e(p4) � U�4e
k=0(p4)] where f�hjg = f�3e; �4eg

U
�hj
k=1(p0) = L[	(p5; qf ; p0)U

qf
k=1(p5);	(p5; qg; p0)U

qg
k=1(p5)+	(p6; qg; p0)U

qg
k=1(p6);	(p6; qh; p0)U

qh
k=1(p6)]

= L[�5f (p0)�U
�5f
k=0(p5); �5g(p0)�U

�5g
k=0(p5)+�6g(p0)�U

�6g
k=0(p6); �6h(p0)�U

�6h
k=0(p6)]

where f�hfg = f�5fg; f�hgg = f�5g; �6gg and f�hhg = f�6hg
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Some possible routing policy transition sequence are:

1) A strategy � for a time k = 1 is as follows

Uk=0(p0) = 1;U
�hj
k=0(p1) = L[�0a(p1)�U�0a

k=0(p0)];U
�hj
k=0(p2) = L[�0a(p2)�U�0a

k=0(p0)];U
�hj
k=0(p5) =

L[�1c(p5)�U�1c
k=0(p1)+�2d(p5)�U

�2d
k=0(p2)];U

�hj
k=0(p3) = L[�0b(p3)�U�0b

k=0(p0)];U
�hj
k=0(p4) =

L[�0c(p4) � U�0c
k=0(p0)];U

�hj
k=0(p6) = L[�3e(p6) � U�3e

k=0(p3) + �4e(p4) � U�4e
k=0(p4)]

U
�5f
k=1(p0) = L[�5f (p0) � U

�5f
k=0(p5)] (*)

An alternative strategy �0 for a time k = 1 is the same as in (1), just change

(*) by

U
f�5g ;�6gg
k=1 (p0) = L[�5g(p0) � U�5g

k=0(p5) + �6g(p0) � U�6g
k=0(p6)]

An alternative strategy �0
0
for a time k = 1 the same as in (1), just change

(*) by

U�6h
k=1(p0) = L[�6h(p0) � U�6h

k=0(p6)]

4.3.4 Convergence of the DPPN Mark-Dynamic and Trajectory-

Dynamic Properties

Theorem 4.3.23 Let DPPN = fP;Q; F;W;M0; �; Ug be a Decision Process

Petri net. If p� 2 P is an equilibrium point then it is a �nal decision point.

Proof. Let us suppose that p� is an equilibrium point we want to show that its

utility has asymptotically approached an in�mum (or reached a minimum). Since

p� is an equilibrium point, by de�nition, it is the last place of the net and its

marking can not be modi�ed. But, this implies that the routing policy attached to
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the transition(s) that follows p� is 0, (in case there is such a transition(s) i.e.,

worst case). Therefore, its utility can not be modi�ed and since the utility is a

decreasing function of pi an in�mum or a minimum is attained. Then, p� is a

�nal decision point.

Theorem 4.3.24 LetDPPN = fP;Q; F;W;M0; �; Ug be a �nite and non-blocking

Decision Process Petri net (unless p 2 P is an equilibrium point). If pf 2 P is a

�nal decision point then it is an equilibrium point.

Proof. If pf is a �nal decision point, since the DPPN is �nite, there exists

a k such that Uk(pf ) = C. Let us suppose that pf is not an equilibrium point.

case 1. Then, it is not bounded. So, it is possible to increment the marks of pf

in the net. Therefore, it is possible to modify its utility. As a result, it is possible

to obtain a lower utility than C.

case 2. Then, it is not the last place in the net. So, it is possible to �re some

output transition to pf in such a way that its marking is modi�ed. Therefore, it is

possible to modify the utility over pf . As a result, it is possible to obtain a lower

utility than C.

Corollary 4.3.25 LetDPPN = fP;Q; F;W;M0; �; Ug be a �nite and non-blocking

Decision Process Petri net (unless p 2 P is an equilibrium point). Then, an opti-

mum point p4 2 P is an equilibrium point.

Proof. From the previous theorem we know that a �nal decision point is an

equilibrium point and since in particular p4 is �nal decision point then, it is an
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equilibrium point.

Remark 4.3.26 The �nite and non-blocking (unless p 2 P is an equilibrium

point) condition over the DPPN can not be relaxed:

1. Let us suppose that the DPPN is not �nite, i.e. p is in a cycle then, the

Lyapunov-like function converges when k !1, to zero i.e.,L(p) = 0 but the

DPPN has no �nal place therefore, it is not an equilibrium point.

2. Let us suppose that the DPPN blocks at some place (not an equilibrium point)

pb 2 P . Then, the Lyapunov-like function has a minimum at place pb; lets

say L(pb) = C but pb is not an equilibrium point, because it is not necessary

the last place of the net.

De�nition 4.3.27 Let DPPN = fP;Q; F;W;M0; �; Ug be a Decision Process

Petri net. A trajectory ! is an (�nite or in�nite) ordered subsequence of places

p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: such that a given strategy � holds.

De�nition 4.3.28 Let DPPN = fP;Q; F;W;M0; �; Ug be a Decision Process

Petri net. An optimum trajectory ! is an (�nite or in�nite) ordered subsequence

of places p&(1) �U4k
p&(2) �U4k

::: �U4k
p&(n) �U4k

::: such that the optimum strategy

�4 holds.

Theorem 4.3.29 Let DPPN = fP;Q; F;W;M0; �; Ug be a non-blocking Deci-

sion Process Petri net (unless p 2 P is an equilibrium point) then we have that:

U4k (p
4) � Uk(p), 8�; �4
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Proof. We have that

U
�hj
k (pi) =

�
Uk(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0

� =

24 X
h2�ij0

�hj0(pi) � U
�hj0
k (ph);

X
h2�ij1

�hj1(pi) � U
�hj1
k (ph); :::;

X
h2�ijf

�hjf (pi) � U
�hjf
k (ph)

35 :
Then, starting from p0 and proceeding with the iteration, eventually the tra-

jectory ! given by p0 = p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: which converges

to p4; i.e., the optimum trajectory, is obtained. Since at the optimum trajectory

the optimum strategy �4 holds, we have that U4k (p
4) � Uk(p), 8�; �4.

Remark 4.3.30 The inequality U4k (p
4) � Uk(p) means that the utility is opti-

mum when the optimum strategy is applied.

Corollary 4.3.31 Let DPPN = fP;Q; F;W;M0; �; Ug be a non blocking De-

cision Process Petri net (unless p 2 P is an equilibrium point) and let �4 an

optimum strategy. Set L = min
i=1;:::;j�j

f�ig then, U4k (p) is equal to:

�40jm(p&(0)) �41jm(p&(0)) ::: �4njm(p&(0))

�40jn(p&(1)) �41jn(p&(1)) ::: �4njn(p&(1))

::: ::: ::: :::

�40jv(p&(i)) �41jv(p&(i)) ::: �4njv(p&(i))

::: ::: ::: :::| {z }
�4

Uk(p0)

Uk(p1)

:::

Uk(pi)

:::| {z }
U

(4.23)
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where p is a vector whose elements are those places which belong to the optimum

trajectory ! given by p0 � p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: which converges

to p4.

Proof. Since at each step of the iteration U4k (pi) is equal to one of the

elements of vector �; we have that the representation that describes the dynamical

utility behavior of tracking the optimum strategy �4 is:

�40jm(p&(0)) �41jm(p&(0)) ::: �4njm(p&(0))

�40jn(p&(1)) �41jn(p&(1)) ::: �4njn(p&(1))

::: ::: ::: :::

�40jv(p&(i)) �41jv(p&(i)) ::: �4njv(p&(i))

::: ::: ::: :::| {z }
�4

Uk(p0)

Uk(p1)

:::

Uk(pi)

:::| {z }
U

where jm; jn; :::; jv; ::: represent the indexes of the optimal routing policy, de�ned

by the q0js.

Plane symmetry involves moving all points around the plane so that their

positions relative to each other remain the same, although their absolute positions

may change. In analogy, let us introduce the following de�nition.

De�nition 4.3.32 A Decision Process Petri netDPPN = fP;Q; F;W;M0; �; Ug

is said to be symmetric if it is possible to decompose it into some �nite number

(greater than 1) of sub-Petri nets in such a way that there exists a bijection  
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between all the sub-Petri nets such that

(p; q) 2 I , ( (p);  (q)) 2 I and (q; p) 2 O , ( (q);  (p)) 2 O

for all of the sub-Petri nets.

Corollary 4.3.33 Let DPPN = fP;Q; F;W;M0; �; Ug be a non blocking (unless

p is an equilibrium point) symmetric Decision Process Petri net and let �4 be an

optimum strategy. Set L = min
i=1;:::;j�j

f�ig then,

�4U � �U 8�; �4

where the �and �4 are represented by a matrix and U is represented by a vector.

Proof. From the previous corollary thanks to the symmetric property, we

obtain that 8�; �4 the vector inequality �4U � �U holds.

Example 4.3.34 Let us suppose we have the DPPN of example 4.3.9.

I) A strategy � for a time k = 0; i � 0

1 0 0 0 0 0 0

�0a(p1) 0 0 0 0 0 0

�0a(p2) 0 0 0 0 0 0

�0b(p3) 0 0 0 0 0 0

�0c(p4) 0 0 0 0 0 0

0 �1d(p5) �2d(p5) 0 0 0 0

0 0 0 �3e(p6) �4e(p6) 0 0| {z }
�

U(p0)

U(p1)

U(p2)

U(p3)

U(p4)

U(p5)

U(p6)
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A strategy � for a time k = 1; i � 0

1 0 0 0 0 �5f (p0) 0

�0a(p1) 0 0 0 0 0 0

�0a(p2) 0 0 0 0 0 0

�0b(p3) 0 0 0 0 0 0

�0c(p4) 0 0 0 0 0 0

0 �1d(p5) �2d(p5) 0 0 0 0

0 0 0 �3e(p6) �4e(p6) 0 0| {z }
�

U(p0)

U(p1)

U(p2)

U(p3)

U(p4)

U(p5)

U(p6)

II) An alternative strategy �0 for a time k = 1; i � 0

1 0 0 0 0 �5g(p0) �6g(p0)

�0a(p1) 0 0 0 0 0 0

�0a(p2) 0 0 0 0 0 0

�0b(p3) 0 0 0 0 0 0

�0c(p4) 0 0 0 0 0 0

0 �1d(p5) �2d(p5) 0 0 0 0

0 0 0 �3e(p6) �4e(p6) 0 0| {z }
�

U(p0)

U(p1)

U(p2)

U(p3)

U(p4)

U(p5)

U(p6)

119



III) An alternative strategy �00 for a time k = 1; i � 0

1 0 0 0 0 0 �6h(p0)

�0a(p1) 0 0 0 0 0 0

�0a(p2) 0 0 0 0 0 0

�0b(p3) 0 0 0 0 0 0

�0c(p4) 0 0 0 0 0 0

0 �1d(p5) �2d(p5) 0 0 0 0

0 0 0 �3e(p6) �4e(p6) 0 0| {z }
�

U(p0)

U(p1)

U(p2)

U(p3)

U(p4)

U(p5)

U(p6)

The optimally of the three strategies � [ �0,�[ �00 and � [ ����will depend on the

Lyapunov-like function L we choose.

4.3.5 Optimum Trajectory Planning

Given a non-blocking (unless p 2 P is an equilibrium point) Decision Process

Petri net DPPN = fP;Q; F;W;M0; �; Ug , the optimum trajectory planning

consists in �nding the �ring transition sequence u such that the optimum target

state Mt with the optimum point is achieved. The target state Mt belong to the

reachability set R(M0), and satis�es that it is the last and �nal task processed by

the DPPN with some �xed starting state M0 with utility U0.

Theorem 4.3.35 The optimum trajectory planning problem is solvable.
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Proof. Fromwhat shown in theorem 4.4.29 for each step we �nd U4k (p&(1)); :::; U
4
k (p&(i)); :::; U

4
k (p

4).

De�ne a mapping (see notation 4.3.21)

ur(U
q4j
k (p&(i))) = [0; :::; 0; 1; 0; :::; 0] (4.24)

with 1 in position j and zero everywhere else, and set u =
P
r

ur((U
q4j
k (p&(i)));

where the index r runs over all the transitions associated with the subsequence

&(i) such that p&(i) converge to p4, then, by construction the optimum point is

attained.

Remark 4.3.36 The order in which the transitions are �red, is given by the order

of the transitions, inherited from the order of the subsequence p&(i).

From the previous theorem we have the following properties:

Theorem 4.3.37 Let DPPN = (P;Q; F;W;M0; �; U) be a Decision Process

Petri net and let ! an optimum trajectory given by p0 = p&(1) �Uk p&(2) �Uk ::: �Uk

p&(n) �Uk ::: which converges to p
4 such that 9�&(j) :

��U(p&(j))� U(p&(i))
�� > �&(j)

(with �&(j) > 0). Then, the optimum decision point p4 is reached in a time step

bounded by O(U(p0)=�) where � = minf�&(j)g.

Proof. Let us suppose that p4 is never reached:

1. Then, p4 is not bounded. So, it is possible to increment the marks of p4

in the net. Therefore, it is possible to reduce its utility by at least �. As a

result, it is possible to obtain a lower utility than C.
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2. Then, it is not the last place in the net. So, it is possible to �re some output

transition to p4 in such a way that its marking is modi�ed. Therefore, it is

possible to reduce the utility over p4 by at least �. As a result, it is possible

to obtain a lower utility than C.

p0

p1
p3

p2
p4

qa

qb

qc

qd

qe

qf

64/124

60/124

40/100

60/100

60/100

40/100

•

Figure 4.5: DPPN Example

Example 4.3.38 Let choose the Lyapunov-like function L in terms of the En-

tropy H(pi) = �pi ln pi. We will conceptualize H as the average amount of un-

certainty of moving one step ahead, where the uncertainty is high when H is close
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to 0 and low when H is close to 1. Because, L : D � Rn ! R+ we will use the

function max
i=1;:::;j�j

(��i ln�i) to select the proper element of the vector � 2 D.

a) Then the optimum strategy �4 is

Uk=0(p0) = 1

U
�hj
k=0(p2) = L[	(p0; qd; p2)U

qd
k=0(p0)] = L[�0d(p2)�U�0d

k=0(p0)] = maxH[60=124] =

max[0:351] = 0:351

U
�hj
k=0(p4) = L[	(p2; qe; p4)U

qe
k=0(p2);	(p2; qf ; p4)U

qf
k=0(p2)] = L[�2e(p4)�U�2e

k=0(p2); �2f (p4)�

U
�2f
k=0(p2)] = maxH[(60=100)�0:351; (40=100)�0:351] = max[0:328; 0:275] = 0:328

the �ring transition vector is u =
0 0 0 1 0 1

qa qb qc qd qe qf

We do not compute U�hj
k=0(p3) because U

�hj
k=0(p2) determines the optimum tra-

jectory.

b) An alternative strategy � 6= �4 is

Uk=0(p0) = 1

U
�hj
k=0(p1) = L[	(p0; qa; p1)U

qa
k=0(p0)] = L[�0a(p1)�U�0a

k=0(p0)] = maxH[64=124] =

max[0:341] = 0:341

U
�hj
k=0(p3) = L[	(p1; qb; p3)U

qb
k=0(p1);	(p1; qc; p3)U

qc
k=0(p1)] = L[�1b(p3)�U�1b

k=0(p1); �1c(p3)�

U�1c
k=0(p1)] = maxH[(40=100)�0:341; (60=100)�0:341] = max[0:271; 0:324] = 0:324

the �ring transition vector is u0 =
1 1 0 0 0 0

qa qb qc qd qe qf

As we can see for � we can obtain at most 0:324 but for �4 we obtain 0:328.

Conjecture 4.3.39 A formal framework for decision process Petri nets has been
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presented. The expressive power and the mathematical formality of the DPPN

contribute to bridging the gap between Petri nets and the Markov decision process.

In this sense, there are a number of questions relating classical planning that may

in the future be addressed satisfactorily within this framework. The traditional

notions of stability in the sense of Lyapunov used to characterize the stability

properties of the DPPN were explored. We introduce the notion of uniformly

practically stable and provide su¢ cient and the necessary conditions of stability

for the DPPN. In addition, we show that the DPPN mark-dynamic and trajectory-

dynamic properties of equilibrium, stability and optimum point converge under

some mild restrictions. An algorithm for optimum trajectory planning used to

identify the optimum point was described. Illustrative examples where equilibrium,

stability and �nal decision points properties of the DPPN were shown to hold were

addressed.

4.4 Game Petri Nets

Non-cooperative game theory has been extensively used to analyze situations

of interaction ([207], [158]). The most important results in non-cooperative games

are related to the Nash equilibrium. Formally, a Nash equilibrium de�nes an

equilibrium of a non-cooperative game with respect to a pro�le of strategies, one

for each player in the game, such that each player�s strategy attempts to maximize

that player�s expected utility, opposed to the set of strategies of the other players
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([151], [152], [153]). Then, players are in equilibrium if each player�s choice of

strategy is a best response to the actions actually taken by his/her opponents.

In order to maximize the utility it is possible de�ne the payo¤ functions as

Lyapunov-like functions ([34], [35]). The idea is to use a utility function that

is non-negative and converges asymptotically to the equilibrium point. In this

equilibrium each player chooses a strategy with a utility equal to the utility that

this strategy is a best reply to a strategy pro�le chosen by the opponents. The

advantage of this approach is that �xed-point conditions for the game are given by

the de�nition of the Lypunov-like function, however formally it is not necessary

for a �xed-point theorem to satisfy the Nash equilibrium conditions as usual. In

addition, new properties of equilibrium and stability are consequently introduced

for �nite n-player non-cooperative games.

This section introduces a modeling paradigm for developing a game represen-

tation called Game Petri Nets (GPN) [42]. It extends the Decision Process Petri

Nets (DPPN) theoretic approach ([34], [35], [36]). The main point of the GPN

is its ability to represent the mark-dynamic and trajectory-dynamic properties

of a decision process. Within the mark-dynamic properties framework the GPN

theory shows that notions of equilibrium and stability are those of the PN. In the

trajectory-dynamic properties framework, the utility function used for trajectory

planning in the GPN is optimized by a vector Lyapunov-like function, obtaining

as a result new characterizations for �nal decision points (optimum points) and
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stability. Moreover, the GPN mark-dynamic and Lyapunov trajectory-dynamic

properties of equilibrium, stability and �nal decision points, join under certain

restrictions.

The introduction of the vector Lyapunov-like function allowed the GPN to join

with game theory. In the GPN we introduce the well know Nash�s equilibrium

point ([151], [152], [153]) concept. We also introduce an alternative de�nition to

the Nash�s equilibrium point that we call steady state equilibrium point in the

sense of Lyapunov. The steady-state equilibrium point is represented in the GPN

by the optimum point. We show that the optimum point (steady-state equilibrium

point) and the Nash equilibrium point coincide. It is interesting to note that the

steady-state equilibrium point lends necessary and su¢ cient conditions of stability

to the game. Up to our knowledge the approach seems to be a new application

area in Petri net theory.

An algorithm for �nding the equlibrium point is presented. It consists of �nd-

ing a �ring transition sequence such that an optimum decision state will be reached

in the GPN. For this purpose the algorithm uses the graphical representation pro-

vided by the place-transitions Petri net and the utility function. It is important to

note that the algorithm complexity depends on the vector Lyapunov-like function

chosen to represent the utility function.

The section is structured in the following manner. The next subsection dis-

cusses the main results of this section, providing a de�nition of the GPN and
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giving a detailed analysis of the equilibrium, stability and optimum point con-

ditions for the mark-dynamic and the trajectory-dynamic parts of the GPN. An

algorithm for calculating the equilibrium point used to �nd the optimum point is

proposed. For illustration purposes we show how the standard notions of stability

in GPN theory are applied to a practical example. Finally, some conjectures are

provided.

4.4.1 Game Petri Nets Model

The aim of this section is to associate to any game a Game Petri net �GPN

�([42], [52]). The GPN structure will represent all the posible strategies existing

within the game.

De�nition 4.4.1 A Game Petri Net is a 8-tuple GPN = (N ; P;Q; F;W;M0; �; U)

where

� N = f1; 2; :::; ng denotes a �nite set of players

� P = P1 �P2 � ::: � Pn is the set of places that represents the Cartesian

product of states (each tuple is represented by a place).

� Q = Q1�Q2� :::�Qn is the set of transitions that represents the Cartesian

product of the conditions (each tuple is represented by a transition).

� F � I [ O is a set of arcs where I � (P �Q) and O � (Q� P ) such that

P \Q = ? and P [Q 6= ?,
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� W : F ! Nn is a weight function,

� M0: P ! Nn is the initial marking,

� � : I ! Rn+ is a routing policy representing the probability of choosing a par-

ticular transition (routing arc), such that for each pi 2 P ,
P

qj�:(pi�;qj�)2I
�((pi�; qj�)) =

1, 8� 2 N ,

� U : P ! Rn+ is a trajectory function.

Interpretation: the previous behavior of the GPN is described as follows.

When a token reach a place, it is reserved for the �ring of a given transition

according to the routing policy determined by U . A transition q must �re as soon

as all the places p1 2 P contain enough tokens reserved for transition q. Once the

transition �res, it consumes the corresponding tokens and immediately produces

an amount of tokens in each subsequent place p2 2 P . When �(�) = 0 for � 2 I

means that there are no arcs in the place-transitions Petri net.

(1/3,1/4)

p1 p2
q1

Figure 4.6: GPN Routing policy case 1

In �gures 4.6 and 4.7 we have represented partial routing policies � for a given

player � 2 N with respect a Game Petri net GPN that generates a transition from

state p1 to state p2 where p1; p2 2 P :
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(1/6, 1/8)

(1/6 , 1/8)

p1 p2
q1

Figure 4.7: GPN Routing policy case 2

� case 1. In �gure 4.6 the probability that q1 generates a transition from state

p1 to p2 is 1/3. But, because q1 transition to state p2 has two arcs, the

probability to generate a transition from state p1 to p2 is increased to 2/3.

Note that, one token is required in p1 to �re the transition q1 and two tokens

are generated in p2.

� case 2. In �gure 4.7 we set by convention for the probability that q1 generates

a transition from state p1 to p2 is 1/3 (1/6 plus 1/6). However, because

q1 transition to state p2 has only one arc, the probability to generate a

transition from state p1 to p2 is decreased to 1/6. Note that, two tokens are

required in p1 to �re the transition q1 and one token is generated in p2.

� case 3. Finally, we have the trivial case when there exists only one arc from

p1 to q1 and from q1 to p2.

Remark 4.4.2 The previous de�nition in no way changes the behavior of the

place-transitions Petri Net, the routing policy is used to calculated the trajectory

value at each place of the net.

Remark 4.4.3 It is important to note that the trajectory value can be re-normalized
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after each transition or time k of the net.

Remark 4.4.4 For the case of n players we will represent the routing policies �

using the Cartesian product, i.e. (1/3, 1/5, 1/16, ...).

It is important to note that, by de�nition, the trajectory function U is em-

ployed only for establishing a trajectory tracking, working in a di¤erent execution

level of that of the place-transitions Petri net. The trajectory function U changes

in no way the place-transitions Petri net evolution or performance.

Uk(:) denotes the trajectory value at place pi 2 P at time k and let [Uk] =

[Uk(:); :::; Uk(:)]
T denote the trajectory value state of GPN at time k. FN : F !

R+ is the number of arcs from place p to transition q (the number of arcs from

transition q to place p). The rest of the GPN functionality is as described in the

PN preliminaries.

Let us recall some basics notions in game theory. We denote S� = fsig the set

of pure strategies for player � (strategies are represented by the probability that

a transition can be �red in the GPN). For notational convenience we write S =Q
�2N S� (the pure strategies pro�le), and S�� =

Q
j2Njf�g Sj (the pure strategies

pro�le of all the players but for player � ). For an action tuple s = (s1; :::; sn) 2 S

we denote s�� = (s1; :::; s��1; s�+1; :::; sn) and, with an abuse of notation, s =

(s�; s��).

Similarly, we denote �� = f�ig the set of mixed strategies for player �, identi-

�ed with the routing policy representing the probability of choosing a particular
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transition. Analogously, we use notations � =
Q

�2N �� to denote the mixed strate-

gies pro�le that combine strategies one for each player and ��� =
Q

j2Njf�g �j to

denote the mixed strategies pro�le of all the players except for player �. For a

strategy tuple � = (�1; :::; �n) 2 � we denote ��� = (�1; :::; ���1; ��+1; :::; �n) and,

with an abuse of notation, � = (��; ���). For a strategy pro�le ���, we write

��� =
Q

j2Njf�g �j, the probability identi�ed with the routing policy � that the

opponents of player � play strategy pro�le s�i 2 S�i. We restrict our attention to

independent strategy pro�les. For our construction of the GPN a strategy pro�le

determines an outcome representing the corresponding trajectory value of each

player.

Then, formally we introduce the following de�nitions.

De�nition 4.4.5 A �nal decision point pf 2 P with respect to a Game Petri

net GPN = (N ; P;Q; F;W;M0; �; U) is a place p 2 P where the in�mum is

asymptotically approached (or the minimum is attained), i.e. U(p) = �0 or U(p) =

�C.

De�nition 4.4.6 An optimum point p4 2 P with respect a Game Petri net

GPN = (N ; P;Q; F;W;M0; �; U) is a �nal decision point pf 2 P where the best

choice is selected �according to some criteria�.

Property 4.4.7 Every Game Petri net GPN = (N ; P;Q; F;W;M0; �; U) has a

�nal decision point.
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De�nition 4.4.8 A strategy with respect a Game Petri net GPN = (N ; P;Q; F;W;M0; �; U)

is identi�ed by � and consists of the routing policy transition sequence represented

in the GPN graph model such that some point p 2 P is reached.

De�nition 4.4.9 An optimum strategy with respect a Game Petri net GPN =

(N ; P;Q; F;W;M0; �; U) is identi�ed by �4 and consists of the routing policy tran-

sition sequence represented in the GPN graph model such that an optimum point

p4 2 P is reached.

Remark 4.4.10 It is important to note that a strategy can be conceptualized in

a di¤erent manner depending on the implementation point of view. It can be

implemented as the probability that a transition can be �red, as usual, or a more

general de�nition is as a chain of such probabilities. Both perspectives are correct,

however in the latter case, we only have to give an interpretation to the strategy

optimality in terms of the chain of transitions.

Consider an arbitrary pi 2 P and for each �xed transition qj 2 Q that forms an

output arc (qj; pi) 2 O, we look at all the previous places ph of the place pi denoted

by the list (set) p�ij = fph : h 2 �ijg where �ij = fh : (ph; qj) 2 I & (qj; pi) 2 Og,

that materialize all the input arcs (ph; qj) 2 I and form the sum

X
h2�ij

�

�hj(pi) � U

�hj
k (ph)

��
�

(4.25)

where �hj(pi) = (�(ph1 ; qj1)�
FN(qj ;pi)

FN(ph;qj)
; �(ph2 ; qj2)�

FN(qj ;pi)

FN(ph;qj)
; :::; �(phn ; qjn)�

FN(qj ;pi)

FN(ph;qj)
)

where (h�i)� represent the product of the vector element by element, i.e. (h(a1; a2; :::; an) � (b1; b2; :::; bn)i)� =
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(a1b1; a2b2; :::; anbn), ph� is the � 2 N element of the tuple routing policy �, and

the index sequence j� is the set fj� : 8� qj� 2 (ph� ; qj�)\ (qj� ; pi�) & ph� running over

the set p�ijg. The quotient
FN(qj ;pi)

FN(ph;qj)
is used for normalizing the routing policies

�, note that in the formula of �hj(pi) it is not necessary specify 8� : FN(qj� ; pi�)

and FN(ph� ; qj�) for calculating
FN(qj� ;pi� )

FN(ph� ;qj� )
because the number of arcs (FN(�; �))

is the same for all players.

Proceeding with all the qjs for a given player � 2 N we form the vector indexed

by the sequence j identi�ed by (j0; j1; :::; jf ) as follows:

� =

266664
P

h2�ij0

�

�hj0(pi) � U

�hj0
k (ph)

��
�
;
P

h2�ij1

�

�hj1(pi) � U

�hj1
k (ph)

��
�
; :::;

P
h2�ijf

�D
�hjf (pi) � U

�hjf
k (ph)

E�
�

377775
(4.26)

Intuitively, the vector (4.26) represents all the possible trajectories through the

transitions qjs where (j1; j2; :::; jf ) to a place pi for a �xed i and a given player

� 2 N .

Continuing the construction of the de�nition of the trajectory function U , let

us introduce the following de�nition.

De�nition 4.4.11 Let L : Rn ! R+ be a continuous map and let x be the states

of a realized trajectory. Then, L is a vector Lyapunov-like function ([115], [127],

[128]) if it satis�es the following properties:

1. L(x1; :::; xn) =
�
L1(x1); :::; Ln(xn)

�
;
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2. if 9x�i such that 8i Li(x�i ) = 0 then L(x�1; :::; x�n) = �0;

3. if Li(xi) > 0 for 8xi 6= x�i then L(x1; :::; xn) > �0;

4. if Li(xi)!1 when xi !1 then L(x1; :::; xn)!1;

5. if�Li = Li(xi)�Li(yi) < 0 for all (y1; :::; yn) �U (x1; :::; xn) and (x1; :::; xn); (y1; :::; yn) 6=

(x�1; :::; x
�
n) then �L = L(x1; :::; xn)� L(y1; :::; yn) < �0.

From the previous de�nition we have the following remark.

Remark 4.4.12 In de�nition 4.4.11 point 4 we state that if Li(xi) ! 1 when

xi !1 then L(x1; :::; xn)!1 meaning that there is no x� reacheable from some

x.

Then, formally we de�ne the trajectory function U as follows:

De�nition 4.4.13 The trajectory function U for a given player � 2 N with re-

spect a Game Petri net GPN = (N ; P;Q; F;W;M0; �; U) is represented

U
�hj
k;� (pi) =

�
Uk(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0 (4.27)

where the vector function L : D � Rn+ ! Rn+ is a vector Lyapunov-like function

which optimizes the trajectory value through all possible strategies (i.e. trough all

the possible trajectories de�ned by the di¤erent qjs), D is the decision set formed

by the j�s (0 � j � f ) of all those possible transitions (qj; pi) 2 O, and � is given

in (4.26).
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From the previous de�nition we have the following remark.

Remark 4.4.14

� The vector Lyapunov-like function L associated with the de�nition 4.4.6 of

optimum point guarantee that the optimal course of action is followed. In

addition, the vector function L establishes a preference relation because by

de�nition L is asymptotic and, the criteria established in de�nition 4.4.6

gives to the decision maker the opportunity to select a path that optimizes

the trajectory value.

� The iteration over k for U is as follows:

1. for i = 0 and k = 0 the trajectory value is U0(p0) at place p0 and for

the rest of the places pi the value is �0,

2. for i � 0 and k > 0 the trajectory value is U�hj
k (pi) at each place pi, is

computed by taking into account the value of the previous places ph for

k and k � 1 (when needed).

The �prisoner�s dilemma� [7] is used as a �rst approach in game theory to

conceptualize the con�ict between mutual support and sel�sh exploitation among

interacting players. The game can be illustrated by an example where two men

are arrested for a crime. The police tell each suspect separately that if he testi�es

against the other, he will be rewarded for cooperating. Each prisoner has two
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possible strategies (table 1): to testify (cooperate) or to defect with the police

(not testify). If both players not cooperate by not testifying, there is a mutual

punishment with a score of P (the punishment corresponding to mutual defection,

in this particular case equal to zero, given that there is supposedly no proof to con-

vict either of the two). If both testify, there is a mutual reduction of punishment,

resulting in a penalty value of R. However, if one testi�es and the other does

not, the testi�er receives a considerable punishment reduction (penalty of T , the

temptation for defection), and the other player receives the regular punishment

(penalty of S, the �sucker� penalty for attempting to cooperate against defec-

tion). This game has usually two equilibrium points: one non-cooperative (both

prisoners not testifying) and the other one cooperative (both prisoners testify to

the police).

Player1 n Player2 Cooperate (testify) Defect (not testify)

Cooperate (testify) R, R S, T

Defect (not testify) T, S P, P

Table 1. Prisoner�s dilemma

Let us suppose that T > R > P > S. It is easy to see that we have the

structure of a dilemma like the one in the story. On the one had, let us suppose

Player 2 testify: then Player 1 obtains R for cooperating and T for defecting, and

so is better o¤ defecting. On the other hand, let us suppose Player 2 does not

testify: then Player 1 obtains S for cooperating and P for defecting, and so is
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(q11,q21) (q11,q22) (q12,q21) (q12,q22)

(p11,p21) (p11,p22) (p12,p21) (p12,p21)

(p10,p20)

(1/14,2/16) (2/14,3/16)

(10/14,2/16)(1/14,9/16)

(q11r,q21r) (q11r,q22r) (q12r,q21r) (q12r,q22r)

Figure 4.8: GPN - Iterated Prisoner�s Dilemma -

again better o¤ defecting. The move not testify for Player 1 is said to strictly

dominate the move testify: whatever his opponent does, he is better o¤ choosing

not testify than testify. By symmetry not testify also strictly dominates testify

for Player 2. Thus two "rational" players will defect and receive a payo¤ of P ,

while two "irrational" players can cooperate and receive greater payo¤R.

Example 4.4.15 The Iterated Prisoner�s Dilemma (IPD), represented in Fig-

ure 4.8, is played in the same manner as the classical Prisoner�s Dilemma, but

assumes that the players will interact each other more than once. Axelrod [7]

demonstrates that strategies that allow for cooperation will usually have higher

scores than strategies of pure non-cooperation. A player applying the Tit-for-Tat

�TFT � strategy will at the beginning cooperate, and when he is exploited, will

return to the last action of his/her opponent.

For the Prisoner�s Dilemma a Lyapunov equilibrium point is particularly in-
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teresting when the players have no motivation to unilaterally deviate from it and

improve his outcome (as the Nash property requires) nor in cooperation. In this

sense, the Lyapunov equilibrium point improves the Nash equilibrium point to the

fact that it is resistant to cooperation deviations between players. This is because

the stability achieved by the Nash equilibrium is de�ned to avoid only the unilateral

deviations of each player. The best-response against TFT with respect to trajec-

tory function implemented as a Lyapunov-like function U (��;���)� (p) is always not

cooperate.

A strategy � for a time k = 0; i � 02666666666666664

1 0 0 0 0

�(10;20);(11;21)((p11; p21)) 0 0 0 0

�(10;20);(11;22)((p11; p22)) 0 0 0 0

�(10;20);(12;21)((p12; p21)) 0 0 0 0

�(10;20);(12;22)((p12; p22)) 0 0 0 0

3777777777777775

2666666666666664

U((p10; p20))

U((p11; p21))

U((p11; p22))

U((p12; p21))

U((p12; p22))

3777777777777775
A strategy �

0
leading to the cooperative equilibrium in place (p12; p22) for a

time k = 1; i � 02666666666666664

1 0 0 0 �(12;21);(12r;22r)((p10; p20))

�(10;20);(11;21)((p11; p21)) 0 0 0 0

�(10;20);(11;22)((p11; p22)) 0 0 0 0

�(10;20);(12;21)((p12; p21)) 0 0 0 0

�(10;20);(12;22)((p12; p22)) 0 0 0 0

3777777777777775

2666666666666664

U((p10; p20))

U((p11; p21))

U((p11; p22))

U((p12; p21))

U((p12; p22))

3777777777777775
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A strategy �
00
leading to the non-cooperative equilibrium the place (p11; p21)

for a time k � 2; i � 02666666666666664

1 �(11;21);(11r;21r)((p10; p20)) 0 0 0

�(10;20);(11;21)((p11; p21)) 0 0 0 0

�(10;20);(11;22)((p11; p22)) 0 0 0 0

�(10;20);(12;21)((p12; p21)) 0 0 0 0

�(10;20);(12;22)((p12; p22)) 0 0 0 0

3777777777777775

2666666666666664

U((p10; p20))

U((p11; p21))

U((p11; p22))

U((p12; p21))

U((p12; p22))

3777777777777775
In most cases there is more than one best-response strategy. For example

cooperation with TFT can be achieved by the strategy always cooperate, by another

TFT or by many other cooperative strategies. Notice that the strategies in IPD

will depend on the two premises (rational belief about other players� strategies,

correctness of belief) under which the game is being played.

Notation 4.4.16 With the intention to further facilitate the notation we will

represent the trajectory function U as follows:

1. Uk(pi)
4
= U

�hj
k (pi) for any transition and any strategy,

2. U4k (pi)
4
= U

�4hj
k (pi) for an optimum transition and optimum strategy.

3. �hj by � and we will specify the hj when will be necessary to describe the

trajectory of the strategy � in the GPN .

4. Uk;� by U� representing the trajectory function of player � and we will specify

the k denoting the trajectory value as Uk when will be needed.
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The reader will easily identify which notation is used depending on the context.

Property 4.4.17 The continuous function U(:) satis�es moreover the following

properties:

1. 9p4 2 P such that

(a) if there exists an in�nite sequence fpig1i=1 2 P with pn !
n!1

p4 such

that �0 � ::: < U(pn) < U(pn�1)::: < U(p1), then U(p4) is the in�mum,

i.e. U(p4) = �0 ,

(b) if there exists a �nite sequence p1; :::; pn 2 P with p1; :::; pn ! p4 such

that �C = U(pn) < U(pn�1)::: < U(p1), then U(p4) is the minimum,

i.e. U(p4) = �C where �C 2 Rn, (p4 = pn),

2. max
�
U(p) > �0; U(p) > �C

	
where �C 2 Rn, 8p 2 P such that p 6= p4 ,

3. 8pi; pi�1 2 P such that pi�1 �U pi then �U = U(pi)� U(pi�1) < �0,

From the previous property we have the following remark.

Remark 4.4.18 In property 4.4.17 point 3 we state that �U = U(pi)�U(pi�1) <

�0 for determining the asymptotic condition of the Lyapunov-like function.

Property 4.4.19 The trajectory function U : P ! Rn+ is a vector Lyapunov-like

function.

Remark 4.4.20 From property 4.4.17 and 4.4.19 we have that :
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� U(p4) = �0 or U(p4) = �C means that a �nal state is reached. Without

lost generality we can say that U(p4) = �0 by means of a translation to the

origin.

� In property 4.4.17 we determine that the vector Lyapunov-like function U(p)

approaches to a in�mum/minimum when p is large thanks to point 4 of

de�nition 4.4.11.

� In property 4.4.17 point 3 is equivalent to the following statement: 9 f�"ig ;

�"i > �0 such that jU(pi)� U(pi�1)j > �"i, where 8pi; pi�1 2 P we have that

pi�1 �U pi.

Explanation. Intuitively, a Lyapunov-like function can be considered as rout-

ing function and optimal cost function. In our case, an optimal discrete problem,

the cost-to-target values are calculated using a discrete Lyapunov-like function.

Every time a discrete vector �eld of possible actions is calculated over the decision

process. Each applied optimal action (selected via some �criteria�) decreases the

optimal value, ensuring that the optimal course of action is followed and establish-

ing a preference relation. In this sense, the criteria change the asymptotic behavior

of the Lyapunov-like function by an optimal trajectory tracking value. It is im-

portant to note, that the process �nished when the equilibrium point is reached.

This point determines a signi�cant di¤erence with the Bellman�s equation.

De�nition 4.4.21 Let GPN = (N ; P;Q; F;W;M0; �; U) be a Game Petri net.
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A trajectory ! is an (�nite or in�nite) ordered subsequence of places p&(1) �Uk

p&(2) �Uk ::: �Uk p&(n) �Uk ::: such that a given strategy � holds.

De�nition 4.4.22 Let GPN = (N ; P;Q; F;W;M0; �; U) be a Game Petri net.

An optimum trajectory ! is an (�nite or in�nite) ordered subsequence of places

p&(1) �U4k
p&(2) �U4k

::: �U4k
p&(n) �U4k

::: such that the optimum strategy �4 holds.

Theorem 4.4.23 Let GPN = (N ; P;Q; F;W;M0; �; U) be a non-blocking Game

Petri net (unless p 2 P is an equilibrium point) then we have that:

U4k (p
4) � Uk(p), 8�; �4

Proof. Let U be de�ned as in (4.27). Then, starting from p0 and proceeding

with the iteration, eventually the trajectory ! given by p0 = p&(1) �Uk p&(2) �Uk

::: �Uk p&(n) �Uk ::: which converges to p
4; i.e., the optimum trajectory, is ob-

tained. Since at the optimum trajectory the optimum strategy �4 holds, we have

that U4k (p
4) � Uk(p), 8�; �4.

Remark 4.4.24 The inequality U4k (p
4) � Uk(p) means that the trajectory value

is optimum when the optimum strategy is applied.

Corollary 4.4.25 Let GPN = (N ; P;Q; F;W;M0; �; U) be a non blocking Game

Petri net (unless p 2 P is an equilibrium point) and let �4 an optimum strategy.
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Set L =
�
min

i=1;:::;j�j
f�ig; :::; min

i=1;:::;j�j
f�ig

�
then, U4k (p) is equal to:

2666666666666664

�40jm(p&(0)) �41jm(p&(0)) ::: �4njm(p&(0))

�40jn(p&(1)) �41jn(p&(1)) ::: �4njn(p&(1))

::: ::: ::: :::

�40jv(p&(i)) �41jv(p&(i)) ::: �4njv(p&(i))

::: ::: ::: :::

3777777777777775
| {z }

�4

2666666666666664

Uk(p0)

Uk(p1)

:::

Uk(pi)

:::

3777777777777775
| {z }

U

(4.28)

where p is a vector whose elements are those places which belong to the optimum

trajectory ! given by p0 � p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: which converges

to p4.

Proof. Since at each step of the iteration U4k (pi) is equal to one of the

elements of vector �; we have that the representation that describes the dynamical

trajectory behavior of tracking the optimum strategy �4 is given in (4.28) where

jm; jn; :::; jv; ::: represent the indexes of the optimal routing policy, de�ned by the

q0js.

4.4.2 Equilibrium Point

The interaction among players obligates each player to develop a belief about

the possible strategies of the other players. Nash equilibria ([151], [152], [153])

are supported by two premises: i) each player behaves rationally given the beliefs

about the other players�strategies; and 2) these beliefs are correct. Both premises
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allow us to regard the Nash equilibrium point as a steady-state of the strategic

interaction. In particular, the second premise makes this an equilibrium concept,

because when every individual is acting in agreement with the Nash equilibrium

no one has the need to take another strategy.

The best-reply strategy for a player is relative to the strategy pro�le chosen

by the opponents. The strategy pro�le is said to contain a best reply for a given

player if can not increase the utility by playing another strategy with respect

to the opponents strategies. A strategy pro�le is a Nash equilibrium point if

none of the players can increase the utility by playing another strategy, in other

words each player�s choice of strategy is a best reply to the strategies taken by

his opponents. When a player is acting in accordance with the Nash equilibrium

has no motivation to unilaterally deviate and take another strategy. Formally, we

have the following de�nitions.

Consider the game GPN = (N ; P;Q; F;W;M0; �; U). Denote for each player

� 2 N and each pro�le ��� 2 ��� of strategies of his opponent the set of best

replies, i.e. the strategies that player � can not improve upon, and it is de�ned as

follows:

B�(���) :=
n
�4� 2 ��j8�0� 2 �� : U (�

4
� ;���)

� (p4) � U (�
0
�;���)

� (p)
o

(4.29)

Remark 4.4.26 Opposite to what we de�ne in game theory, in the GPN by the

de�nition of the Lyapunov-like trajectory function we look for the equilibrium point
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at the minimum, for that reason we change � by � in (4.29). Since �� is �nite

and u� establish an acyclic order, B�(���) is not empty.

Remark 4.4.27 It is important to note that in case the strategy is implemented as

a chain of transitions � does not represent a vectorial inequality, the interpretation

is obtained from calculating the best reply B�.

A Nash equilibrium is a pro�le of strategies such that each player�s strategy

is an optimal response to the other players�strategies.

De�nition 4.4.28 A strategy pro�le �4� is a Nash equilibrium point if, for all

players �

U
(�4� ;�

4
��)

� (p4) � U
(�0�;�

4
��)

� (p)8�0� 2 ��: (4.30)

Note that in (4.30)we are using � instead of � by the arguments established

in remark 4.4.26

Remark 4.4.29 Intuitively, a Nash equilibrium is a strategy pro�le for a game,

such that no player can increase its payo¤ by changing its strategy, while the other

players keep their strategy �xed.

De�nition 4.4.30 A strategy � has the �xed point property if it leads to the

optimum point U
(�4� ;�

4
��)

� (p4).

Remark 4.4.31 From the two previous de�nitions the following characterization

is obtained: A strategy which has the �xed point property is equivalent to being a

Nash equilibrium point.
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Theorem 4.4.32 A non blocking (unless p 2 P is an equilibrium point) Game

Petri net GPN = (N ; P;Q; F;W;M0; �; U) has a strategy � which has the �xed

point property.

Proof. The conclusion is a direct consequence of theorem 4.4.23 and its

proof (where the existence of p� is guaranteed by the �rst property given in the

de�nition of the Lyapunov-like function, given in 4.4.11).

Corollary 4.4.33 If in addition to the hypothesis of the theorem the game GPN

is �nite, the strategy � leads to an equilibrium point.

Proof. See corollary 4.4.25.

Theorem 4.4.34 The optimum point2coincides with the Nash equilibria.

Proof. This is immediate from the de�nition 4.4.6 of optimum point and

remark 4.4.31

Remark 4.4.35 The potential of the previous theorem remains in its formal proof

simplicity for the existence of an equilibrium point (in contrast to the fact that a

Nash equilibrium point exists in a non-empty, compact, convex subset of a Euclid-

ian space by Kakutani�s �xed-point theorem).

Conjecture 4.4.36 A formal framework for game representation using Game

Petri nets has been presented. The expressive power and the mathematical formal-

ity of the GPN contribute to bridging the gap between Petri nets and game theory.
2The de�nition of optimum point is equivalent to the de�nition of �steady state�equilibrium

point in the Lyapunov sense given by Kalman in [115].
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In this sense, there are a number of questions relating classical game theory that

may in future be addressed satisfactorily within this framework. The traditional

notions of stability in the sense of Lyapunov used to characterize the stability

properties of the GPN were explored. We introduce the notion of uniformly prac-

tically stable and provide suc/ cient and the necessary conditions of stability for the

GPN. In addition, we show that the GPN mark-dynamic and trajectory-dynamic

properties of equilibrium, stability, decision point and equlibrium point converge

under some mild restrictions. The Lyapunov method induces a new equilibrium

and stability concept in non-cooperative games. We proved that the equilibrium

concept in a Lyapunov sense coincides with the equilibrium concept of Nash, rep-

resenting an alternative way to calculate the equilibrium and stability of the game.

As far as we know we introduce the game theory as a new application area in Petri

net theory. Moreover, we introduce a new equilibrium point type in the sense of

Lyapunov to game theory, lending to the game necessary and suc/ cient conditions

of stability, under certain restrictions.
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CHAPTER 5

APPLICATION EXAMPLES

5.1 Business Process Modeling with DPPN and HDPPN

Company�s success depends on the ability to evolve with the market, not just

respond to it. In response to the competitive pressures enforced by the customer

demands and the constant changes on the conditions of the environment, many

companies are re-thinking the way they do business [85]. The environmental

turbulence has created a need for dynamic business processes and companies are

looking for models that can evolve and adapt e¢ ciently business processes to

the changing conditions and the changing business strategies. As a consequence,

research interest in the business process modeling area has increased dramatically

over the past decades.

At present, there is a modest formal model support for business processes

and it is still done informally. The most critical point in the development of a

business process depends largely on the ability to choose a conceptual model to

represent the problem domain in a coherent and natural fashion. Formal models

that capture and organize knowledge about a business environment can facilitate

solutions to this problem.
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For instance, in the area of requests processing, government o¢ ces are not

satis�ed ful�lling the well established process. Instead, they are taken as a fun-

damental job, the re-design of the requests handling process. In this sense, the

government o¢ ces want to minimize the citizens request responding costs (for

obvious budget problems). At the same time, the government o¢ ces would like

to keep citizens happy, in order to continue sustaining its operational or political

position. Therefore, from the business process point of view it is important to

be able to describe these operational relationships, and to model solutions from

strategic perspectives.

This section introduces a modeling paradigm for developing business process

representation via a decision process Petri net. It is supported by an ITSP model

and methodology, which integrates the business/organizational strategic visions

and the information technology (IT) strategic vision in a resulting uni�ed vision

(related works in ITSP model are presented in [93] and [9]).

The method is based in business strategy decomposition. High-level business

strategies are re�ned up to the point when they reach a tactical business strategy

level, described only in terms of goals and strategies. The importance of being

able to clearly link the business processes with the business strategy is highlighted

by the concept of business reengineering [85]. The notion of business strategy de-

composition is adopted to represent the process of business strategy re�nement.

Activities are considered as operationalizations of goals and are applied in accor-
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dance with the strategies needed to achieve these goals. Thus, the decomposition

process results in a set of primitive actions such as �order a product�. Strate-

gies are expressions that de�ne valid state transitions in the business process. In

fact, strategies specify the event occurrences and they represent either integrity

rules or control operations. Since the business strategy decomposition determines

actions sequence applications, a process can be ordered introducing a partial or-

dered relation. It is important to note that any business process ultimately ends,

because real processes are �nite. The method considers a dynamic application do-

main, since the organizational model is able to modify its structure and respond

appropriately to the changes in the business strategy.

The ITSP model considers a dynamic application environment, which inte-

grates the business/organizational strategic visions and the IT strategic vision in

a resulting uni�ed vision. Its conceptualization is based in three fundamental con-

cepts: interaction, adaptation and evolution. The ITSP methodology is organized

in �fteen modules one of them being the business process.

Partially ordered transitions DPPN are used for business process represen-

tation, taking advantage of the well-know properties of this approach namely,

formal semantic, graphical display and wide acceptance by practitioners. A deci-

sion process Petri net model of a business process gives a speci�c and unambiguous

description of the behavior of the process. Its solid mathematical foundation has

resulted in di¤erent analysis methods and tools. Despite of the formal background,
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Petri net models are easy to understand.

The rest of the section is structured in the following manner. The next sub-

section describes the basic formalism of the ITSP model and the methodology.

The following subsection, discusses the issues associated to the business process

model method, presenting application examples. Finally, we concludes the section

by giving some conjectures.

5.1.1 ITSP conceptual model and methodology

Figure 5.1: ITSP Model

In the model represented in Figure 5.1 ([47], [48], [49]), the real world is com-
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posed by entities representing physical things (people, governments, enterprises,

etc.) these entities are related in terms of goals, beliefs, etc. Entities under events

generation change the environmental conditions. They take particular strategic

positions through the network of relationships with other entities, where they play

di¤erent roles. The model is based on three fundamental concepts: interaction,

adaptation and evolution.

The interaction concept represents the dynamic behavior of the environment,

leading to the incorporation or rejection of beliefs and facts related with envi-

ronment conditions. Interactions are established by the relationships between the

roles that each entity plays in the domain of application. The behavior of the

environment is induced by the interaction of the entities.

When an incident happens (beliefs, market reactions, etc.), and it changes

the environment conditions, it is called an event. Each entity has the option

to consider an event occurrence and it incorporates or rejects the facts related

to changes in the environment. The acceptance or rejection will depend on the

entities interest. Some examples of conditions that can be accepted are: economic

plans changes, political beliefs, new technological tendencies, interest rate growth,

etc.

The adaptation includes business strategies using a logic inference method,

which uses beliefs and facts in order to generate new business strategies. This

is a dynamic process where old business strategies are replaced by those corre-
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sponding with the present environmental state. In the real world, there are always

assumptions which, if proven to be unfounded, they can be easily corrected. The

environmental changes always take place in the course of events that invalidate

previous states. On the other hand, non-monotonic reasoning shows an opposite

fact to this problem. It simply allows the retraction of �truth�whenever contra-

dictions arise by forcing the incorporation of new beliefs.

Evolution is a process in which the business strategy is transformed into op-

erative and IT components (the organizational model, the human resources, the

IT model and the planning model). It considers a dynamic application domain

which integrates the business/organizational strategic visions and the IT strategic

vision in a resulting uni�ed vision.

The evolution process is represented by an inverse pyramid where business

strategy represents the "axioms" of the archetype of the organizations. These

axioms are considered as true fundamental principles, in virtue of the fact that

they are congruent with the reality of the environment. In every case, the ITSP

tries to be in contact with the real world in order to give to its construction,

logical coherence. The organization propositions [93] (the organization model,

the human resources model, the IT model �IT strategy [119] �and the planning

model �[51], [43], [47]�) are deduced from the axioms through a logical inference

method. Thus, every proposition is true if it can be deduced from the axioms.

This de�nition is in agreement with the fact that the e¢ ciency of an enter-
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prise and the e¤ective use of the IT depend on the concordance that exists with

the business strategy. If the business strategy is incompatible with the physical

structure of the enterprise and the con�guration of the IT, then the functionality

of the organizational areas will be ine¢ cient. It is important to note that the

organizational axioms are not necessarily absolute, but they evolve in accordance

with the internal and external changes of the environment1.

Figure 5.2: ITSP Methodology

The ITSP methodology (Figure 5.2) is organized in �fteen modules which are

divided in four phases, and conceived in two visions. In addition, it is concerned

with creating a business/organizational vision, which provides the critical infor-

mation inputs, and it also forms the foundations for later stages of planning. It

creates as well a vision of the IT, which exploits new technological solutions and

it improves the enterprise situation. This paradigm is in concordance with the

1Note that changes in the organization are limited by the core competencies, i.e. an en-
terprise that sells computational equipment can be transformed in to an enterprise that sells
telecommunication equipment, but would be very di¢ cult to transform it into a gas station.
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ITSP conceptual model.

5.1.2 Business Process Modeling and Partially Ordered Transition

DPPN

In business process modeling, high-level business strategies are re�ned up to

the point when they reach a tactical business strategy level, described only in

terms of goals and strategies2.

Business strategy decomposition represents a hierarchy of objective/decision-

points, varying from the high-level business strategy with the maximum long-term

impact to the more re�ned operational business strategy (goal, strategy) with

relative short-term impact.

The business strategy re�nement process concludes when a resulting business

strategy can be transformed into an executable action. In this sense, the nodes

found in the lowest levels of the business strategy decomposition tree are usually

mapped into actions.

A business process is regarded as a set of activities. Activities are considered

as operationalizations of goals and are applied in accordance with the strategies

to achieve the goals. Strategies determine the legal sequentially movements that

can be made from any activity to another. The structure of each node in the

business strategy decomposition is a complex object, de�ned by the ordered pair

2For simpli�cation, we decompose the business strategy in goals and strategies, which we
consider is adequate from an operational point of view
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goal-strategy.

For completeness let us recall some basic notations of ordering. Given a poset

(X;�) a successor of an element x 2 X is an element y such that x � y, but

x 6= y and there is no third element u between x and y. x is a predecessor of y if

y is a successor of x. In symbols, for any x 2 X

Successors of x : y 2 suc(x) i¤ x 6= y; x � y and 8u : x � u � y =) (u =

x) _ (u = y)

Predecessors of x : y 2 pre(x) i¤ y 6= x; y � x and 8u : y � u � x =) (u =

y) _ (u = x)

The graph of the ordering is the graph whose vertices are the points in X

and each pair (x; y) where y is a successor of x determines an edge. The graph

corresponding to the ordering �� �de�ned is a directed acyclic graph (DAG).

The minimal elements are those with no predecessors, i.e. nodes with null

inner degree in the DAG. The maximal elements are those with no successors,

i.e. nodes with null outer degree in the DAG. In this ordering the conditions with

no input transitions correspond to the minimal elements, and the conditions with

no output transitions correspond to the maximal elements.

Since the business strategy decomposition determines actions sequence appli-

cations, a process can be ordered as follows.

Let X be a process and x; y 2 X two activities.

De�nition 5.1.1 We say that the activity y �depends on�the activity x, and we
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denoted it by x � y, if the corresponding decomposed node of x is upper than that

of y in the business strategy decomposition tree.

Property 5.1.2 Clearly, ���establishes a partial ordering.

The partial order concept guarantees that the nodes found in the lowest levels

of the business strategy decomposition tree, are already partially ordered and

ready to be mapped into what next, is de�ned to be a partially ordered DPPN .

De�nition 5.1.3 A partially ordered transition Decision Process Petri net is a

duple (DPPN;�) where DPPN is a Decision Process Petri net and �qis the

partial order de�ned on the elements of the set of transitions Q such that the

following conditions hold:

� q1 �q q2 i¤ q1 �q q2 and q(q2 �q q1)

� q1 �q q2 i¤ q1 �q q2 and q2 �q q1

Note that the order of the DPPN is the order established by the �depends

on�relationship (see the de�nition of �).

Events are actions which take place in a process. The occurrence of these

events is controlled in part by the state of the process. The state of a process can

be described as a set of conditions. The minimal elements of the net are those

conditions associated to the initial marking. Since events are actions, they may

occur, for an event to occur, it may be necessary that certain preconditions hold.
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Each transition has associated a strategy that determines the preconditions to

hold or not and may cause post-conditions to become true.

Proposition 5.1.4 Let us suppose that all the condition of theorem 2.5 are sat-

is�ed and let us suppose that the DPPN is a partially ordered Decision Process

Petri net. Then, equation (4.23) reduces to

1 0 ::: ::: ::: :::

�40jm(p&(1)) 0 0 ::: ::: :::

::: �40jn(p&(2)) 0 ::: ::: :::

::: ::: ::: ::: 0 :::

::: ::: ::: ::: �4njv(p&(n)) 0| {z }
�4

Uk(p0)

Uk(p1)

:::

Uk(pi)

:::| {z }
U

(5.1)

Proof. It follows from corollary 4.3.31 and the fact that the Decision Process

Petri net is partially ordered.

5.1.3 Business Process Representation via DPPN and HDPPN

The aim of this section is to present two business process application examples,

represented by the partially order (DPPN, HDPPN [41]), where the optimum

strategy and its correspondent tracking are described.

Example 5.1.5 Let us consider an insurance broker agency. As a broker, the

agency sells policies for di¤erent companies. The main products are life and

automobile policies. For selling and advertising the insurance company obtains
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detailed information from potential customers (C), and from private and govern-

mental agencies (A). This information is distributed between the company�s agents

(AG) which contact potential clients via phone and try to set up a conference call;

however, they also have their own sources of information. At the interview, the

agent examines the client�s current insurance coverage and tries to �nd an op-

portunity for a policy that will best �t the customer�s needs. Before obtaining an

insurance policy, the new client su¤ers an identity investigation. In the case of a

life insurance, the client has, in addition, to approve a physical examination test

in an accredited hospital (H). In the case that the investigation is positive both

parts sign a policy and keep a copy of the contract. If during the investigation

irregularities are found, the agent is informed, who meets with the client in order

to �nd new options. The insurance policy is in e¤ect when the client makes the

�rst insurance premium payment. Every policy carries with a schedule of premi-

ums, which varies with the type and coverage. Each policy provides a commission

for the agency. The commission varies with the insurance company, policy type

and coverage. The insurance company management (M) de�nes the commissions

politic, which varies from agency to agency. The agency splits the commission re-

ceived for each policy with the agent who sold it; the rate depends on the seniority

of the agent. Once a policy has been sold, the agency submits premium bills to

the client, collects payment and sends the payment, minus it commission, to the

insurance company. If a client fails to pay premiums, the agent who sold the policy
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is informed, so that he can contact the client. Claims can be made on insurance

policies as speci�ed in the policy itself. Clients or bene�ciaries (B) contact the

agent to �le such claims. Life insurance claims may be made by the bene�ciaries

on the death of the insured. In both cases, the insurance company sends an ad-

justor (AD) to legitimate the claim and arrange the �nal insurance details. For

an automobile insurance policy, claims are made when the car is involved in an

accident, damaged or stolen. For simpli�cation, we will consider just the orga-

nizational strategy of the insurance company. Let us construct the organizational

strategy like in [119]. In the business strategy decomposition tree each node has

a complex structure as follows: objective, goal, strategy, critical success factors

(CSF) (�gure 5.3).

The complete business strategy decomposition is out of the scope of this article.

However, we are following the decomposition process presented in [142].

The decomposition is as follows:

Figure 5.3: BPR Strategy
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The business strategy decomposition tree is shown in Figure 5.4.

Figure 5.4: BPR Strategy Tree

Next, the partially ordered DPPN net model (DPPN;�) is constructed by

mapping the activities in the business strategy decomposition tree (�gure 5). No-

tice that the goals are represented by the places while the transitions represent the

activities. The partially ordered DPPN (Figure 5.5) has the following speci�ca-

tions:

Places:

P0: order requested,

P1: investigated client

P2: examined client health
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P3: rejected order

P4: declined order

P5: consented physical examination and admitted antecedents

P6: authorized policy

P7: delivered policy

Transitions:

q1: investigate client antecedent

q2: review physical condition

q3: deny physical examination

q4: refuse antecedents

q5: accept order

q6: sign contract

q7: send life policy

i) Stability:

Now, from the incidence matrix of the partially ordered Petri net shown in

Figure 5.5 given by
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Figure 5.5: BPR DPPN

163



266666666666666666666664

�1 1 0 0 0 0 0 0

�1 0 1 0 0 0 0 0

0 0 �1 1 0 0 0 0

0 �1 0 0 1 0 0 0

0 �1 �1 0 0 2 0 0

0 0 0 0 0 �1 1 0

0 0 0 0 0 0 �1 1

377777777777777777777775
choosing � = [1; 1; 1; 1; 1; 1; 1; 1] , � > 0 we obtain that A� � 0 concluding

stability.

ii) Optimum strategy:

De�ne the Lyapunov like function L in terms of the Entropy H(pi) = �pi ln pi

as L = max
i=1;:::;j�j

(��i ln�i) then,

Uk=0(p0) = 1

U
�hj
k=0(p1) = L[�01(p1) � U�01

k=0(p0)] = L[7=10 � 1] = maxH[7=10 � 1] = 0:249

U
�hj
k=0(p2) = L[�02(p2) � U�02

k=0(p0)] = L[3=10 � 1] = maxH[3=10 � 1] = 0:361

U
�hj
k=0(p5) = L[�15(p5) �U�15

k=0(p1) + �25(p5) �U
�25
k=0(p2)] = maxH[4=10 � 0:249 +

4=10 � 0:361] = 0:286

U
�hj
k=0(p6) = L[�56(p6) � U�56

k=0(p5)] = L[1 � 0:286] = maxH[0:286] = 0:358

U
�hj
k=0(p7) = L[�67(p7) � U�67

k=0(p6)] = L[2 � 0:358] = maxH[2 � 0:358] = 0:239

the �ring transition vector is u; which tracks the optimum strategy �4 for

selling a policy, is given by transitions q1; q2; q5; q6 and q7 as follows
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u =
1 1 0 0 1 1 1

q1 q2 q3 q4 q5 q6 q7

In this case the strategy is optimum because the selling is obtained. In case

that the policy is rejected the operative costs are supported by the insurance

company.

Alternatively, we have

U
�hj
k=0(p3) = L[�23(p3) � U�23

k=0(p2)] = L[8=10 � 0:361] = maxH[8=10 � 0:361] =

0:358

U
�hj
k=0(p4) = L[�14(p4) � U�14

k=0(p1)] = L[8=10 � 0:249] = maxH[8=10 � 0:249] =

0:321

Example 5.1.6 Continuing with the insurance broker agency we have that in

case of a car accident, the insurance company depends on the adjustor appraisal

to evaluate the damages. To maintain company pro�tability the adjustor must

evaluate the case so that only the minimal necessary repairs will be considered.

In this sense, the adjustor evaluation is expected to be in favor of the insurance

company because of his dependence on the latter. However, the adjustor must be

careful, because the insurance company wants to o¤er a good service in order to

keep the client. As a result, the automobile owner depends on the appraisal of

the adjustor for an appropriate accident evaluation. The automobile owner can

also be assisted by an authorized garage to obtain a fair evaluation of the car�s

damage. Notice that, the garage must satisfy both the client and the insurance
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company, given that the garage income depends on the car owner and on the

insurance company. In case that the accident includes physical damage, the client

and passengers must be directed to an accredited hospital for medical treatment.

Three di¤erent strategies can be presented to manage a car accident in order to

optimize the company�s pro�tability ([86]). To improve the operation cost, small

accidents can be directly evaluated by the adjustor or the authorized garage, and

reported to the insurance company. Accidents of considerable size must be managed

centrally by the insurance company. The partially ordered DPPN (�gure 7) has

the following speci�cations:

Places:

P0: claim settled,

P1: handled accident info centrally

P2: handled accident info by authorized garage

P3: handled accident info by adjustor

P4: veri�ed policy covering centrally

P5: veri�ed policy covering by authorized garage

P6: veri�ed policy covering by adjustor

P7: corroborated accident details

P8: evaluated damage centrally

P9: got medical treatment cost

P10: determined accident in range
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P11: send info to be handle centrally

P12: got accident info by adjustor

P13: assessed client antecedents

P14: determined accident covering centrally

P15: got accident info by authorized garage

P16: evaluated damage by authorized garage

P17: determined accident in range

P18: send info to be handle centrally

P19: adjusted policy and made covering o¤er centrally

P20: made covering o¤er by authorized garage

P21: evaluated damage by adjustor

P22: made covering o¤er by adjustor

Transitions:

q1: handle accident info centrally

q2: handle accident info by authorized garage

q3: handle accident info by adjustor

q4: verify policy covering centrally

q5: verify policy covering by authorized garage

q6: verify policy covering by adjustor

q7: corroborate accident details

q8: evaluate damage
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q9: get medical treatment cost

q10: determine accident in range

q11: send info to be handle centrally

q12: get accident info by adjustor

q13: assess client antecedents

q14: determine accident covering centrally

q15: get accident info by authorized garage

q16: evaluate damage by authorized garage

q17: determine accident in range

q18: send info to be handle centrally

q19: adjust policy and make covering o¤er centrally

q20: make covering o¤er by authorized garage

q21: evaluated damage by adjustor

q22: make covering o¤er by adjustor

i) Stability:

Now, from the incidence matrix of the partially ordered Petri net shown in

Figure 5.6 given by
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Figure 5.6: BPR DPPN

169



Incidence matrix Figure 5.6

choosing� = [1; 1=2; 1; 1; 1=2; 1; 1; 1=2; 1=2; 1=2; 1; 1; 1; 1=2; 1; 1; 2; 1; 1; 5=2; 3; 1; 1=2]

, � > 0 we obtain that A� � 0 concluding stability.

ii) Optimum strategy:
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De�ne the Lyapunov like function L in terms of the Entropy H(pi) = �pi ln pi

as L = max
i=1;:::;j�j

(��i ln�i) then,

I) The optimum strategy �4 for accidents of considerable size that must be

manage centrally by the assurance company is represented by

Uk=0(p0) = 1

U
�hj
k=0(p1) = L[�01(p1) � U�01

k=0(p0)] = L[1=3 � 2 � 1] = maxH[2=3] = 0:270

U
�hj
k=0(p4) = L[�14(p4) � U�14

k=0(p1)] = L[1 � 0:270] = maxH[0:270] = 0:353

U
�hj
k=0(p7) = L[�47(p7) � U�47

k=0(p4)] = L[2=5 � 0:353] = maxH[0:141] = 0:276

U
�hj
k=0(p8) = L[�48(p8) � U�48

k=0(p4)] = L[1=5 � 0:353] = maxH[0:070] = 0:187

U
�hj
k=0(p9) = L[�49(p9) � U�49

k=0(p4)] = L[2=5 � 0:353] = maxH[0:141] = 0:276

U
�hj
k=0(p13) = L[�7;13(p13) � U�7;13

k=0 (p7)] = L[1 � 0:276] = maxH[0:276] = 0:355

U
�hj
k=0(p14) = L[�8;14(p14) � U�8;14

k=0 (p8) + �9;14(p14) � U�9;14
k=0 (p9)] = L[1 � 0:187 +

1 � 0:276] = maxH[0:463] = 0:356

U
�hj
k=0(p19) = L[�13;19(p19)�U�13;19

k=0 (p13)+�14;19(p19)�U�14;19
k=0 (p14)] = L[1�0:355+

1=2 � 0:356] = maxH[0:533] = 0:335

the �ring transition vector is

u =
1 0 0 1 0 0 1 1 1 0 0 0 1 1 0 0 0 0 1 0 0 0

q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 q18 q19 q20 q21 q22

.

For this case the adjustor or the garage must abort the process becasue the

accident is out of their range obtaining that:

U
�hj
k=0(p11) = L[�5;11(p11) �U�5;11

k=0 (p5)] = L[4=5 � 0:367] = maxH[0:293] = 0:359
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U
�hj
k=0(p18) = L[�12;18(p18) � U�12;18

k=0 (p12)] = L[3=4 � 0:367] = maxH[0:275] =

0:355

concluding

U
�hj
k=0(p19) < U

�hj
k=0(p18) < U

�hj
k=0(p11)

i.e. U�hj
k=0(p18); U

�hj
k=0(p19) are more expensive than U

�hj
k=0(p11).

II) The optimum strategy �04 for small accidents that must be manage ideally

by the company centrally is represented by

U
�hj
k=0(p2) = L[�02(p2) � U�02

k=0(p0)] = L[1=3 � 1] = maxH[1=3 � 1] = 0:366

U
�hj
k=0(p5) = L[�25(p5) � U�25

k=0(p2)] = L[1 � 0:366] = maxH[1 � 0:366] = 0:367

U
�hj
k=0(p10) = L[�5;10(p10) � U�5;10

k=0 (p5)] = L[1=5 � 0:367] = maxH[1=5 � 0:367] =

0:191

U
�hj
k=0(p15) = L[�10;15(p15)�U�10;15

k=0 (p10)] = L[6=8�0:191] = maxH[6=8�0:191] =

0:278

U
�hj
k=0(p16) = L[�10;16(p16)�U�10;16

k=0 (p10)] = L[1=8�0:191] = maxH[1=8�0:191] =

0:089

U
�hj
k=0(p20) = L[�15;20(p20)�U�15;20

k=0 (p15)+�16;20(p20)�U�16;20
k=0 (p16)] = L[1�0:278+

1 � 0:089] = maxH[1 � 0:278 + 1 � 0:089] = 0:367

the �ring transition vector is

u0 =
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0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 1 0 0 0 1 0 0

q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 q18 q19 q20 q21 q22

.

Intuitively the result is correct, because the best option for the insurance

company is that after a car accident happens is to send an adjustor before the

customer takes the car to the garage.

III) The strategy �00 for small accidents that must be manage by the adjustor

is represented by

U
�hj
k=0(p3) = L[�03(p3) � U�03

k=0(p0)] = L[1=3 � 1] = maxH[1=3 � 1] = 0:366

U
�hj
k=0(p6) = L[�36(p6) � U�36

k=0(p3)] = L[1 � 0:366] = maxH[1 � 0:366] = 0:367

U
�hj
k=0(p12) = L[�6;12(p12)�U�6;12

k=0 (p6)] = L[1�0:367] = maxH[1�0:367] = 0:367

U
�hj
k=0(p17) = L[�12;17(p17)�U�12;17

k=0 (p12)] = L[1=4�0:367] = maxH[1=4�0:367] =

0:219

U
�hj
k=0(p21) = L[�17;21(p21) � U�17;21

k=0 (p17)] = L[1 � 0:219] = maxH[1 � 0:219] =

0:332

U
�hj
k=0(p22) = L[�21;22(p22) � U�21;22

k=0 (p21)] = L[2 � 0:332] = maxH[2 � 0:332] =

0:271

The �ring transition vector is

u00 =

0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1 0 0 1 1

q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 q18 q19 q20 q21 q22
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Notice that since U�hj
k=0(p20) is strictly bigger than U

�hj
k=0(p22) small accidents

must be handled by the adjustor, whenever it is possible.

Example 5.1.7 Let us model the previous example using a hierarchical structure.

The partially ordered HDPPN (�gure 5.7) has the following speci�cations:

Places:

P0: claim settled,

P1: handled accident info centrally

P2: handled accident info by authorized garage

P3: handled accident info by adjustor

P4: adjusted policy and made covering o¤er centrally

P5: made covering o¤er by authorized garage

P6: made covering o¤er by adjustor

Transitions:

q1: handle accident info centrally

q2: handle accident info by authorized garage

q3: handle accident info by adjustor

q4: adjust policy and make covering o¤er centrally

q5: make covering o¤er by authorized garage

q6: make covering o¤er by adjustor

The partially ordered HDPPN (�gure 5.8) has the following speci�cations:

Places:
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p3

q2

•

q1

p1
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1/3
1/3

1/3

q4
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q6

p6
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Figure 5.7: BPR HDPPN

P7: handled accident info centrally

P8: veri�ed policy covering centrally

P9: corroborated accident details

P10: evaluated damage centrally

P11: got medical treatment cost

P12: assessed client antecedents

P13: determined accident covering centrally

P14: adjusted policy and made covering o¤er centrally

Transitions:

q8: verify policy covering centrally

q9: corroborate accident details

q10: evaluate damage

q11: get medical treatment cost

q12: assess client antecedents
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q13: determine accident covering centrally

q14: adjust policy and make covering o¤er centrally

The partially ordered HDPPN (�gure 5.9) has the following speci�cations:

Places:

P15: handled accident info by authorized garage

P16: veri�ed policy covering by authorized garage

P17: determined accident in range

P18: send info to be handle centrally

P19: got accident info by authorized garage

P20: evaluated damage by authorized garage

P21: made covering o¤er by authorized garage

Transitions:

q15: handle accident info by authorized garage

q16: verify policy covering by authorized garage

q17: determine accident in range

q18: send info to be handle centrally

q19: get accident info by authorized garage

q20: evaluate damage by authorized garage

q21: make covering o¤er by authorized garage

The partially ordered HDPPN (�gure 5.10) has the following speci�cations:

Places:
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P22: handled accident info by adjustor

P23: veri�ed policy covering by adjustor

P24: got accident info by adjustor

P25: determined accident in range

P26: send info to be handle centrally

P27: evaluated damage by adjustor

P28: made covering o¤er by adjustor

Transitions:

q22: handle accident info by adjustor

q23: verify policy covering by adjustor

q24: get accident info by adjustor

q25: determine accident in range

q26: send info to be handle centrally

q27: evaluated damage by adjustor

q28: make covering o¤er by adjustor

177



p7

q8

p8

p9 p10 p11

p12 p13

p14

q9
q10 q11

q12 q13

q14

2/5
1/5

2/5
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p22

q23

p23

p24

p25
p26

p27

p28

q24

q25 q26

q27

q28

1/4 3/4

•

HDPPN Accident by

Adjustor

i) Stability:

Now, from the incidence matrix of the partially ordered Petri net shown in

�gure 5.7 given by
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266666666666666666666664

�1 1 0 0 0 0 0 0

0 �1 1 0 0 0 0 0

0 �1 0 1 0 0 0 0

0 �1 0 0 1 0 0 0

0 0 �1 0 0 1 0 0

0 0 0 �1 �1 0 1 0

0 0 0 0 0 �1 �2 1

377777777777777777777775

choosing � = [1; 1; 1; 1=2; 1; 1; 1=2; 1=2], � > 0 we obtain that A� � 0 con-

cluding stability.

26666666666666666664

�1 1 0 0 0 0 0

0 �1 1 0 0 0 0

0 �1 0 1 0 0 0

0 0 �1 0 1 0 0

0 0 �2 0 0 1 0

0 0 0 0 �1 �1 1

37777777777777777775

choosing � = [1; 1; 1; 1=2; 1; 1; 1=2], � > 0 we obtain that A� � 0 concluding

stability.
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26666666666666666664

�1 1 0 0 0 0 0

0 �1 1 0 0 0 0

0 �1 0 1 0 0 0

0 0 �1 0 1 0 0

0 0 0 �1 0 1 0

0 0 0 0 0 �1 2

37777777777777777775
choosing � = [1; 1; 1; 1=2; 1; 1; 1=2], � > 0 we obtain that A� � 0 concluding

stability.

ii) Optimum strategy:

De�ne the Lyapunov like function L in terms of the Entropy H(pi) = �pi ln pi

as L = max
i=1;:::;j�j

(��i ln�i) then,

Uk=0(p0) = 1

U
�hj
k=0(p1) = L[�01(p1) � U�01

k=0(p0)] = L[1=3 � 2 � 1] = maxH[0:666] = 0:270

U
�hj
k=0(p2) = L[�02(p2) � U�02

k=0(p0)] = L[1=3 � 1] = maxH[0:333] = 0:366

U
�hj
k=0(p3) = L[�03(p3) � U�03

k=0(p0)] = L[1=3 � 1] = maxH[0:333] = 0:366

I) The optimum strategy �4 for accidents of considerable size that must be

manage centrally by the assurance company is represented by

U
�hj
k=0(p7) = 0:270

U
�hj
k=0(p8) = L[�7;8(p8) � U�7;8

k=0 (p7)] = L[1 � 0:270] = maxH[0:270] = 0:353

U
�hj
k=0(p9) = L[�8;9(p9) � U�89

k=0(p8)] = L[2=5 � 0:353] = maxH[0:141] = 0:276

U
�hj
k=0(p10) = L[�8;10(p10) �U�8;10

k=0 (p8)] = L[1=5 � 0:353] = maxH[0:070] = 0:187
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U
�hj
k=0(p11) = L[�8;11(p11) �U�8;11

k=0 (p8)] = L[2=5 � 0:353] = maxH[0:141] = 0:276

U
�hj
k=0(p12) = L[�9;12(p12) � U�9;12

k=0 (p9)] = L[1 � 0:276] = maxH[0:276] = 0:355

U
�hj
k=0(p13) = L[�10;13(p13)�U�10;13

k=0 (p10)+�11;13(p13)�U�11;13
k=0 (p11)] = L[1�0:187+

1 � 0:276] = maxH[0:463] = 0:356

U
�hj
k=0(p14) = L[�12;14(p14)�U�12;14

k=0 (p14)+�13;14(p14)�U�13;14
k=0 (p13)] = L[1�0:355+

1=2 � 0:356] = maxH[0:533] = 0:335

the �ring transition vector is

u =
1 1 1 1 1 1 1

q8 q9 q10 q11 q12 q13 q14

.

For this case the adjustor or the garage must abort the process becasue the

accident is out of their range obtaining that:

U
�hj
k=0(p18) = L[�16;18(p18)�U�16;18

k=0 (p16)] = L[4=5�0:367] = maxH[4=5�0:367] =

0:359

U
�hj
k=0(p26) = L[�24;26(p26)�U�24;26

k=0 (p24)] = L[3=4�0:367] = maxH[3=4�0:367] =

0:355

concluding

U
�hj
k=0(p14) < U

�hj
k=0(p26) < U

�hj
k=0(p18)

i.e. U�hj
k=0(p18); U

�hj
k=0(p26) are more expensive than U

�hj
k=0(p14).

II) The optimum strategy �04 for small accidents that must be manage ideally

by the garage is represented by
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U
�hj
k=0(p15) = 0:366

U
�hj
k=0(p16) = L[�15;16(p16) �U�15;16

k=0 (p15)] = L[1 � 0:366] = maxH[0:366] = 0:367

U
�hj
k=0(p17) = L[�16;17(p17) � U�16;17

k=0 (p16)] = L[1=5 � 0:367] = maxH[0:073] =

0:191

U
�hj
k=0(p19) = L[�17;19(p19) � U�17;19

k=0 (p17)] = L[6=8 � 0:191] = maxH[0:143] =

0:278

U
�hj
k=0(p20) = L[�17;20(p20)�U�17;20

k=0 (p17)] = L[1=8�0:191] = maxH[1=8�0:191] =

0:089

U
�hj
k=0(p21) = L[�19;21(p21)�U�19;21

k=0 (p19)+�20;21(p21)�U�20;21
k=0 (p20)] = L[1�0:278+

1 � 0:089] = maxH[0:367] = 0:367

the �ring transition vector is

u0 =
1 1 1 1 1 1

q16 q17 q18 q19 q20 q21

:

III) The strategy �00 for small accidents that must be manage by the adjustor

is represented by

U
�hj
k=0(p22) = 0:366

U
�hj
k=0(p23) = L[�22;23(p23) � U�22;23

k=0 (p22)] = L[1 � 0:366] = maxH[1 � 0:366] =

0:367

U
�hj
k=0(p24) = L[�23;24(p24) � U�23;24

k=0 (p23)] = L[1 � 0:367] = maxH[1 � 0:367] =

0:367
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U
�hj
k=0(p25) = L[�24;25(p25)�U�24;25

k=0 (p24)] = L[1=4�0:367] = maxH[1=4�0:367] =

0:219

U
�hj
k=0(p27) = L[�25;27(p27) � U�25;27

k=0 (p25)] = L[1 � 0:219] = maxH[1 � 0:219] =

0:332

U
�hj
k=0(p28) = L[�27;28(p28) � U�27;28

k=0 (p28)] = L[2 � 0:332] = maxH[2 � 0:332] =

0:271

The �ring transition vector is

u00 =
1 1 1 1 1 1

q22 q23 q24 q25 q27 q28

:

Notice that since U�hj
k=0(p21) is strictly bigger than U

�hj
k=0(p28) small accidents

must be handled by the garage, whenever it is possible.

Conjecture 5.1.8 A formal framework for business process modeling using par-

tially ordered Decision Process Petri nets has been presented in this example. The

section was motivated by the fact that it is essential to combine decision process and

business process. The technique presented allows to identify, design and evaluate

value adding opportunities for business improvement and reengineering. The busi-

ness process model was supported by an information technology strategic planning

(ITSP) model and methodology. The modeling methodology was based in business

strategy transformation. Application examples where decision process properties

and validation were shown to hold were addressed.
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5.2 Learning Algorithm

In recent years there has been a rapidly growing interest in development of

multi-agent learning theory, crucial for developing and adapting multi-agent sys-

tems. Reinforcement learning techniques usually try to resolve this problem for

a single-agent acting in a stationary environment, modeled by a Markov decision

process. However, multi-agent environments are usually non-stationary, since the

other agents are able to change their behavior as they also learn and adapt.

In particular, the use of reinforcement learning combined with game theory

have addressed an underlying assumption that the players have similar adaptation

and learning abilities [197]. As a result, the actions of each agents a¤ect the task

achievement of the other agents. It seems therefore promising to identify and build

upon the relevant results from game theory towards multi-agent reinforcement

learning.

The e¤ectiveness of such approach depends, largely, on the ability of an algo-

rithm to represent and integrate the problem domain in a natural and coherent

fashion. Related research e¤orts are reported in the literature from the 1990s to

date ( [184], [185], [197], [195], [198]). Markov games [201] are the common model

used for representing multi-agent reinforcement learning.

The usual techniques in this area focus on Nash equilibria as elements of both

the learning algorithm and its evaluation criteria. The Nash equilibria represent

the �xed points of the agent�s best response. Therefore, a signi�cant problem
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to solve by reinforcement learning is that the agent must coordinate which Nash

equilibria to play.

However, various authors have indicated the importance of developing a

formal theory of the multi-agents reinforcement learning, and this problem is a

challenging issue [133]. Hu and Wellman [104] introduced the Nash-Q algorithm

that converges only if a unique Nash equilibrium exists. Littman [133] presented

the Friend-or-Foe algorithm, a di¤erent version of the Nash-Q algorithm (where

each agent treats the other as a friend or foe) having similar converging problems.

Greenwald and Hall [80] developed also a modi�ed Nash-Q algorithm, which in-

stead of using the Nash equilibria make use of the correlated value of the equilibria,

and under certain restrictions it converges to a Nash equilibrium point.

Claus and Boutilier [32] considered a restriction over the social norms

to guarantee the convergence of the algorithm. They investigate the joint action

learner (JAL) algorithm that enforces the convergence to a Nash equilibrium in

team stage game. Nevertheless, this equilibrium is not necessarily the �optimal�

payo¤ in the presence of ohter agents. Taking into account the social norms

restrictions the work in adaptive play developed by Young [213] and the model

presented by Kandori, Mailath and Rob [116] converge but are able to �nd not

optimal Nash equilibrium points.

Powers and Shoham ( [190], [170]) have proposed an approach bearing

in mind that the goal of the learning process is to get an optimal point without
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necessarily considering an equilibrium point of the game. A work related that

eschew the Nash equilibrium point is proposed by Weinberg and Rosenschein

[208].

Bowling and Veloso [22] proposed criteria for multi-agent learning algo-

ritms: 1) learning should converge to a stationary policy and 2) learning termi-

nates with the best response to the play of other agents. Conitzer and Sandholm

[54] extend these criteria proposing that: 3) learning should converge to a Nash

equilibrium in self-play. In this sense, they introduce an algorithm called AW-

ERSOME [54] that learns to play optimally against stationary opponents, and

converges to a Nash equilibrium in self-play.

In this section we present an algorithm in multi-agent reinforcement learning

[46]. The main point in solving this problem is that we replace the well-known

Nash�s equilibrium point concept by an alternative de�nition that we call steady

state equilibrium point in the sense of Lyapunov [42]. The steady-state equilib-

rium point is represented by the optimum point. We show that the optimum point

(steady-state equilibrium point) and the Nash equilibrium point coincide. There-

fore, our approach converges in a natural and coherent fashion to the optimal

point that coincides with the equilibrium point.

The section is structured in the following manner. The next section presents

the necessary background in Game Petri Nets. Next subsection discusses the

main results of this section, presenting the learning algorithm and giving a de-
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tailed analysis of the coincidence of the Nash equilibrium point and the Lyapunov

equilibrium point. Finally, some conjectures are provided.

5.2.1 Learning Algorithm

A sequence where players will play with each other more than once is de-

scribed as a repeated game, based on the repetition of the game an inde�nite

number of times. At any state of the game the players choose their strategies

simultanously. For the algorithm implementation we will asign a strategy to each

possible transition.

De�nition 5.2.1 Let GPN = (N ; P;Q; F;W;M0; �; U) be a Game Petri net.

A trajectory ! is an (�nite or in�nite) ordered subsequence of places p&(1) �Uk

p&(2) �Uk ::: �Uk p&(n) �Uk ::: such that a given strategy � holds.

De�nition 5.2.2 Let GPN = (N ; P;Q; F;W;M0; �; U) be a Game Petri net.

An optimum trajectory ! is an (�nite or in�nite) ordered subsequence of places

p&(1) �U4k
p&(2) �U4k

::: �U4k
p&(n) �U4k

::: such that the optimum strategy �4 holds.

Theorem 5.2.3 Let GPN = (N ; P;Q; F;W;M0; �; U) be a non-blocking Game

Petri net (unless p 2 P is an equilibrium point) then we have that:

U4k (p
4) � Uk(p), 8�; �4

Remark 5.2.4 The inequality U4k (p
4) � Uk(p) means that the utility is optimal

when the optimum strategy is applied.
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Corollary 5.2.5 Let GPN = (N ; P;Q; F;W;M0; �; U) be a non-blocking Game

Petri net (unless p 2 P is an equilibrium point) and let �4 an optimum strategy.

Set L =
�
min

i=1;:::;j�j
f�ig; :::; min

i=1;:::;j�j
f�ig

�
then, U4k (p) is equal to:2666666666666664

�40jm(p&(0)) �41jm(p&(0)) ::: �4njm(p&(0))

�40jn(p&(1)) �41jn(p&(1)) ::: �4njn(p&(1))

::: ::: ::: :::

�40jv(p&(i)) �41jv(p&(i)) ::: �4njv(p&(i))

::: ::: ::: :::

3777777777777775
| {z }

�4

2666666666666664

Uk(p0)

Uk(p1)

:::

Uk(pi)

:::

3777777777777775
| {z }

U

(5.2)

where p is a vector whose elements are those places which belong to the optimum

trajectory ! given by p0 � p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: which converges

to p4.

De�nition 5.2.6 Let Uk be a vector utility function and � be a matrix of strate-

gies. Then Uk=n satis�es the following recursion:2666666666666664

Uk=n(p0)

Uk=n(p1)

:::

Uk=n(pi)

:::

3777777777777775
=

2666666666666664

�40jm(p&(0)) �41jm(p&(0)) ::: �4njm(p&(0))

�40jn(p&(1)) �41jn(p&(1)) ::: �4njn(p&(1))

::: ::: ::: :::

�40jv(p&(i)) �41jv(p&(i)) ::: �4njv(p&(i))

::: ::: ::: :::

3777777777777775

2666666666666664

Uk=n�1(p0)

Uk=n�1(p1)

:::

Uk=n�1(pi)

:::

3777777777777775
= �4Uk=n�1

By induction we have that

Uk=n = (�
4)n�1Uk=1

190



Theorem 5.2.7 Let GPN = (N ; P;Q; F;W;M0; �; U) be a Game Petri net and

let ! an optimum trajectory given by p0 = p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk :::

which converges to p4 such that 9�&(j) :
��U(p&(j))� U(p&(i))

�� > �&(j) (with �&(j) > 0).

Let � = minf�&(j)g; then the optimum decision point p4 is reached in a time step

bounded by O(U(p0)=�):

Proof. Let us suppose that p4 is never reached, therefore either of the fol-

lowing have to hold:

1. Then, p4 is not bounded. So, it is possible to increment the marks of p4

in the net. Therefore, it is possible to reduce its utility by at least �. As a

result, it is possible to obtain a lower utility than C.

2. Then, p4 is not the last place in the net. So, it is possible to �re some output

transition to p4 in such a way that its marking is modi�ed. Therefore, it is

possible to reduce the utility over p4 by at least �. As a result, it is possible

to obtain a lower utility than C.

Theorem 5.2.8 Let GPN = (N ; P;Q; F;W;M0; �; U) be a Game Petri net.

Then, U converges to an optimum (�nal) decision point p4 (pf ).

Proof. By theorem 5.2.7 the optimum decision point p4 is reached in a time

step bounded by O(U(p0)=minf�&(j)g), therefore U converges to p4:
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Remark 5.2.9 The previous theorem holds for non-stationary policies.

Plane symmetry involves moving all points around the plane so that their

positions relative to each other remain the same, although their absolute positions

may change. In analogy, let us introduce the following de�nition.

De�nition 5.2.10 A Game Petri net GPN = (N ; P;Q; F;W;M0; �; U) is said

to be symmetric if it is possible to decompose it into some �nite number (greater

that 1) of sub-Petri nets in such a way that there exists a bijection  between all

the sub-Petri nets such that

(p; q) 2 I , ( (p);  (q)) 2 I and (q; p) 2 O , ( (q);  (p)) 2 O

for all of the sub-Petri nets.

Corollary 5.2.11 Let GPN = (N ; P;Q; F;W;M0; �; U) be a non blocking (un-

less p is an equilibrium point) symmetric Game Petri net and let �4 be an optimum

strategy. Set L =
�

min
i=1;:::;#(�)

f�ig; :::; min
i=1;:::;#(�)

f�ig
�
then,

�4U � �U 8�; �4

where the �and �4 are represented by a matrix and U is represented by a vector.

5.2.2 Equilibrium Point

The interaction among players obligates each player to develop a belief about

the possible strategies of the other players [8]. Nash equilibria ([151], [152], [153])
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are supported by two premises: i) each player behaves rationally given the beliefs

about the other players�strategies; and 2) these beliefs are correct. Both premises

allow us to regard the Nash equilibrium point as a steady-state of the strategic

interaction. In particular, the second premise makes this an equilibrium concept,

because when every individual is acting in agreement with the Nash equilibrium

no one has the need to take another strategy.

The best-response strategy for a player is relative to the strategy pro�le chosen

by the opponents. The strategy pro�le is said to contain a best response for a

given player if one can not increase the utility by playing another strategy with

respect to the opponents strategies. A strategy pro�le is a Nash equilibrium point

if none of the players can increase the utility by playing another strategy, in other

words each player�s choice of strategy is a best response to the strategies taken by

his opponents. When a player is acting in accordance with the Nash equilibrium,

the player has no motivation to unilaterally deviate and take another strategy.

Formally, we have the following de�nitions.

Consider the game GPN = (N ; P;Q; F;W;M0; �; U). Denote for each player

� 2 N and each pro�le ��� 2 ��� of strategies of his opponent the set of best

replies, i.e. the strategies that player � can not improve upon, and it is de�ned as

follows:

B�(���) :=
n
�4� 2 ��j8�0� 2 �� : U

(�4� ;���)
� (p4) � U

(�0�;���)
� (p)

o
Since �� is �nite and u� establish an acyclic order, B�(���) is not empty.
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A Nash equilibrium is a pro�le of strategies such that each player�s strategy

is an optimal response to the other players�strategies.

De�nition 5.2.12 A strategy pro�le �4� is a Nash equilibrium point if for all

players �

U
(�4� ;�

4
��)

� (p4) � U
(�0�;�

4
��)

� (p) 8�0� 2 ��:

Remark 5.2.13 It is important to note that in case the strategy is implemented as

a chain of transitions � does not represent a vectorial inequality, the interpretation

is obtained from calculating the best reply B�.

De�nition 5.2.14 A strategy � has the �xed point property if it leads to the

optimum point (U
(�4� ;�

4
��)

� (p4)):

Remark 5.2.15 From the two previous de�nitions the following characterization

is obtained: A strategy which has the �xed point property is equivalent to being a

Nash equilibrium point.

Theorem 5.2.16 A non-blocking (unless p 2 P is an equilibrium point) Game

Petri net GPN = (N ; P;Q; F;W;M0; �; U) has a strategy � which has the �xed

point property.

Corollary 5.2.17 If in addition to the hypothesis of the theorem the game GPN

is �nite, the strategy � leads to an equilibrium point .
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Theorem 5.2.18 The optimum point3 coincides with a Nash equilibrium.

Remark 5.2.19 The potential of the previous theorem remains in its formal proof

simplicity for the existence of an equilibrium point.

A Lyapunov equilibrium point is particularly interesting when the players

have no motivation to unilaterally deviate from it to improve their outcome (as

the Nash equilibrium property) nor in cooperation. In this sense, the Lyapunov

equilibrium point strengthens the Nash equilibrium point to the fact that it is

resistant to cooperation deviations between players. This is because the stability

achieved by the Nash equilibrium is de�ned to avoid only the unilateral deviations

of each player.

5.2.3 Algorithm Skeleton

Our prediction in a non-cooperative game satis�es the Nash equilibrium if we

are able to predict the expected behavior of all the players. The prediction of

player � is based on the player�s strategy �� and on the players�belief about the

opponents�pro�le of strategies ���. A player can predict the expected behavior

of all the players based on the history of the game.

The behavior of players is a¤ected by the knowledge that they have about

each other. We assume that each player is conscious of the other player�s strate-

gies, however the player�s preferences, utility functions, are private. Under such

3The de�nition of optimum point is equivalent to the de�nition of �steady state�equilibrium
point in the Lyapunov sense given by [115].
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conditions each player predicts the future course of the game in a di¤erent way.

The prediction of player � is based on the player�s strategy �� and on the player�s

belief about the opponents�strategy c���. We call c��� the oponents�model.
The algorithm skeleton is as follows:

1. Distribute uniformly the strategies policies

2. Initialize the values in2666666666666664

�40jm(p&(0)) �41jm(p&(0)) ::: �4njm(p&(0))

�40jn(p&(1)) �41jn(p&(1)) ::: �4njn(p&(1))

::: ::: ::: :::

�40jv(p&(i)) �41jv(p&(i)) ::: �4njv(p&(i))

::: ::: ::: :::

3777777777777775

2666666666666664

Uk(p0)

Uk(p1)

:::

Uk(pi)

:::

3777777777777775
3. For k = 1 and an equilibrium point is not attained

(a) Observe the strategies taken by other agents in matrix [�4]

(b) Update the players models c���
(c) Select the best response strategy2666666666666664

�40jm(p&(0)) �41jm(p&(0)) ::: �4njm(p&(0))

�40jn(p&(1)) �41jn(p&(1)) ::: �4njn(p&(1))

::: ::: ::: :::

�40jv(p&(i)) �41jv(p&(i)) ::: �4njv(p&(i))

::: ::: ::: :::

3777777777777775

2666666666666664

Uk(p0)

Uk(p1)

:::

Uk(pi)

:::

3777777777777775
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4. Select the path to the in�mum (minimum)

5. End

The previous algorithm allows the agents to adapt their strategy. A player

begins the game with an arbitrary expected behavior of the oponent and �nds the

best response by applying a Lyapunov-like function. At any time of the game,

the player acquires an updated set of opponent�s strategies by applying the best

replies to the current model of the opponent�s behavior. Then, the player �nds the

best response against the current set of opponent�s strategies and plays applying

a vector Lyapunov-like function.

Conjecture 5.2.20 This example introduces a new algorithm for learning inter-

action strategy. The main point is that the Nash equilibrium point was replaced

by the Lyapunov equilibrium point. We have showed that both equilibrium points

coincide. The algorithm is given to a procedure that infers a best-response strategy

using a Lyapunov-like utility function. Such strategy coincides with the Lyapunov

equilibrium point and therefore it is an optimum strategy. This process is repeated

throughout the game.

5.3 Personal Pro�le Competencies

In recent years there has been an increasing demand for competencies models

that deal with the domains of application beyond the traditional approaches. The
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e¤ectiveness of such a model depends largely on the ability to represent the domain

of the problem in such a way, as to permit natural and rigorous descriptions within

a methodological framework ([179], [181], [194], [199], [159]).

The concept of competence, in the sense of being used in psychology and

human resources, was created by David C. McClelland [141] in his work entitled

�Testing for competence rather than for intelligence�. Spencer [193] refers to

a competence as �an underlying characteristic of an individual that is causally

related to a criterion reference group�s e¤ective performance in a job or situation�.

Despite the fact that the concept of competence has been widely recognized

in the business and academic literature ([141], [143], [162], [193]), there is little

consensus on the meaning of competence. Recently, Buford and Lindner [26] de�ne

competencies as a group of related knowledge, skills, and abilities that a¤ect a

major part of an activity.

We conceptualize the terms skills, knowledge and abilities as di¤erent but

related concepts [178]. Skills are observable competencies needed to perform a

learned psychomotor act. Knowledge is information applied directly to the per-

formance of a given activity. Abilities are competencies needed to perform an

observable behavior or a behavior that results in an observable product.

The strategic modeling of position competencies for creating a strategic and

competitive advantage is a critical factor for every organization ([4], [59], [100],

[120], [193]). The most critical activity of addressing this concern is to provide a
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closer alignment and a continuous adaptation of the competencies to the business

strategy and the organizational model as a whole.

Related research on the competencies modeling mechanism are reported in

the literature from the 1990s to date, lacking certain results ([31], [58], [69], [100],

[177], [181]). Few of these methods partially intend to support the necessary

competencies constraints, and the others establish an incoherent linkage between

business strategy, organizational model and competencies requirements. There-

fore, this problem is still a challenging issue ([31], [59]).

Organizations use the competencies models in di¤erent ways [211]. For in-

stance, assessment instrument, recruitment and selection, career development,

coaching, counseling, mentoring, training, and as a behavioral requirement bench-

marking tool.

The main problem in human resources is that the terms �selecting�and �job

performance� are ambiguously de�ned, moreover they are commonly misunder-

stood. The confusion may be attributed to several reasons, as for example:

1. Position competencies are not de�ned by a single idea, but rather a multi-

dimensional concept. The de�nition of dimensions depends on a business

process model.

2. For any competence there are di¤erent levels of abstraction. When peo-

ple talk about selecting and job performance, they could refer to it in its

broadest sense, whereas some others might refer to it by its speci�c meaning.
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3. Selecting people for a speci�c position is not determined by a single percep-

tion, but by a sum of perceptions 4. Selecting people is part of our everyday

language but the techniques are confusing.

A common perspective of the evaluation of people is that it is imprecise. It

can be discussed and judged, but cannot be weighted or measured. Therefore, to

many people, selecting is based on an intuitive process supported by intuition and

personal perception. Terms such as �I like him�, �I think that he is good�and

similar concepts show how people reason about something uncertain and di¤use.

This perception shows the fact that people perceive, understand, interpret and

handle people selection in di¤erent ways. The implication of this perception is

that selection cannot be controlled and managed, nor can it be quanti�ed. This

view is in contrast to the fact that selecting can and should be de�ned, measured,

and managed ([19], [106], [182]).

There are at least three important issues encountered in modeling and quan-

tifying a position pro�le: �rst, which competencies will be considered, included,

and how will they be de�ned, how this competencies will be rated according to

the evaluation process model, and how this competencies will be graphically rep-

resented?.

These are the matters which motivated this work. We propose a competence

model for the analysis and design of job positions. The most critical activity in the

4Confucius: the sum of perceptions is equal to reality
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development and the design of a position is that of a business process model. Our

method ([39], [47]) is based on business strategy decomposition. In this paper,

we model the processes of a business using partially ordered transition Decision

Process Petri Nets (DPPN) formally de�ned in ([34], [35]). DPPNs are used for

business process representation, taking advantage of the well-known properties of

this approach, its formal semantic, its graphical display and its wide acceptance

by practitioners.

The evaluation process model provides a tool for constructing partition func-

tions to de�ne an ideal "employee prototype" in terms of competencies. The

partition functions construction is based in competencies re�nement (note that

these kinds of structures are widely used in the software product evaluation area;

[107]). Sub-competencies are identi�ed from the business process model; note that

the sub-competencies identi�cation depends on the application domain. However,

each sub-competence is grouped into competencies. For clarity, the competencies

are arranged in competence classes.

On the one hand, for evaluating an ideal "employee prototype" position are

de�ned metrics to rate the "domain degree" (the minimum expected value) needed

to satisfy a sub-competencies of the partition functions. On the other hand, for

evaluating a candidate one uses psychological tools to rate the sub-competencies

of the partition functions. As a result, the model produces a "closeness degree"

of how close is the evaluated applicant of what is expected from the applicant.
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To represent the evaluations we proposed a special pie chart, where each slide

or partition represents a competence. Pie charts are represented for three di¤erent

levels: competence class, competence and sub-competence. In this sense, we will

consider the terms competence class, competence, and sub-competence equivalent

to the term competence.

The competencies model has a closer alignment with the business strategy.

Our approach is an integral part of an information technology strategic planning

(ITSP) model and its methodology.

The ITSP model considers a dynamic application environment, which inte-

grates the strategic visions of the business/organization and the IT strategic vision

in a resulting uni�ed vision. Its conceptualization is based on three fundamen-

tal concepts: interaction, adaptation and evolution. The ITSP methodology is

organized in �fteen modules. The organization structure module deals with the

competencies model.

The rest of the example is structured in the following manner. The next

section presents the necessary mathematical background and terminology needed

to understand the rest of the paper. Section 3, describes the basic formalism of

the ITSP model and its methodology. Next, we describe the competencies model

in terms of the basic concepts and the graphical notation, in section 4. Section

5, discusses the issues associated to the competence model method. Section 6,

presents an application example using the HDPPN. Finally, section 7, concludes
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the paper presenting the current status of the work and future research directions

are given.

5.3.1 Conceptual Model of Competencies

In our model, there are three essential subjects to understand how to model

and quantify personnel pro�les for selection and optimal job performance: 1) a

competencies de�nition model, 2) an evaluation process model, and 3) a graphic

representation model.

The �rst subject concerns with the competencies that should be de�ned for

a position pro�le. In our model, every position pro�le is particularly outlined

under the support of a business process model, that is, the de�nition of the po-

sition pro�le competencies depends on the activities that a person must satisfy.

The business process model determines the scope and how competencies are hy-

pothesized to explain or predict most of the predictable variance in individual

performance within this domain. For example, if the job domain were de�ned as

�managerial�the following question arises: are the competencies which represent

the cognitive and the psychometric abilities be su¢ cient to describe most of the

criterion variance, or would the inclusion of the competencies related with emo-

tional intelligence ([78], [144]) enhance the prediction?. Cognitive, psychometric

and emotional intelligence competencies could be included, but with a relative

importance (some studies suggest that the relative importance of the emotional
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intelligence in managers must be between 45 to 65 percent).

In early practices many competencies have been proposed and used for the

evaluation of job positions, but the speci�c competencies set selected depended on

the opinion and the point of view of the position designer. They were also based on

the �experience�. Therefore, it was suggested a limited number of competencies

for cognitive and practical reasons. However, competencies de�nition cannot be

discussed in vacuum; there must be a reference to the business process model.

The business process model method is based on the decomposition of the

business strategy ([39]). High-level business strategies are re�ned up to the point

where they reach a tactical business strategy level, described only in terms of

goals and strategies. The notion of on the decomposition of the business strategy

is adopted to represent the re�nement process of the business strategy. These

kind of activities are considered as goals �operations� and they are applied in

accordance with the strategies needed to achieve these goals. Thus, the process

of the decomposition results in a set of primitive actions such as "ordering a

product". The strategies are expressions that de�ne valid state transitions in

the process of a business. In fact, these strategies specify how an event occur and

they represent either integrity rules or control operations. Since the decomposition

of the business strategy determines actions sequence applications, a process can

be ordered by introducing a partial ordered relation. The method considers a

dynamic application of the domain, since the organizational model is able to
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modify its structure and respond appropriately to the changes in the business

strategy.

HDPPNs ([41]) are used for the representation of the business process, tak-

ing advantage of the well-known properties of this namely approach, the formal

semantic, the graphical display and the wide acceptance by practitioners. The

HDPPN model of a business process gives a speci�c and unambiguous description

of the behavior of the process. Its solid mathematical foundation has resulted in

di¤erent analysis methods and tools.

The second subject is how competencies will be measured. When a compe-

tence is actually de�ned, it is classi�ed as well. A competence class is de�ned as

a collection of competencies which have common properties. Competence classes

depend on the application domain. The competence classes play a fundamental

role in the model of a position pro�le, because each competence class determines

the �rst level relative importance. However, competencies are complex concepts,

and their properties are insu¢ cient to de�ne a competence in detail. It is necessary

that each competence be re�ned into sub-competencies structured in a hierarchi-

cal way. The model supports a n-level decomposition competencies, though for

a practical purpose, we just used three levels: competence class, competence and

sub-competence. For the purpose of this paper, we will confuse and understand

the terms competence class, competence and sub-competence as competence.

For evaluating an employee prototype are used metrics to rate the domain
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degree (the minimum expected value) needed to satisfy the sub-competencies of

the partition functions. They consist of a measurement scale and a measurement

method. One or more metrics could be selected and de�ned to evaluate each

sub-competence. Metrics are preferably measured qualitatively by using certainty

linguistic values, without discarding quantitative measurement.

Linguistic certainty values constitute the verbal scale that experts commonly

use to express their degree of certainty in the factors of the evaluation. Studies in

psychology have shown the practicability of such verbal scales. It is known that

people give numerical estimations on a common day situation error, and most of

the time, they are inconsistent in their judgment imprecision. However, judgments

embodied in linguistic descriptors appear consistent in this same situation. Each

linguistic value is represented by a fuzzy interval, i.e., the function membership

of a fuzzy set on the real line is shown in the space represented by [0,1].

For evaluating evaluated applicants are used psychological tools to measure

sub-competencies of the partition functions. Examples of psychological tools are:

psychometric tests, emotional intelligence tests, feed-back 360o, assessment cen-

ters, interviews, and some others.

For validating the selection process the behavior of each employee is simulated

using the HDPPN. The validation process produces a utility value of the employee

behavior.

The third subject is how the evaluation of the competencies will be repre-
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Figure 5.8: Competence Graphic Representation Model
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Figure 5.9: HDPPN Competences level
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sented. The graphic representation model plays a fundamental role in the inter-

pretation of the evaluation. The position pro�le should be expressed as simple as

possible, considering that the properties of the position pro�le require di¤erent

rating levels and weights. The simplicity of it has the speci�c purpose in which the

evaluation process would be easily carried out. In this sense, we suggest a special

pie chart to represent the model (Figure 5.11). In the pie each slide represents a

competence (competence class, competence and sub-competence), where the rel-

ative weight is represented by the angle of the slide and the rating value by its

radius. The competencies model provides a tool in order to de�ne an "employee

prototype" (the ideal or expected employee) in terms of competencies, and it is

also a tool which determines how to evaluate such prototype. The ideal employee

is a direct consequence of the ideal business process model.

On the other hand, the validating process uses the graphical representation

provided by the HDPPN to represent the utility of the employe bahavior. De-

spite of the formal background, HDPPN graphical model (�gure 5.12) is easy to

understand.

5.3.2 Identifying and Assessing Position Pro�le Process

The main process for the evaluation of the position pro�le competencies takes

the following steps: a design of the model of the business process, the competen-

cies de�nition, a metric selection, a prototype evaluation, measurement tools and
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rating applicants, an appraisal and a validation process.

� Business process model design.- The business process is regarded as a set

of activities. These activities are considered as goals �operations�and they

are applied in accordance with the strategies to achieve the goals. Strategies

determine the legal sequentially movements that can be made from any

activity to another. The structure of each node in the decomposition of a

business strategy is a complex subject, which is de�ned by the ordered pair

goal strategy. Business process are modeled using HDPPNs ([41]) as follows:

1. The HDPPN development is carry out via an incremental construction

by iteratively re�ning the net of activities (Figure 5.12). The develop-

ment of a HDPPN at the highest level starts with a set of (usually)

incomplete and informal net of activities.

2. Places in the HDPPN are inscribed by an informal textual description

of the states and transitions by a textual description of the action�s

functionality.

3. A single transition in a HDPPN at the highest level may be re�ned

in several transitions (that preserve the initial behavior) in a new low

level HDPPN in order to specify the respective activity in more detail.

Formal rules for admissible, behavior preserving re�nements of nets

have been proposed in [108] and [129].
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� Competencies consideration and prototype de�nition.- The competence de-

�nition is based on the model of the business process and is also a re�n-

ing process. For this propose we will develop HDPPNs in three di¤erent

re�ning levels: competence class, competence and sub-competence. The

HDPPN at competence class level has associated to each activity a compe-

tence class (not necessarily di¤erent). Consequently the HDPPN at compe-

tence level has associated to each activity a competence and the HDPPN

at sub-competence level has associated to each activity a sub-competence.

Note that sub-competencies are a re�ning of competencies and competen-

cies are a re�ning of competence classes. For the prototype de�nition some

remarks must be taken into acount:

1. The de�nition of a class depends on the domain of the application.

2. The relative importance for each competence class, competence and

sub-competence must be determined but di¤ers depending on the po-

sition pro�le.

� Metric selection and prototype evaluation.- To measure the "degree of the

domain" of each sub-competence metrics are selected and de�ned. Then

the rating criteria for each metric are de�ned. Each achieved score sub-

competencies is calculated and represented in a pie chart with its weight

(Figure 5.15). In the same way, competencies as well as competence classes
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Figure 5.10: Competence Classes Prototype

Figure 5.11: Competencies Prototype
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Figure 5.12: Subcompetencies Prototype

are calculated and represented (Figure 5.14, 5.13 respectively). As a result,

an employee prototype (supported by an ideal model of a business process)

is created.

� Measurement tools and rating applicants.- Depending on the application,

the psychological domain tools are selected to measure the sub-competencies.

Applicants are evaluated and each sub-competence is measured according to

the rating criteria. As a result, an evaluated employee pie chart is produced.

� Appraisal.- Each sub-competence achieves a score which is calculated and

represented in a pie chart which also gives its weight. In the same way,

competencies and competence classes are calculated and represented. After

all, the model produces an "approach degree" pie chart of how close is the

evaluated applicant of what is expected from the applicant.

� Validation process.- We will simulate in the HDPPN the posible behavior of
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each candidate having an approach degree satisfactory to be selected for a

speci�c job position.

1. By construction of the HDPPN each activity has associated a utility.

The utility value obtained for each sub-competence will be weighted

by the value obtained for the sub-competence in the appraisal step.

The same process will be carry out for the calculation of the utility at

each competence and competence class. It is important to note that

the calculation of the utility at the HDPPN competence level depends

on the utility calculation accomplished in the HDPPN sub-competence

level, as well as the utility at HDPPN competence class level depends

on the utility calculated at the HDPPN competence level.

2. Finally, the validation process produces a weighted utility value for

each sub-competence, competence and competence class at the corre-

sponding HDPPN level and gives an approach of the behavior of the

proposed candidate on the business process model.

In the pie chart each slice represents a competence. The weight (relative

importance) of each competence is represented by its angle, and the score is rep-

resented by its radius. The radius and the angle are scaled in six grades that

correspond to the six grade rating levels.

Formally, let S be a non-empty set of personal competencies and let f : S ! R

be a real function, for instance in human resources or psychology area:
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1. 8s 2 S : f(s) is the measure of the emotional self regulation capacity

2. 8s 2 S : f(s) is the measure of the management leadership capability

3. 8s 2 S : f(s) is the measure of the management conduction aptitude

4. 8s 2 S : f(s) is the measure of the quality management potential

5. 8s 2 S : f(s) is the measure of the management training knowledge

6. etc.

Let �rst consider �f be the equivalence relation on S induced by f

8s; t 2 S : s �f t() f(s) = f(t) (5.3)

Then the equivalence class (S= �f ) = f�(s)js 2 Sg.

We will identify every partition �(s) with the slice of a pie chart PC with the

angle and the height determined by initial values associated with the function f ,

such that PC =
j(S=�f )jW
i=1

�i(s):

The metric rating criterion was de�ned, and six grade rating levels were ap-

plied to these criteria. These levels are as follows: (1) very low, (2) low, (3)

regular, (4) good, (5) very good, (6) excellent.

Each competence class in the prototype pie chart is calculated by the following

formula:

nP
i=1

WiCi

nP
i=1

Wi

2 [0; 1] (5.4)
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where Wi is the weight of the competence and Ci is the expected value of the

competence.

The approach degree is calculated by scoring the measured level and the ex-

pected level using the following formulas:

Measured level =

nP
i=1

WiMi

nP
i=1

Wi

(5.5)

Expected level =

nP
i=1

WiCli

nP
i=1

Wi

(5.6)

Approach degree =

nP
i=1

WiMi

nP
i=1

WiCli

� 100 (5.7)

where Wi is the weight of the competence class, Mi is the value of the measure of

the competence class, Cli is the expected value of the competence class and n is

the number of the competence classes. Formulas are recursively applied for each

level: competencies and sub-competencies.

The Utility Approach Degree is calculated extending (8) as following:

U
�hj
k (pi) =

8>>>>>>>>>><>>>>>>>>>>:

Uk(p0) if i = 0; k = 0

L(�) �

0@ nP
i=1

WiMi

nP
i=1

WiCli

1A if i > 0; k = 0 & i � 0; k > 0

U
�hj
k (p

0
i) �

0@ nP
i=1

WiMi

nP
i=1

WiCli

1A if i > 0; k = 0 & i � 0; k > 0

(5.8)
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where

0@ nP
i=1

WiMi

nP
i=1

WiCli

1A is the approach degree. The rest is as de�ned in the prelimi-

naries.

5.3.3 Example
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Figure 5.13: HDPPN Competence Class level Budget Plan.

In this section we present an example of the application. We de�ne a scenario

for a planning manager. According to the process described in section fourth, we

�rst design the model of the business process. A part of the complete model of

a budget plan is represented in �gure 5.18 by a HDPPN (the complete business

model is out of the scope of this paper). In the whole business process model we

identify 46 sub-competencies and following the methodology we make groups of

15 competences and classify the competencies in �ve competence classes:

216



p6

p7 p8

q7 q8

3/7 4/7

p9

q9

p12

q12

1/5 3/5

q13

p13

•

q10

p10

Strategic
Planning

Management
Autonomy
in Solution
Problems

Quality
control

Management
Strategy

Change-
oriented
Management

• p6 Plan Approval Evaluation
• p7 Preliminary Plan Proposed
• p8 Alternative Plan Designed
• p9 Plan Proposed
• p10 QA Plan Developed
• p11 Contingence Plan Developed
• p12 Plan Adjusted
• p13 Plans Assembled

• q7 Plan Appraisal
• q8 Alternative Plan Design
• q9 Plan Proposal
• q10 QA Plan Development
• q11 Contingence Plan Development
• q12 Plan Adjustment
• q13 Plans Assembly

Classes

q11

p11

Assertivity

1/5

Total
Achievement

p6

p7 p8

q7 q8

3/7 4/7

p9

q9

p12

q12

1/5 3/5

q13

p13

•

q10

p10

Strategic
Planning

Management
Autonomy
in Solution
Problems

Quality
control

Management
Strategy

Change-
oriented
Management

• p6 Plan Approval Evaluation
• p7 Preliminary Plan Proposed
• p8 Alternative Plan Designed
• p9 Plan Proposed
• p10 QA Plan Developed
• p11 Contingence Plan Developed
• p12 Plan Adjusted
• p13 Plans Assembled

• q7 Plan Appraisal
• q8 Alternative Plan Design
• q9 Plan Proposal
• q10 QA Plan Development
• q11 Contingence Plan Development
• q12 Plan Adjustment
• q13 Plans Assembly

Classes

q11

p11

Assertivity

1/5

Total
Achievement

Figure 5.14: HDPPN Competence level Budget Plan �q2 re�nement �
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Figure 5.15: HDPPN Sub-Competence level Budget Plan �q7 re�nement �
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1. Management Training

(a) Human resources skills

(b) Management policy

2. Quality Management

(a) Service-oriented Management

(b) Quality control

(c) Change-oriented Management

(d) Total achievement

3. Management Leadership

(a) Assertivity

(b) Negotiation

(c) Group Handling

4. Management Conduction

(a) Strategic planning

(b) Management strategy

(c) Management autonomy in solution problems

5. Emotional Self Regulation
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Class Competence Sub-Competence

Communicate corporative needs

Leadership Management Assertivity Proceed straightforward in decision making

Confront the critic

Emotional Self Regulation Emotional Language Emotional sensibility

Emotional communication

Table 5.1: Sub-Competencies De�nition

(a) Adapting to stress

(b) Emotional language

(c) Confronting

Subsequently, we must de�ne metrics to evaluate the prototype and identify

the psychological tools for rating the applicants. Tables 5.2, 5.2 and 5.3 present

examples of the competence re�nement and they resume the process.

From table 5.2 and 5.3 we understand how to evaluate a sub-competence. In

table II, we associate two psychological tools: Five Personality Factors test and

an Interview. Moreover, Five Personality Factors test evaluate �ve factors, but we

only choose the expressive sociability factor to evaluate the sub-competence. In

table III, we use a complete test (Gnosis Facialis [144] or FEEL [118]) to evaluate

the sub-competence.
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Sub-Competence De�nition

Communicating To communicate opportunely and clearly the corporative needs to

corporative needs superiors and subordinates

Metrics

1) very low level e¤orts are required to communicate corporative needs

2) low level e¤orts are required to communicate corporative needs

3) regular level e¤orts are required to communicate corporative needs

4) much e¤ort is required to communicate corporative needs

5) too much e¤ort is required to communicate corporative needs

6) highest e¤orts are required to communicate corporative needs

Measuring Tools
1) Five Personality Factors test. Dimension: expressive sociability factor

2) Interview

Table 5.2: Sub-Competence Metrics and Measuring Tools
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Sub-Competence De�nition

Emotional sensibility The ability to identify in the others emotional states to take control of the

situation

Metrics

1) very low level ability is necessary to control situations

2) low level ability is necessary to control situations

3) regular level ability is necessary to control situations

4) good level ability is necessary to control situations

5) very good level ability is necessary to control situations

6) excellent level ability is necessary to control situations

Measuring Tools 1) Gnosis Facialis [144] or FEEL [118]

Table 5.3: Sub-Competence Metrics and Measuring Tools
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From the business process model we obtained 46 sub-competencies as shown

in �gure 6c. It continues with the process of each sub-competence in which a score

is achieved. Then it is calculated and represented in a pie chart with its weight.

And in the same way, competencies are calculated and represented. As a result,

the model produces an approach degree pie chart of how close is the evaluated

applicant of what is expected from the applicant. In �gure 5.19, 5.20 and 5.21 a

real evaluation of only 41 sub-competencies is shown.

Note that in �gure 8c, the result of the pie shows the opportunities (strengths

and weaknesses) areas of the applicant. The measured result can be easily un-

derstood based in the following idea. If a slide of the resulted pie has a �white

space�, this represents a weaknesses area. Otherwise, the requirements are ful-

�lled. So, the employee (applicant) is ready to occupy a given position if the pie

has no white spaces. That reveals how a development plan must be developed

and applied. The development and the application order are determined by the

weight and the average of the classes/competencies/sub-competencies.

For validation porpose we calculate the utility of each sub-competence, com-

petence and competence class, and weight the result with the percentage obtained

in the appraisal step. Some utility calculation are as follows:

De�ne the Lyapunov-like function L in terms of the Entropy H(pi) = �pi ln pi

as L = max
i=1;:::;j�j

(��i ln�i) then,

Example 5.3.1 the utility expected level of the sub-competencies de�ned in �gure
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7c for a given employee are :

Uk=0(p14) = 1 � 1

U
�hj
k=0(p15) = L[�14;15(p15)�U�14;15

k=0 (p14)]�0:75 = L[2=5�1]�0:75 = maxH[2=5]�

0:75 = 0:366 � 0:75 = 0:274

U
�hj
k=0(p16) = L[�14;16(p16)�U�14;16

k=0 (p14)]�0:82 = L[1=5�1]�0:82 = maxH[1=5]�

0:82 = 0:298 � 0:82 = 0:244

U
�hj
k=0(p17) = L[�14;17(p17)�U�14;17

k=0 (p14)]�0:98 = L[2=5�1] = maxH[2=5]�0:98 =

0:366 � 0:98 = 0:358

U
�hj
k=0(p18) = L[�15;18(p18) �U�15;18

k=0 (p15)+ �16;18(p18) �U�16;18
k=0 (p16)+ �17;18(p18) �

U
�17;18
k=0 (p17)]�0:94 = L[2=5�0:366+1=5�0:298+2=5�0:366]�0:94 = maxH[0:352]�

0:94 = 0:367 � 0:94 = 0:344

U
�hj
k=0(p19) = L[�18;19(p19)�U�18;19

k=0 (p18)]�0:91 = L[1=5�0:367]�0:91 = maxH[1=5�

0:367] � 0:91 = 0:191 � 0:91 = 0:174

U
�hj
k=0(p20) = L[�18;20(p20)�U�18;20

k=0 (p18)]�0:83 = L[1=5�0:367]�0:83 = maxH[1=5�

0:367] � 0:83 = 0:191 � 0:83 = 0:158

U
�hj
k=0(p21) = L[�19;21(p21) � U�19;21

k=0 (p19) + �20;21(p21) � U�20;21
k=0 (p20)] � 0:78 =

L[1 � 0:191 + 1=2 � 0:191] � 0:78 = maxH[0:253] � 0:78 = 0:358 � 0:78 = 0:279

U
�hj
k=0(p22) = L[�18;22(p22)�U�18;22

k=0 (p18)]�0:87 = L[3=5�0:367]�0:87 = maxH[0:220]�

0:87 = 0:333 � 0:87 = 0:289

U
�hj
k=0(p23) = L[�21;23(p23) � U�21;23

k=0 (p21) + �22;23(p22) � U�22;23
k=0 (p22)] � 0:93 =

L[1 � 0:358 + 1 � 0:333] � 0:93 = maxH[0:691] � 0:93 = 0:255 � 0:93 = 0:237
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U
�hj
k=0(p24) = L[�20;24(p24) � U�20;24

k=0 (p20)] � 0:96 = maxH[1=2 � 0:191] � 0:96 =

0:224 � 0:96 = 0:215

U
�hj
k=0(p25) = L[�24;25(p25)�U�24;25

k=0 (p24)]�0:79 = L[1�0:224]�0:79 = maxH[0:224]�

0:79 = 0:335 � 0:79 = 0:264

U
�hj
k=0(p26) = L[�23;26(p26) � U�23;26

k=0 (p23) + �25;26(p26) � U�25;26
k=0 (p25)] � 0:89 =

L[1 � 0:255 + 1 � 0:335] � 0:89 = maxH[0:59] � 0:89 = 0:311 � 0:89 = 0:277

The utility expected level of the competencies related with the previous sub-

competencies in �gure 7b are:

U
�hj
k=0(p7) = L[�6;7(p7)�U�6;7

k=0 (p26)]�0:4 = L[3=7�0:311]�0:4 = maxH[0:133]�

0:4 = 0:268 � 0:4 = 0:107

The utility expected level of the corresponding competence class in �gure 7a is:

U
�hj
k=0(p2) � 0:33 = L[�0;2(p2) � U�0;2

k=0 (p7)] � 0:33 = L[3=5 � 0:268] � 0:33 =

maxH[0:160] � 0:33 = 0:293 � 0:33 = 0:096

Concluding that for the competence class Management Conduction the utility

value for this given employee will be 0.096. The ideal utility can be calculated

using equation ??.

Conjecture 5.3.2 A formal framework for competencies model has been pre-

sented. The competencies model consists of a competencies de�nition model, an

evaluation process model and a graphic representation model.

This model provides the necessary and desirable properties to develop the posi-

tions pro�les. The model assists in addressing important issues in the evaluating
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Figure 5.16: Classes Evaluated Employee/Applicant

Figure 5.17: Competence Evaluated Employee/Applicant
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Figure 5.18: Sub-Competence Evaluated Employee/Applicant

area by helping to develop and quantify positions pro�les. As well as, the compe-

tencies model o¤ers the potential for a progressively developing knowledge base of

competencies for selecting and evaluating job performance.

In relation to issues concerning which competencies should be included, de�ned

and evaluated, every position pro�le is designed taking into account the business

process model. The modeling of the business process methodology was based in

business strategy transformation, establishing the relationship between the business

strategy and the competencies de�nition using HDPPN. This relationship makes

the competence model able to represent the question of problems in a coherent and

natural way.

In addition, the competencies model provides a tool to de�ne an employee
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prototype in terms of competencies, and it also provides a tool for determining

how to evaluate such type of prototype. Some psychological tools are used in the

model to measure the competencies of the evaluated candidates. As a result, the

model produces an "approach degree" of how close is the evaluated employee of

what is expected from the employee in particular.

To represent the positions pro�les the model is complemented with a special

pie chart, where the weight of each competence is represented by the angle of the

slide and the achieved score is represented by its radius. The model provides all

the information needed to build a development plan for an employee and how it

must be developed and applied.

The validation process simulate in the HDPPN the posible behavior of each

candidate. As a result, produces a weighted utility value for each sub-competence,

competence and competence class at the corresponding HDPPN level and gives an

approach of the behavior of the proposed candidate on the business process model.

This model can be applied to di¤erent application domains like: education,

health, crime and others. For instance, in the crime area a suspect identi�cation

is performed inversely of what we previously did. That is, having a database of

criminals, we would identify if the pro�le of a suspect (criminal prototype) is close

to a criminal in the database.

Current work related to the issues discussed in this paper is concerned with

the development of a software tool to support the design process, as well as the
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evaluation and the testing for large-scale industrial applications.
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CHAPTER 6

CONCLUSION

In this work, a formal framework for decision process and game shortest-path

problem representation has been presented. There are still a number of questions

relating classical decision process and game theory that may in future be addressed

satisfactorily within this framework. The traditional notions of stability in the

sense of Lyapunov, used to characterize the stability properties of the decision

process and game theory, have been explored. We introduce the notion of uni-

form practical stability and provide su¢ cient and necessary conditions of stability

for the decision process. In addition, we show that the system/mark-dynamic

and trajectory-dynamic properties of equilibrium, stability, decision point and

equilibrium point converge under some mild restrictions. The Lyapunov method

introduces a new equilibrium and stability concept in decision process and game

theory. Moreover, we introduce a new type of equilibrium point in the sense of

Lyapunov to game theory, lending necessary and su¢ cient conditions of stability

to the game, under certain restrictions. We prove that the equilibrium concept

in a Lyapunov sense coincides with the equilibrium concept of Nash, representing

an alternative way to calculate the equilibrium and stability of the game.

We introduce game theory as a novel application area, to the best of our
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knowledge, in Petri net theory. An algorithm for �nding the equlibrium point

has been described. The expressive power and the mathematical formality of the

DPPN/GPN contribute to bridging the gap between Petri nets and, Markov deci-

sion process and game theory. We also present extensions of the DPPN including

Colored Decision Petri nets (CDPNs), Hierarchical Decision Process Petri Net

(HDPPN), Game Entropy Petri Nets (GEPN). Illustrative examples, have been

given where equilibrium, stability, decision point and equlibrium points properties

have been shown to hold.
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Part III

Third Part
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APPENDICES

A. Colored Decision Process Petri Net

Colored Petri nets (CPNs) provide a framework for the design, validation and

veri�cation of systems. CPN combined the strength of place-transitions Petri nets

with the strength of programming languages. In this sense, place-transitions Petri

nets provide the primitives for describing synchronization of concurrent processes,

while a programming language provides the primitives for de�ning data types

(color sets) and manipulating data values. The formal de�nition of the syntax

and semantics of CPNs can be found in ([109], [110], [111], [112], [113]).

This section introduces a modeling paradigm for developing decision process

[38] representation called Colored Decision Process Petri Net (CDPPN). It extends

the Colored Petri net theoretic approach including the Markov decision processes,

using a utility function as a tool for trajectory planning. On the one hand, Colored

Petri nets are used for process representation, taking advantage of the well-known

properties of this approach namely, formal semantic and graphical display, giving

a speci�c and unambiguous description of the behavior of the process. On the
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other hand, Markov decision processes have become a standard model for decision

theoretic planning problems, having as key drawbacks the exponential nature of

the dynamic policy construction algorithms. Although, both perspectives are

integrated in a CDPPN they work in di¤erent execution levels. That is, the

operation of the Colored Petri net is not modi�ed and the utility function is used

exclusively for establishing a trajectory tracking in the place-transitions Petri net.

The main point of the CDPPN is its ability to represent the mark-dynamic

and the trajectory-dynamic properties of a decision process application. We will

identify the mark-dynamic properties of the CDPPN as those properties related

with only the Colored Petri net, and we will relate the trajectory-dynamic prop-

erties of the CDPPN as those properties related with the utility function at each

place that depends on a probabilistic routing policy of the Colored Petri net.

Within the mark-dynamic properties framework we show that the CDPPN

theoretic notions of stability are those of the Colored Petri net. In this sense, we

call equilibrium point to the place in a CDPPN that its marking is bounded, does

not change, and it is the last place in the net (a place without outgoing arcs).

In the trajectory-dynamic properties framework we de�ne the utility function

as a Lyapunov-like function [139]. The core idea of our approach uses a utility

function that is non-negative and converges to the equilibrium point. For instance,

in the arm race the level of defense of a nation is non-negative. In economics

models there are variables that corresponds with, for example, goods quantities
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that remains non-negative. In a followers population model each variable remains

non-negative and corresponds to the population in a followers type.

By an appropriate selection of appropriate Lyapunov-like functions under a

certain desired criteria it is possible to optimize the utility [33]. For optimizing the

utility we understand that is the maximum or the minimum utility (depending on

the concave or the convex shape of the application space de�nition). In addition we

used the notions of stability in the sense of Lyapunov to characterize the stability

properties of the CDPPN. The core idea of our approach uses a non-negative utility

function that converges in decreasing form to a (set of) �nal decisions states. It is

important to point out that the value of the utility function associated with the

CDPPN implicitly determines a set of policies, not just a single policy, in case of

having several decisions states that could be reached. We call optimum point to

the best choice selected from a number of possible �nal decisions states that may

be reached (to select the optimum point the decision process chooses the strategy

that optimizes the utility).

As a result, we extend the mark-dynamic framework including the trajectory-

dynamic properties. We show that the CDPPN mark-dynamic and the trajectory-

dynamic properties of equilibrium, stability and optimum point conditions con-

verge under certain restrictions: if the CDPPN is �nite and non-blocking then we

have that a �nal decision state is an equilibrium point i¤ it is an optimum point.

An algorithm for optimum trajectory planning used to �nd the optimum point
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is presented. It consists on �nding a �ring transition sequence such that an opti-

mum decision state will be reached in the CDPPN. For this propose the algorithm

uses the graphical representation provided by the Colored Petri net and the utility

function. It is important to note that the algorithm complexity depends on the

Lyapunov-like function chosen to represent the utility function.

The section is structured in the following manner. The next subsection dis-

cusses the main results of this section, providing a de�nition of the CDPPN and

giving a detailed analysis of the equilibrium, stability and optimum point con-

ditions for the mark-dynamic and the trajectory-dynamic parts of the CDPPN.

An algorithm for calculating the optimum trajectory used to �nd the optimum

point is proposed. For illustration purposes we show how the standard notions

of stability in CDPPN theory are applied to a practical example. Finally, some

conjectures are provided.

Colored Decision Process Petri Net Model

We introduce the concept of Colored Decision Process Petri nets (CDPPN)

by locally randomizing the possible choices, for each individual place of the Petri

net [38].

De�nition A..1 A Colored Decision Process Petri net is a 10-tuple CDPPN =

f�; P;Q; F;K;A+; A�;M0; �; Ug where

� � is a �nite set of non-empty sets, called colors,
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� P = fp0; p1; p2; :::; pmg is a �nite set of places,

� Q = fq1; q2; :::; qng is a �nite set of transitions,

� F � I [ O is a set of arcs where I � (P � Q) and O � (Q � P ) such that

P \Q = ? and P [Q 6= ?,

� K : P [Q �! � is the color function, where � is the set of �nite non-empty

sets,

� A+ : K(p)�K(q)! N is the forward incidence matrix of P �Q,

� A� : K(p)�K(q)! N is the backward incidence matrix of P �Q,

� M0 , the initial marking, is a vector indexed by the elements of P , where

M0(p) : K(p)! N .

� �(p; q) : K(p) �K(q) ! R+ is a routing policy representing the probability

of choosing a particular transition (routing arc), such that for each p 2

P ,
P

qj :(p;qj)2I
�((�p; �qj)) = 1

� U(p) : K(p)! R+ is a utility function.

The previous behavior of the CDPPN is described as follows. When a token

reach a place, it is reserved for the �ring of a given transition according to the

routing policy determined by U . A transition q must �re as soon as all the places

p1 2 P contain enough tokens reserved for transition q. Once the transition �res,
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it consumes the corresponding tokens and immediately produces an amount of

tokens in each subsequent place p2 2 P . When �(p; q)(�p; �q) = 0 means that

there are no arcs in the place-transitions Petri net. In �gures 6.1 and 6.2 we have

represented partial routing policies � that generates a transition from state p1 to

state p2 where p1; p2 2 P :

� case 1. In �gure 6.1 the probability that q1 generates a transition from state

p1 to p2 is 1/3. But, because q1 transition to state p2 has two arcs, the

probability to generate a transition from state p1 to p2 is increased to 2/3.

� case 2. In �gure 6.2 we set by convention for the probability that q1 generates

a transition from state p1 to p2 is 1/3 (1/6 plus 1/6). However, because

q1 transition to state p2 has only one arc, the probability to generate a

transition from state p1 to p2 is decreased to 1/6.

� case 3. Finally, we have the trivial case when there exists only one arc from

p1 to q1 and from q1 to p2.

It is important to note, that by de�nition the utility function U is employed

only for establishing a trajectory tracking, working in a di¤erent execution level

of that of the place-transitions Petri net. The utility function U in no way change

the place-transitions Petri net evolution or performance.

Remark A..2 In the previous de�nition we are considering nets with single ini-

tially marked place.
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Figure 6.1: CDPPN Routing policy case 1

Figure 6.2: CDPPN Routing policy case 2

Remark A..3 The previous de�nition in no way changes the behavior of the

place-transitions Petri Net, the routing policy is used to calculate the utility value

at each place of the net.

Remark A..4 It is important to note that the utility value can be re-normalized

after each transition or time k of the net.

Uk(:) denotes the utility at place pi 2 P at time k and let Uk = [Uk(:); :::; Uk(:)]T

denote the utility state of CDPPN at time k. FN(p; q) : K(p)�K(q) ! R+ is

the number of arcs from place p to transition q (the number of arcs from transition

q to place p). The rest of the CDPPN functionality is as described in the PN

preliminaries.

Consider an arbitrary pi 2 P and for each �xed transition qj 2 Q that forms an

output arc (qj; pi) 2 O, we look at all the previous places ph of the place pi denoted

by the list (set) p�ij = fph : h 2 �ijg where �ij = fh : (ph; qj) 2 I & (qj; pi) 2 Og,
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that materialize all the input arcs (ph; qj) 2 I and form the sum

X
h2�ij

	(ph; qj; pi) � Uk(ph)(�ph) 8�ph 2 K(ph) (A.1)

where	(ph; qj; pi)(�ph ; �qj ; �pi) = �(ph; qj)(�ph ; �qj)�
FN(qj ;pi)(�qj ;�pi )

FN(ph;qj)(�ph ;�qj )
8�ph 2 K(ph);8�qj 2

K(qj), and 8�pi 2 K(pi) and the index sequence j is the set fj : qj 2 (ph; qj) \

(qj; pi) & ph running over the set p�ijg.

Proceeding with all the qjs we form the vector indexed by the sequence j

identi�ed by (j0; j1; :::; jf ) as follows:

266664
P

h2�ij0

	(ph; qj0 ; pi)(�ph ; �qj0 ; �pi) � Uk(ph)(�p);
P

h2�ij1

	(ph; qj1 ; pi)(�ph ; �qj1 ; �pi) � Uk(ph)(�p);

:::;
P

h2�ijf

	(ph; qjf ; pi)(�ph ; �qjf ; �pi) � Uk(ph)(�p)

377775
(A.2)

Intuitively, the vector (4.18) represents all the possible trajectories through the

transitions qjs where (j1; j2; :::; jf ) to a place pi for a �xed i.

Continuing the construction of the de�nition of the utility function U , let us

introduce the following de�nition.

De�nition A..5 Let L : Rn ! R+ be a continuous map. Then, L is a Lyapunov-

like function [115] i¤ satis�es the following properties:

1. 9x� such that L(x�) = 0;

2. L(x) > 0 for 8x 6= x�;

240



3. L(x)!1 when x!1;

4. �L = L(xi+1)� L(xi) < 0 for all xi; xi+1 6= x�.

Then, formally we de�ne the utility function U as follows:

De�nition A..6 The utility function U with respect a Colored Decision Process

Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug is represented by the equa-

tion

U
qj
k (pi)(�pi) =

�
Uk(p0)(�p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0 (A.3)

where

� =

266664
P

h2�ij0

	(ph; qj0 ; pi)(�ph ; �qj0 ; �pi) � U
qj0
k (ph)(�ph);

P
h2�ij1

	(ph; qj1 ; pi)(�ph ; �qj1 ; �pi) � U
qj1
k (ph)(�ph);

:::;
P

h2�ijf

	(ph; qjf ; pi)(�ph ; �qjf ; �pi) � U
qjf
k (ph)(�ph)

377775
(A.4)

the function L : D � Rn+ ! R+ is a Lyapunov-like function which optimizes

the utility through all possible transitions (i.e. trough all the possible trajec-

tories de�ned by the di¤erent qjs), D is the decision set formed by the j�s ;

0 � j � f of all those possible transitions (qj pi) 2 O, 	(ph; qj; pi)(�ph ; �qj ; �pi) =

�(ph; qj)(�ph ; �qj)�
FN(qj ;pi)(�qj ;�pi )

FN(ph;qj)(�ph ;�qj )
8�ph 2 K(ph);8�qj 2 K(qj), and 8�pi 2 K(pi),

�ij is the index sequence of the list of previous places to pi through transition qj,

ph (h 2 �ij) is a speci�c previous place of pi through transition qj.

From the previous de�nition we have the following remark.
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Remark A..7

� Note that the Lyapunov-like function L guarantee that the optimal course of

action is followed, (taking into account all the the possible paths de�ned).

In addition, the function L establishes a preference relation because by def-

inition L is asymptotic, this condition, gives to the the decision maker the

opportunity to select a path that optimizes the utility.

� The iteration over k for U is as follows:

1. for i = 0 and k = 0 the utility is U0(p0)(�p0) at place p0 and for the

rest of the places pi the utility is 0,

2. for i � 0 and k > 0 the utility is U qj
k (pi)(�pi) 8�pi 2 K(pi) at each place

pi, is computed by taking into account the utility value of the previous

places ph for k and k � 1 (when needed).

Property A..8 The continues function U(:) satis�es the following properties:

1. 9p4 2 P such that

(a) if there exists an in�nite sequence fpig1i=1 2 P with pn !
n!1

p4 such

that 0 � ::: < U(pn)(�pn) < U(pn�1)(�pn�1)::: < U(p1)(�p1), then

U(p4)(�p4) is the in�mum, i.e. U(p4)(�p4) = 0 ,

(b) if there exists a �nite sequence p1; :::; pn 2 P with p1; :::; pn ! p4

such that C = U(pn)(�pn) < U(pn�1)(�pn�1)::: < U(p1)(�p1), then
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U(p4)(�p4) is the minimum, i.e. U(p4)(�p4) = C where C 2 R,

(p4 = pn),

2. U(p)(�p) > 0 or U(p)(�p) > C where C 2 R, 8p 2 P such that p 6= p4 ,

3. 8pi; pi�1 2 P such that pi�1 �U pi then �U = U(pi)(�pi)�U(pi�1)(�pi�1) <

0.

4. The routing policies decrease monotonically, i.e. �i � �j (notice that the

indexes i and j are taken j > i along a trajectory to the in�mum or the

minimum)

From the previous property we have the following remark.

Remark A..9 In property A.8 point 3 we state that�U = U(pi)(�pi)�U(pi�1)(�pi�1) <

0 for determining the asymptotic condition of the Lyapunov-like function. How-

ever, it easy to show that such property is convenient for deterministic systems.

In Markov decision process systems is necessary to include probabilistic decreasing

asymptotic conditions to guarantee the asymptotic condition of the Lyapunov-like

function.

Property A..10 The utility function U(p) : K(p)! R+ is a Lyapunov-like func-

tion.

Remark A..11 From property A.8 and A.10 we have that :
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� U(p4)(�p4) = 0 or U(p4)(�p4) = C means that a �nal state is reached.

With out lost generality we can say that U(p4)(�p4) = 0 by means of a

translation to the origin

� In property A.8 we determine that the Lyapunov-like function U(p)(�p) ap-

proaches to a in�mum/minimum when p is large thanks to property 4 of

de�nition A.5,

� Property A.8, point 3 is equivalent to the following statement:9" > 0 such

that
��U(pi)(�pi)� U(pi�1)(�pi�1)

�� > ", 8pi; pi�1 2 P such that pi�1 �U pi

For instance, the utility function U in terms of the entropy is a speci�c

Lyapunov-like function used in information theory as a measure of the information

disorder. Another possible choice is the min function, used in business process

reengineering to evaluate the job performance.

CDPPN Mark-Dynamic Properties

We will identify the mark-dynamic properties of the CDPPN as those prop-

erties related with the PN.

De�nition A..12 An equilibrium point with respect a Colored Decision Process

Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug is a place p� 2 P such

that Ml(p
�) = S <1, 8l � k and p� is the last place of the net.
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Theorem A..13 The Colored Decision Process Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug

is uniformly practically stable i¤ there exists a strictly positive linear mapping

� : K(p)WS ! �MS (with � normally one of the color sets already used in

CDPPN) such that �v = j� � A �Xj � 0.

Proof. =)) It follows directly from proposition 3.4.13

(=) Let us suppose by contradiction that j� � A �Xj > 0 with � �xed. From

M 0 = M + A �X we have that �M 0 = �M + � � A �X. Then, it is possible to

construct an increasing sequence �M < �M 0 < ::: < �Mn < ::: which grows up

without bound. Therefore, the CDPPN is not uniformly practically stable.

Remark A..14 It is important to underline that the only places where the CDPPN

will be allowed to get blocked, are those which correspond to equilibrium points.

CDPPN Trajectory-Dynamic Properties

We will identify the trajectory-dynamic properties of the CDPPN as those

properties related with the utility at each place of the PN. In this sense, we will

relate an optimum point the best possible performance choice. Formally we will

introduce the following de�nition.

De�nition A..15 A �nal decision point pf 2 P with respect a Colored Decision

Process Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug is a place p 2 P

where the in�mum is asymptotically approached (or the minimum is attained), i.e.

U(p)(�p) = 0 or U(p)(�p) = C.
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De�nition A..16 An optimum point p4 2 P with respect a Colored Decision

Process Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug is a �nal decision

point pf 2 P where the best choice is selected �according to some criteria�.

Property A..17 Every Colored Decision Process Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug

has a �nal decision point.

Remark A..18 In case that 9p1; :::; pn 2 P , such that U(p1) = ::: = U(pn) = 0,

then p1; :::; pn are optimum points.

Proposition A..19 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a Col-

ored Decision Process Petri net and let p4 2 P an optimum point. Then U(p4)(�p4) �

U(p)(�p), 8p 2 P such that p �U p
4.

Proof. We have that U(p4)(�p4) is equal to the minimum or the in�mum.

Therefore, U(p4)(�p4) � U(p)(�p) 8p 2 P such that p �U p
4.

Theorem A..20 The Colored Decision Process Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug

is uniformly practically stable i¤ U(pi+1)(�pi+1)� U(pi)(�pi) � 0.

Proof. (=)) Let us choose v = Id(U(pi)) then �v = U(pi+1)(�pi+1) �

U(pi)(�pi) � 0, then by the autonomous version of theorem 3.2.8 and corollary

3.2.9, the CDPPN is stable.

((=) We want to show that the CDPPN is practically stable, i.e., given

0 < � < A we must show that jU(pi)(�pi)j < A. We know that U(p0)(�p0) < �
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and since U is non-decreasing we have that jU(pi)(�pi)j < jU(p0)(�p0)j < � < A.

De�nition A..21 A strategy with respect a Colored Decision Process Petri net

CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug is identi�ed by � and consists of

the routing policy transition sequence represented in the CDPPN graph model

such that some point p 2 P is reached.

De�nition A..22 An optimum strategy with respect a Colored Decision Process

Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug is identi�ed by �4 and

consists of the routing policy transition sequence represented in the CDPPN graph

model such that an optimum point p4 2 P is reached.

Equivalently we can represent (4.19, 4.20) as follows:

U
�hj
k (pi)(�pi) =

�
Uk(p0)(�p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0 (A.5)

� =

266664
P

h2�ij0

�hj0(pi)(�pi) � U
�hj0
k (ph)(�ph);

P
h2�ij1

�hj1(pi)(�pi) � U
�hj1
k (ph)(�ph); :::;

P
h2�ijf

�hjf (pi)(�pi) � U
�hjf
k (ph)(�ph)

377775
(A.6)

where �hj(pi)(�pi) = 	(ph; qj; pi)(�ph ; �qj0 ; �pi). The rest is as previous de�ned.

Notation A..23 With the intention to facilitate even more the notation we will

represent the utility function U as follows:
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1. Uk(pi)(�pi)
4
= U

qj
k (pi)(�pi)

4
= U

�hj
k (pi)(�pi) for any transition and any strat-

egy,

2. U4k (pi)(�pi)
4
= U

q4j
k (pi)(�pi)

4
= U

�4hj
k (pi)(�pi) for an optimum transition and

optimum strategy.

The reader will easily identify which notation is used depending on the context.

Convergence of the CDPPNMark-Dynamic and Trajectory-Dynamic

Properties

Theorem A..24 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a Colored

Decision Process Petri net. If p� 2 P is an equilibrium point then it is a �nal

decision point.

Proof. Let us suppose that p� is an equilibrium point. We want to show that

its utility has asymptotically approached an in�mum (or reached a minimum).

Since p� is an equilibrium point, by de�nition, it is the last place of the net and

its marking can not be modi�ed. But, this implies that the routing policy attached

to the transition(s) that follows p� is 0, (in case there is such a transition(s) i.e.,

worst case). Therefore, its utility can not be modi�ed and since the utility is a

decreasing function of pi an in�mum or a minimum is attained. Then, p� is a

�nal decision point.

Theorem A..25 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a �nite
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and non-blocking Colored Decision Process Petri net (unless p 2 P is an equi-

librium point). If pf 2 P is a �nal decision point then it is an equilibrium point.

Proof. If pf is a �nal decision point,since the CDPPN is �nite, there exists

a k such that Uk(pf )(�pf ) = C. Let us suppose that pf is not an equilibrium point.

case 1. Then, it is not bounded. So, it is possible to increment the marks of pf

in the net. Therefore, it is possible to modify its utility. As a result, it is possible

to obtain a lower utility than C.

case 2. Then, it is not the last place in the net. So, it is possible to �re some

output transition to pf in such a way that its marking is modi�ed. Therefore, it is

possible to modify the utility over pf . As a result, it is possible to obtain a lower

utility than C.

Corollary A..26 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a �nite

and non-blocking Colored Decision Process Petri net (unless p 2 P is an equilib-

rium point). Then, an optimum point p4 2 P is an equilibrium point.

Proof. From the previous theorem we know that a �nal decision point is an

equilibrium point and since in particular p4 is �nal decision point then, it is an

equilibrium point.

Remark A..27 The �nite and non-blocking (unless p 2 P is an equilibrium

point) condition over the CDPPN can not be relaxed:

1. Let us suppose that the CDPPN is not �nite, i.e. p is in a cycle then, the
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Lyapunov-like function converges when k ! 1, to zero i.e., L(p) = 0 but

the CDPPN has no �nal place therefore, it is not an equilibrium point.

2. Let us suppose that the CDPPN blocks at some place (not an equilibrium

point) pb 2 P . Then, the Lyapunov-like function has a minimum at place

pb; lets say L(pb) = C but pb is not an equilibrium point, because it is not

necessary the last place of the net.

De�nition A..28 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a Colored

Decision Process Petri net. A trajectory ! is an (�nite or in�nite) ordered subse-

quence of places p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: such that a given strategy

� holds.

De�nition A..29 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a Colored

Decision Process Petri net. An optimum trajectory ! is an (�nite or in�nite)

ordered subsequence of places p&(1) �U4k
p&(2) �U4k

::: �U4k
p&(n) �U4k

::: such that

the optimum strategy �4 holds.

Theorem A..30 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a non-

blocking Colored Decision Process Petri net (unless p 2 P is an equilibrium point)

then we have that:

U4k (p
4)(�p4) � Uk(p)(�p), 8�; �4

Proof. We have that

U
�hj
k (pi)(�pi) =

�
Uk(p0)(�p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0
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� =

266664
P

h2�ij0

�hj0(pi)(�pi) � U
�hj0
k (ph)(�ph);

P
h2�ij1

�hj1(pi)(�pi) � U
�hj1
k (ph)(�ph); :::;

P
h2�ijf

�hjf (pi)(�pi) � U
�hjf
k (ph)(�ph)

377775 :

Then, starting from p0 and proceeding with the iteration, eventually the tra-

jectory ! given by p0 = p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: which converges to

p4; i.e., the optimum trajectory, is obtained. Since at the optimum trajectory the

optimum strategy �4 holds, we have that U4k (p
4)(�p4) � Uk(p)(�p), 8�; �4.

Remark A..31 The inequality U4k (p
4)(�p4) � Uk(p)(�p) means that the utility

is optimum when the optimum strategy is applied.

Corollary A..32 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a non block-

ing Colored Decision Process Petri net (unless p 2 P is an equilibrium point) and

let �4 an optimum strategy. Set L = min
i=1;:::;j�j

f�ig then, U4k (p)(�p) is equal to:

�40jm(p&(0))(�p&(0)) �41jm(p&(0))(�p&(0)) ::: �4njm(p&(0))(�p&(0))

�40jn(p&(1))(�p&(1)) �41jn(p&(1))(�p&(1)) ::: �4njn(p&(1))(�p&(1))

::: ::: ::: :::

�40jv(p&(i))(�p&(i)) �41jv(p&(i))(�p&(i)) ::: �4njv(p&(i))(�p&(i))

::: ::: ::: :::| {z }
�4

Uk(p0)(�p0)

Uk(p1)(�p1)

:::

Uk(pi)(�pi)

:::| {z }
U

(A.7)

where p is a vector whose elements are those places which belong to the optimum
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trajectory ! given by p0 � p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: which converges

to p4.

Proof. Since at each step of the iteration U4k (pi)(�pi) is equal to one of the

elements of vector �; we have that the representation that describes the dynamical

utility behavior of tracking the optimum strategy �4 is:

�40jm(p&(0))(�p&(0)) �41jm(p&(0))(�p&(0)) ::: �4njm(p&(0))(�p&(0))

�40jn(p&(1))(�p&(1)) �41jn(p&(1))(�p&(1)) ::: �4njn(p&(1))(�p&(1))

::: ::: ::: :::

�40jv(p&(i))(�p&(i)) �41jv(p&(i))(�p&(i)) ::: �4njv(p&(i))(�p&(i))

::: ::: ::: :::| {z }
�4

Uk(p0)(�p0)

Uk(p1)(�p1)

:::

Uk(pi)(�pi)

:::| {z }
U

where jm; jn; :::; jv; ::: represent the indexes of the optimal routing policy, de�ned

by the q0js.

Plane symmetry involves moving all points around the plane so that their

positions relative to each other remain the same, although their absolute positions

may change. In analogy, let us introduce the following de�nition.

De�nition A..33 A Colored Decision Process Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug

is said to be symmetric if it is possible to decompose it into some �nite number

(greater than 1) of sub-Petri nets in such a way that there exists a bijection  
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between all the sub-Petri nets such that

(p; q) 2 I , ( (p);  (q)) 2 I and (q; p) 2 O , ( (q);  (p)) 2 O

for all of the sub-Petri nets.

Corollary A..34 Let CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug be a non block-

ing (unless p is an equilibrium point) symmetric Colored Decision Process Petri

net and let �4 be an optimum .strategy. Set L = min
i=1;:::;j�j

f�ig then,

�4U � �U 8�; �4

where the �and �4 are represented by a matrix and U is represented by a vector.

Proof. From the previous corollary thanks to the symmetric property, we

obtain that 8�; �4 the vector inequality �4U � �U holds.

Optimum Trajectory Planning

Given a non-blocking (unless p 2 P is an equilibrium point) Colored Decision

Process Petri net CDPPN = f�; P;Q; F;K;A+; A�;M0; �; Ug, the optimum tra-

jectory planning consists in �nding the �ring transition sequence u such that the

optimum target state Mt with the optimum point is achieved. The target state

Mt belongs to the reachability set R(M0), and satis�es condition that it is the last

and �nal task processed by the CDPPN with some �xed starting state M0 with

utility U0.
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Theorem A..35 The optimum trajectory planning problem is solvable.

Proof. Fromwhat shown in theoremA.30 for each step we �nd U4k (p&(1))(�p&(1)); :::; U
4
k (p&(i))(�p&(i)); :::; U

4
k (p

4)(�p4).

De�ne a mapping (see notation A.23)

ur(U
q4j
k (p&(i))(�p&(i))) = [0; :::; 0; 1(�p&(i)); 0; :::; 0] (A.8)

with 1 in position j and zero everywhere else, and set u =
P
r

ur((U
q4j
k (p&(i))(�p&(i)));

where the index r runs over all the transitions associated with the subsequence

&(i) such that p&(i) converge to p4, then, by construction the optimum point is

attained.

Remark A..36 The order in which the transitions are �red, is given by the order

of the transitions, inherited from the order of the subsequence p&(i).

Conjecture A..37 A formal framework for Colored Decision Process Petri nets

has been presented. The expressive power and the mathematical formality of the

CDPPN contribute to bridging the gap between Petri nets and the Markov deci-

sion processes. In this sense, there are a number of questions relating classical

planning that may in the future be addressed satisfactorily within this framework.

The traditional notions of stability in the sense of Lyapunov used to characterize

the stability properties of the CDPPN were explored. We introduce the notion of

uniformly practically stable and provide su¢ cient and the necessary conditions of

stability for the CDPPN. In addition, we show that the CDPPN mark-dynamic
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and trajectory-dynamic properties of equilibrium, stability and optimum point con-

verge under some mild restrictions. An algorithm for optimum trajectory planning

used to identify the optimum point was described. Illustrative examples where equi-

librium, stability and �nal decision points properties of the CDPPN were shown

to hold were addressed.

B. Hierarchical Decision Process Petri Nets

The most critical point in the development of complex system depends largely

on the ability to choose a conceptual model to represent the problem domain in a

coherent and natural fashion. Formal models that capture and organize knowledge

hierarchically can facilitate solutions to this problem.

Decision Process Petri Nets (DPPN) are used for complex systems representa-

tion, taking advantage of the well-know properties of the Petri nets namely, formal

semantic, graphical display and decision process ([34], [35]). However, DPPNs lack

as any other Petri nets at least two important characteristics, on the one hand a

way of adding structure and, on the other hand, a way of decomposing larger nets

into smaller ones. One of the basic approaches for accomplishing this task is the

hierarchical decomposition.

In order to provide hierarchical features in the DPPN based development

method was introduced the Hierarchical Decision Process Petri Nets (HDPPN)

[41]. The idea has been advocated and tested for modeling of complex processes
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by a number of researchers in Petri nets ([25], [91], [105], [108]). The proposed

hierarchical decompositions forms allow the replacement of transitions by more

complex nets which describe a re�nement of the view.

From a practical point of view, to model a complex system it is convenient

to concentrate on some activities which are regarded as being essential for the

system functionality, and to abstract the activity behavior in the early design

stages. When the design evolves, every single transition in a net may be re�ned

by a new net in order to specify the respective activity in more detail.

Under this method a complex system could be divided into various levels of

detail in a top-down approach. The hierarchical decomposition can be used as a

structuring mechanism to organize the development of a system in an e¢ cient and

coherent manner. It allows the decomposition of the system into di¤erent levels

of detail giving increased modeling adaptability. The intention of this approach is

to de�ne an equivalence relation able to construct the hierarchical partition. Such

that, at the top level it provides a higher level of abstraction and a complete view

of the system without a great speci�cation, and at the lowest level it provides a

high degree of design detail.

However the hierarchy in the HDPPN formalism is not only used for net

e¢ ciency or model speci�cation. One of the most important problems that the

DPPN theory confronts is the analysis and the utility function calculation of the

sophisticated systems which is usually huge for real applications. The complexity
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of the analysis of the DPPN can be reduced signi�cantly if it is hierarchically

decomposed. The hierarchical decomposition process generates simple nets with

an equivalent behavior. As a result, the net is divided into small sets and the

complexity of the analysis of the DPPN is reduced considerably.

The main point of the HDPPN is its ability to represent the mark-dynamic

and the trajectory-dynamic properties of a hierarchical decision process appli-

cation. We will identify the mark-dynamic properties of the HDPPN as those

properties related with only the place-transitions Petri nets, and we will relate

the trajectory-dynamic properties of the HDPPN as those properties related with

the utility function at each place that depends on a probabilistic routing policy

of the DPPN. Within the mark-dynamic properties framework we show that the

HDPPN theoretic notions of local and global stability are those of the DPPN.

In the trajectory-dynamic properties framework we de�ne the utility function as

a Lyapunov-like function that is able to track hierarchically the net and to con-

verge to an equilibrium point [33]. By an appropriate selection of appropriate

Lyapunov-like functions under a certain desired criteria it is possible to optimize

the utility. In addition we used the notions of local and global stability in the

sense of Lyapunov to characterize the stability properties of the HDPPN. The

HDPPN uses a non-negative utility function (as the DPPN does) that converges

in decreasing form to a (set of) �nal decision state. We show that if the HDPPN

is �nite and non-blocking then we have that a �nal decision state is an equilibrium
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point i¤ it is an optimum point. We present an algorithm for optimum hierarchi-

cal trajectory planning used to �nd the optimum point. It consists on �nding a

�ring transition sequence such that an optimum decision state will be hierarchi-

cally reached in the HDPPN. For this propose the algorithm uses the graphical

representation provided by the place-transitions Petri net and the utility function.

The section is structured in the following manner. The next subsection dis-

cusses the main results of this section, providing a de�nition of the HDPPN and

giving a detailed analysis of the equilibrium, stability and optimum point con-

ditions for the mark-dynamic and the trajectory-dynamic parts of the HDPPN.

An algorithm for calculating the optimum trajectory used to �nd the optimum

point is proposed. For illustration purposes we show how the standard notions

de�ned in HDPPN theory are applied to a practical example. Finally, some

conjectures are provided. For completeness, appendices related with the mark-

dynamic, trajectory-dynamic and, the convergence of the HDPPN mark-dynamic

and trajectory-dynamic properties are included.

Hierarchical Decision Process Petri Nets Model

Let DPPN = fP;Q; F;W;M0; �; Ug be a Decision Process Petri net and let

f : P [Q! 2P[Q a re�nement function such that 8s 2 P [Q : f(s) de�nes the

immediate descendant element of s.

Let �f be the equivalence relation on P [Q induced by f such that:
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8s1; s2 2 P [Q : s1 �f s2 () f(s1) =f f(s2) (B.9)

then the collection of equivalence classes (P [Q= �f ) = fC(s)js 2 P [Qg where C

denotes class, is a poset. Thus, (P [Q= �f ) is linearly ordered and, consequently,

it is a lattice. The structure (P [Q= �f ) is indeed trivial: all elements in P [Q

belonging to the same net under f are identi�ed in this quotient set.

On the other hand, let us consider the relation �f as follows:

8s1; s2 2 P [Q : s1 �f s2 () f(s1) �f f(s2) (B.10)

This relation is re�exive and transitive, but it is not antisymmetric in must

cases1. Thus, �f is not an ordering in P [Q.

At this point let us recall some basic notions on orderings. A binary relation

� over a set X is a partial order if it satis�es the following three properties:

re�exivity, antisymmetry and transitivity. A total order is a partial order that

satis�es a fourth property known as comparability, where every element is related

with every element one way or the other. A set and a partial order on that set

de�ne a partially ordered set, or poset for short. A quasi order is a relation �

that satis�es: re�exivity and transitivity. Formally, let (X;�) be a poset and let

S � X. Then an element b 2 S is a minimal element of S if there is no element

a 2 S that satis�es a � b. Similarly an element b 2 S is a maximal element of

1It is antisymetric if and only if f is one-to-one
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S if there is no element a 2 S that satis�es b � a. It is important to note about

maximal elements is that they are in general not the greatest element of a subset

S, formally we have an element b 2 S is the greatest element of S if for every

element a 2 S, a � b. Dually, an element b 2 S is the least element of S if for

every element a 2 S, b � a. Note that the least element of a poset is unique if one

exists because of the antisymmetry of �. A strict partial order is a binary relation

which is irre�exive, asymmetric and transitive. Strict partial orders correspond

to directed acyclic graphs (DAGs), such that every strict partial order is a DAG,

and the transitive closure of a DAG is both a strict partial order and also a DAG

itself.

For any s 2 P [Q let the successors of s

t 2 suc(s) i¤ s 6= t; s �f t and 8t1 : s �f t1 �f t =) (t1 =f s)_ (t1 =f t) (B.11)

For any s 2 P [Q let the predecessors of s

t 2 pre(s) i¤ t 6= s; t �f s and 8t1 : t �f t1 �f s =) (t1 =f t)_ (t1 =f s) (B.12)

Therefore, let P [Q be ordered by the following relationship:

8s1; s2 2 P [Q s1 < s2 , (s1 <f s2) _ (s1 �f s2) _ (s2 <f s1) (B.13)

Thus, f is inducing a hierarchical structure on the DPPN .

Therefore, we can introduce the hierarchical partition fDPPN�g�2� (where �

is a �nite set) of the DPPN induced by f; such that each pair (s; t) 2 P� [Q� :
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(s; t) is an edge i¤ t 2 suc(s) in the DPPN� (or equivalently, s 2 pre(t)). Let us

say that f is consistent if the hierarchical structure has no cycles. From now on,

we will consider only consistent functions.

De�nition B..1 A Hierarchical Decision Process Petri NetHDPPN is the graph

whose set of nodes are the partition fDPPN�g�2� induced by a re�nement function

f .

The minimal elements are those with no predecessors, i.e. nodes with null

inner degree in HDPPN . The maximal elements are those with no successors,

i.e. node with null outer degree in HDPPN .

Let us de�ne the upper distance d+ as follows:

d+(s; t) = 1 () t 2 suc(s)

d+(s; t) = 1 + r () 9t1 : d+(s; t1) = r & d+(t1; t) = 1

Similarly, the lower distance d� is

d�(s; t) = 1 () t 2 pre(s)

d�(s; t) = 1 + r () 9t1 : d�(s; t1) = r & d�(t1; t) = 1

Thus d+(s; t) = d�(t; s).

The upper height of a node s is h+(s) = Maxfd+(s1; s)js1 is minimalg: The

lower height of a node s is h�(s) =Maxfd�(s1; s)js1 is maximalg.

Let P�; Q� the set of places and transitions of the DPPN�. Places and tran-

sitions in the HDPPN are numerated consecutively and will receive the number
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of the corresponding DPPN� if will be necessary, i.e. p�i corresponds with the

place i at the DPPN� otherwise we will identify the place only as pi.

LetM�k(p�i) denote the marking (i.e., the number of tokens) at place p�i 2 P�

at time k and let M�k = [M�k(p�1); :::;M�k(p�m)]
T denote the marking (state)

of DPPN� at time k. A transition q�j 2 Q� is said to be enabled at time k if

M�k(p�1) � W�(p�1; q�j) for all p�i 2 P� such that (p�i; q�j) 2 F�. It is assumed that

at each time k there exists at least one transition to �re, i.e. it is not possible to

block the net. If a transition is enabled then, it can �re. If an enabled transition

q�j 2 Q� �res at time k then, the next marking for p�i 2 P� is given by

M�k+1(p�i) =M�k(p�i) +W�(q�j; p�i)�W�(p�i; q�j):

Let A� = [aij] denote an n�m matrix of integers (the incidence matrix) where

aij = a+ij � a�ij with a
+
ij = W�(q�i; p�j) and a�ij = W�(p�j; q�i) . Let uk 2 f0; 1gn

denote a �ring vector where if q�j 2 Q� is �red then, its corresponding �ring

vector is uk = [0; :::; 0; 1; 0; :::; 0]T with the "1" in the jth position in the vector

and zeros everywhere else. The matrix equation (nonlinear di¤erence equation)

describing the dynamical behavior represented by a Petri net is:

M�k+1 =M�k + AT� uk (B.14)

where if at step k, a�ij < M�k(p�j) for all p�j 2 P� then, q�i 2 Q� is enabled

and if this q�i 2 Q� �res then, its corresponding �ring vector uk is utilized in
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the di¤erence equation (3.9) to generate the next step. Notice that if M
0
� can be

reached from some other markingM� and, if we �re some sequence of d transitions

with corresponding �ring vectors u0; u1; :::; ud�1 we obtain that

M
0

� =M� + AT� u; u =

d�1X
k=0

uk: (B.15)

Figure 6.3: HDPPN Routing policy case 1

Figure 6.4: HDPPN Routing policy case 2

In �gures 6.3 and 6.4 we have represented partial routing policies � that

generates a transition from state p1 to state p2 where p1; p2 2 P :

� case 1. In �gure 6.3 the probability that q1 generates a transition from state

p1 to p2 is 1/3. But, because q1 transition to state p2 has two arcs, the

probability to generate a transition from state p1 to p2 is increased to 2/3.

� case 2. In �gure 6.4 we set by convention for the probability that q1 generates

a transition from state p1 to p2 is 1/3 (1/6 plus 1/6). However, because
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q1 transition to state p2 has only one arc, the probability to generate a

transition from state p1 to p2 is decreased to 1/6.

� case 3. Finally, we have the trivial case when there exists only one arc from

p1 to q1 and from q1 to p2.

Remark B..2 In the previous de�nition we are considering nets with single ini-

tially marked place.

Remark B..3 The previous de�nition in no way changes the behavior of the

place-transitions Petri Net, the routing policy is used to calculate the utility value

at each place of the net.

Remark B..4 It is important to note that the utility value can be re-normalized

after each transition or time k of the net.

Uk(:) denotes the utility at place p�i 2 P� at time k and let Uk = [Uk(:); :::; Uk(:)]T

denote the utility state of HDPPN at time k. FN� : F� ! R+ is the number of

arcs from place p to transition q at level � (the number of arcs from transition q

to place p). The rest of the HDPPN functionality is as described above.

Consider an arbitrary p�i 2 P� and for each �xed transition q�j 2 Q� that

forms an output arc (q�j; p�i) 2 O�, we look at all the previous places p�h of

the place p�i denoted by the list (set) p��ij = fp�h : h 2 �ijg where �ij =

fh : (p�h; q�j) 2 I & (q�j; p�i) 2 Og, that materialize all the input arcs (p�h; q�j) 2

I� and form the sum
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X
h2�ij

	(p�h; q�j; p�i) � Uk(p�h) (B.16)

where 	(p�h; q�j; p�i) = �(p�h; q�j) � FN�(q�j ;p�i)

FN�(p�h;q�j)
and the index sequence j is the set

fj : q�j 2 (p�h; q�j) \ (q�j; p�i) & p�h running over the set p��ijg.

Proceeding with all the q�js we form the vector indexed by the sequence j

identi�ed by (j0; j1; :::; jf ) as follows:

24 X
h2�ij0

	(p�h; q�j0 ; p�i) � Uk(p�h);
X
h2�ij1

	(p�h; q�j1 ; p�i) � Uk(p�h); :::;
X
h2�ijf

	(p�h; q�jf ; p�i) � Uk(p�h)

35
(B.17)

Intuitively, the vector (4.18) represents all the possible trajectories through the

transitions q�js where (j1; j2; :::; jf ) to a place p�i for a �xed i and �.

Continuing the construction of the de�nition of the utility function U , let us

introduce the following de�nition.

De�nition B..5 Let L : Rn ! R+ be a continuous map. Then, L is a Lyapunov-

like function [115] i¤ satis�es the following properties:

1. 9x� such that L(x�) = 0;

2. L(x) > 0 for 8x 6= x�;

3. L(x)!1 when x!1;

4. �L = L(xi+1)� L(xi) < 0 for all xi; xi+1 6= x�.
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Then, formally we de�ne the utility function U as follows:

De�nition B..6 Let HDPPN a Hierarchical Decision Process Petri Net. The

utility function U is represented by the equation

U
q�j
k (p�i) =

8>>>>>><>>>>>>:
Uk(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0

U
q�j
k (p

0
�i) if i > 0; k = 0 & i � 0; k > 0

(B.18)

where

� =

266664
P

h2�ij0

	(p�h; q�j0 ; p�i) � U
q�j0
k (p�h);

P
h2�ij1

	(p�h; q�j1 ; p�i) � U
q�j1
k (p�h); :::;

P
h2�ijf

	(p�h; q�jf ; p�i) � U
q�jf
k (p�h)

377775
(B.19)

the place p
0
�i 2 f(p�i) is the initial marked place of the DPPN�, the function L :

D � Rn+ ! R+ is a Lyapunov-like function which optimizes the utility through all

possible transitions (i.e. trough all the possible trajectories de�ned by the di¤erent

q�js), D is the decision set formed by the j�s ; 0 � j � f of all those possible

transitions (q�j p�i) 2 O, 	(p�h; q�j; p�i) = �(p�h; q�j) � FN(q�j ;p�i)

FN(p�h;q�j)
, �ij is the index

sequence of the list of previous places to p�i through transition q�j, p�h (h 2 �ij) is

a speci�c previous place of p�i through transition q�j.

From the previous de�nition we have the following remark.

Remark B..7
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� Note that the Lyapunov-like function L guarantee that the optimal course of

action is followed, (taking into account all the the possible paths de�ned).

In addition, the function L establishes a preference relation because by def-

inition L is asymptotic, this condition, gives to the the decision maker the

opportunity to select a path that optimizes the utility.

� The iteration over k for U is as follows:

1. for i = 0 and k = 0 the utility is U0(p0) at place p0 and for the rest of

the places pi the utility is 0,

2. for i � 0 and k > 0 the utility is U q�j
k (p�i) at each place p�i, is computed

by taking into account the utility value of the previous places p�h for k

and k � 1 (when needed).

Property B..8 The continues function U(:) satis�es the following properties:

1. 9p4 2 P such that

(a) if there exists an in�nite sequence fpig1i=1 2 P with pn !
n!1

p4 such

that 0 � ::: < U(pn) < U(pn�1)::: < U(p1), then U(p4) is the in�mum,

i.e. U(p4) = 0 ,

(b) if there exists a �nite sequence p1; :::; pn 2 P with p1; :::; pn ! p4 such

that C = U(pn) < U(pn�1)::: < U(p1), then U(p4) is the minimum,

i.e. U(p4) = C where C 2 R, (p4 = pn),

267



2. U(p) > 0 or U(p) > C where C 2 R, 8p 2 P such that p 6= p4,

3. 8pi; pi�1 2 P such that pi�1 �U pi then �U = U(pi)� U(pi�1) < 0,

4. The routing policies decrease monotonically, i.e. �i � �j (notice that the

indexes i and j are taken j > i along a trajectory to the in�mum or the

minimum)

From the previous property we have the following remark.

Remark B..9 In property B.8 point 3 we state that �U = U(pi) � U(pi�1) < 0

for determining the asymptotic condition of the Lyapunov-like function. However,

it easy to show that such property is convenient for deterministic systems. In

Markov decision process systems is necessary to include probabilistic decreasing

asymptotic conditions to guarantee the asymptotic condition of the Lyapunov-like

function.

Property B..10 The utility function U : P ! R+ is a Lyapunov-like function.

Remark B..11 From property B.8 and B.10 we have that :

� U(p4) = 0 or U(p4) = C means that a �nal state is reached. Without lost

generality we can say that U(p4) = 0 by means of a translation to the origin

� In property B.8 we determine that the Lyapunov-like function U(p) ap-

proaches to a in�mum/minimum when p is large thanks to property 4 of

de�nition B.5,
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� Property B.8, point 3 is equivalent to the following statement: 9" > 0 such

that jU(pi)� U(pi�1)j > ", 8pi; pi�1 2 P such that pi�1 �U pi

Accordingly with what was previously de�ned we formally can establish the

following property.

Property B..12 The marking and the enabling conditions, and utility function

calculation of the DPPN and the HDPPN are equivalent.

The previous formalisms of the HDPPN are described as follows. The

DPPN is re�ned in a subset of local DPPN� determined by a partition and

hierarchically structure through a re�nement function f . Each local Decision

Process Petri Net DPPN� describes a more detailed local behavior of a given

transition of its immediately high level DPPN�. The function f de�nes the im-

mediate descendant element of the net, therefore the hierarchy can be considered

as a continuous net. The inverse function f�1 de�nes the parent of a given node

of the net. The utility is calculated recursively by the hierarchical tracking of the

HDPPN . It is important to note, that the HDPPN can be transformed in a

�at DPPN simply by replacing each DPPN� in its immediately parent.

For optimization reasons, we want to contemplate an asynchronous behavior

of each DPPN� in the hierarchical structure realized by tokens moving in the

di¤erent levels of the HDPPN . We can conceptualize a DPPN� as embedded

by a set of input and output ports that determine it scope. The input or output
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ports are places. Port places can be only connected with transitions. The input

place port accepts tokens �red by its immediately high level DPPN�. When a

token reach a place, it is reserved for the �ring of a given transition according to

the routing policy determined by U . A transition q must �re as soon as all the

places pi 2 P contain enough tokens reserved for transition q. Once the transition

�res, it consumes the corresponding tokens and immediately produces an amount

of tokens in each subsequent places pj 2 P . When �(�) = 0 for � 2 I means that

there are no arcs in the place-transitions Petri net.

p0

p2

q2

1/5
1/5

p1

p4

q4

p6

q6

•

q1

p3

q3

1/5
1/51/5

• •
••

p5

q5

p7

q7

3/4 1/4 1/2
1/2

Figure 6.5: HDPPN Level 1

Example B..13 From the Figures 6.5, 6.6 and 6.7 we recursively calculate the

utility as follows:

HDPPN Level 3

Uk=0(p18) = 1
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p8

p9 p10

q9 q10

1/7 4/7

p11

q11

p14

q14

1/5 3/5

q16

p16

•

q12

p12

q13

p13

1/5

1/7

1/7

•••

q15

p15

q17

p17

2/5
3/5

Figure 6.6: HDPPN Level 2, re�nement of transition q2.

U q19
k=0(p19) = L[	(p18; q19; p19)�U q19

k=0(p18)] = L[2=5�1] = maxH[2=5�1] = 0:366

U q20
k=0(p20) = L[	(p18; q20; p20)�U q20

k=0(p18)] = L[1=5�1] = maxH[1=5�1] = 0:321

U q21
k=0(p21) = L[	(p18; q21; p21)�U q21

k=0(p18)] = L[2=5�1] = maxH[2=5�1] = 0:366

U q22
k=0(p22) = L[	(p20; q22; p22) � U q22

k=0(p20)] = L[3 � 0:321] = maxH[0:963] =

0:036

U q23
k=0(p23) = L[	(p22; q23; p23) � U q23

k=0(p22)] = L[1=3 � 0:036] = maxH[0:012] =

0:053

U q24
k=0(p24) = L[	(p21; q24; p24) �U q24

k=0(p21) +	(p22; q24; p24) �U
q24
k=0(p22)] = L[1 �

2 � 0:366 + 1=3 � 2 � 0:036] = maxH[0:756] = 0:211

U q25
k=0(p25) = L[	(p23; q25; p25) �U q25

k=0(p23) +	(p24; q25; p25) �U
q25
k=0(p24)] = L[1 �

0:053 + 1=2 � 0:211] = maxH[0:158] = 0:291
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Figure 6.7: HDPPN Level 3, re�nement of transition q9:
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U q26
k=0(p26) = L[	(p19; q26; p26)�U q26

k=0(p19)+	(p22; q26; p26)�U
q26
k=0(p22)] = L[0:366+

1 � 0:036] = maxH[0:402] = 0:366

U q27
k=0(p27) = L[	(p25; q27; p27) �U q27

k=0(p25) +	(p26; q27; p27) �U
q27
k=0(p26)] = L[1 �

0:291 + 6=20 � 0:366] = maxH[0:400] = 0:366

U q28
k=0(p28) = L[	(p24; q28; p28) � U q28

k=0(p24)] = L[1=2 � 0:211] = maxH[0:105] =

0:237

U q29
k=0(p29) = L[	(p28; q29; p29) � U q29

k=0(p28)] = L[1 � 0:237] = maxH[0:237] =

0:341

Uq30
k=0(p30) = L[	(p27; q30; p30)�U q30

k=0(p27)+	(p29; q30; p30)�U
q30
k=0(p29)] = L[1�

0:366 + 1 � 0:341] = maxH[0:707] = 0:245

Uq31
k=0(p31) =L[	(p26; q31; p31)�U

q31
k=0(p26)] = L[14=20�0:366] = maxH[0:256] =

0:348

HDPPN Level 2

Uq7
k=0(p9) = L[	(p8; q9; p9) �Uq9

k=0(p30)] = L[1=7 � 0:245] = maxH[0:035] =

0:117

Alternatively, we have

Uq7
k=0(p9) = L[	(p8; q9; p9) �Uq9

k=0(p31)] = L[1=7 � 0:348] = maxH[0:049] =

0:149

HDPPN Level 1

U q2
k=0(p2) = L[	(p0; q2; p2) � Uq2

k=0(p9)] = L[1=5 � 0:117] = maxH[0:023] =

0:087
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Alternatively, we have

U q2
k=0(p2) = L[	(p0; q2; p2) � Uq2

k=0(p9)] = L[1=5 � 0:149] = maxH[0:029] =

0:104

De�nition B..14 A local equilibrium point with respect a local Decision Process

Petri net DPPN� 2 HDPPN is a place p�i 2 P� such that M�l(p�i) = S < 1,

8l � k and p�i is the last place of the net.

De�nition B..15 An global equilibrium point with respect a Hierarchical Decision

Process Petri net HDPPN is a place p� 2 P such that Ml(p
�) = S <1, 8l � k

and p� is the last place of the net.

De�nition B..16 A local �nal decision point p�f 2 P� with respect a DPPN�

2 HDPPN is a place p 2 P� where the in�mum or a minimum is attained, i.e.

U(p) = 0 or U(p) = C.

De�nition B..17 A global �nal decision point pf 2 P with respect a Hierarchical

Decision Process Petri net HDPPN is a place p 2 P where the in�mum or the

minimum is attained, i.e. U(p) = 0 or U(p) = C.

Remark B..18 A local �nal decision point p�f is a global �nal decision point if

the utility function attain the in�mum or the minimum.

De�nition B..19 A local optimum point p�4 2 P� with respect a DPPN� 2

HDPPN is a local �nal decision point p�f 2 P� where the best choice is selected

�according to some local criteria�.
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De�nition B..20 An global optimum point p4 2 P with respect a Hierarchical

Decision Process Petri net HDPPN is a global �nal decision point pf 2 P where

the best choice is selected �according to some global criteria�.

Property B..21 Every Hierarchical Decision Process Petri net HDPPN has a

�nal decision point.

Remark B..22 In case that 9p1; :::; pn 2 P , such that U(p1) = ::: = U(pn) = 0,

then p1; :::; pn are optimum points.

De�nition B..23 A global strategy with respect a Hierarchical Decision Process

Petri net HDPPN is identi�ed by � and consists of the routing policy transition

sequence represented in the HDPPN graph model such that some point p 2 P is

reached.

De�nition B..24 A local strategy with respect a Hierarchical Decision Process

Petri net HDPPN is identi�ed by �� and consists of the routing policy transition

sequence represented in the DPPN� 2 HDPPN graph model such that some point

p 2 P� is reached.

De�nition B..25 An optimum global strategy with respect a Hierarchical Deci-

sion Process Petri net HDPPN is identi�ed by �4 and consists of the routing

policy transition sequence represented in the HDPPN graph model such that an

optimum point p4 2 P is reached.
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De�nition B..26 An optimum local strategy with respect a Hierarchical Decision

Process Petri net HDPPN is identi�ed by �4� and consists of the routing policy

transition sequence represented in the DPPN� 2 HDPPN graph model such that

a local optimum point p�4 2 P� is reached.

Equivalently we can represent (4.19, 4.20) as follows:

U
��hj
k (p�i) =

8>>>>>><>>>>>>:
Uk(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0

U
��hj
k (p

0
�i) if i > 0; k = 0 & i � 0; k > 0

(B.20)

� =

24 X
h2�ij0

��hj0(p�i) � U
��hj0
k (p�h);

X
h2�ij1

��hj1(p�i) � U
��hj1
k (p�h); :::;

X
h2�ijf

��hjf (p�i) � U
��hjf
k (p�h)

35
(B.21)

where ��hj(p�i) = 	(p�h; q�j; p�i). The rest is as previous de�ned.

Notation B..27 With the intention to facilitate even more the notation we will

represent the utility function U as follows:

1. Uk(pi)
4
= U

q�j
k (pi)

4
= U

��hj
k (p�i)

4
= U

�hj
k (pi) for any transition and any strat-

egy,

2. U4k (p�i)
4
= U

q4�j
k (p�i)

4
= U

�4�hj
k (p�i)

4
= U

�4hj
k (pi) for an optimum transition and

optimum strategy.

The reader will easily identify which notation is used depending on the context.
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Example B..28 From example B.13 we have:

HDPPN Level 3

Uk=0(p18) = 1

U
�hj
k=0(p19) = L[�18;19(p19) � U�18;19

k=0 (p18)]

U
�hj
k=0(p20) = L[�18;20(p20) � U�18;20

k=0 (p18)]

U
�hj
k=0(p21) = L[�18;21(p21) � U�18;21

k=0 (p18)]

U
�hj
k=0(p22) = L[�20;22(p22) � U�20;22

k=0 (p20)]

U
�hj
k=0(p23) = L[�22;23(p23) � U�22;23

k=0 (p22)]

U
�hj
k=0(p24) = L[�21;24(p24) � U�21;24

k=0 (p21) + �22;24(p24) � U�22;24
k=0 (p22)]

U
�hj
k=0(p25) = L[�13;25(p25) � U�23;25

k=0 (p23) + �24;25(p25) � U�24;25
k=0 (p25)]

U
�hj
k=0(p26) = L[�19;26(p26) � U�19;26

k=0 (p19) + �22;26(p26) � U�22;26
k=0 (p22)]

U
�hj
k=0(p27) = L[�25;27(p27) � U�25;27

k=0 (p25) + �26;27(p27) � U�26;27
k=0 (p27)]

U
�hj
k=0(p28) = L[�24;28(p28) � U�24;28

k=0 (p24)]

U
�hj
k=0(p29) = L[�28;29(p29) � U�28;29

k=0 (p28)]

U
�hj
k=0(p30) = L[�27;30(p30) � U�27;30

k=0 (p27) + �29;30(p30) � U�29;30
k=0 (p30)]

U
�hj
k=0(p31) = L[�26;31(p31) � U�26;31

k=0 (p31)]

HDPPN Level 2

U
�hj
k=0(p9) = L[�8;9(p9) �U�8;9

k=0(p30)]

Alternatively, we have

U
�hj
k=0(p9) = L[�8;9(p9) �U�8;9

k=0(p31)]

HDPPN Level 1
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U
�hj
k=0(p2) = L[�0;2(p2) �U�0;2

k=0(p9)]

De�nition B..29 Let HDPPN be a Hierarchical Decision Process Petri net.

A trajectory ! is an (�nite or in�nite) ordered subsequence of places p&(1) �Uk

p&(2) �Uk ::: �Uk p&(n) �Uk ::: such that a given strategy � holds.

De�nition B..30 Let HDPPN be a Hierarchical Decision Process Petri net.

An optimum trajectory ! is an (�nite or in�nite) ordered subsequence of places

p&(1) �U4k
p&(2) �U4k

::: �U4k
p&(n) �U4k

::: such that the optimum strategy �4 holds.

Theorem B..31 Let HDPPN be a non-blocking Hierarchical Decision Process

Petri net (unless p 2 P is a global equilibrium point) then we have that:

U4k (p
4) � Uk(p), 8�; �4

Proof. We have that

U
��hj
k (p�i) =

8>>>>>><>>>>>>:
Uk(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0

U
��hj
k (p

0
�i) if i > 0; k = 0 & i � 0; k > 0

� =

24 X
h2�ij0

��hj0(p�i) � U
��hj0
k (p�h);

X
h2�ij1

��hj1(p�i) � U
��hj1
k (p�h); :::;

X
h2�ijf

��hjf (p�i) � U
��hjf
k (p�h)

35
Then, starting from p0 and proceeding with the iteration, eventually the tra-

jectory ! given by p0 = p&(1) �Uk p&(2) �Uk ::: �Uk p&(n) �Uk ::: which converges

to p4; i.e., the optimum trajectory, is obtained. Since at the optimum trajectory

the optimum strategy �4 holds, we have that U4k (p
4) � Uk(p), 8�; �4.

278



Remark B..32 The inequality U4k (p
4) � Uk(p) means that the utility is optimum

when the optimum strategy is applied.

Accordingly with all what was discussed we formally can establish the follow-

ing result.

Theorem B..33 The behavior of the HDPPN is equivalent to the behavior of

the DPPN .

Proof. It follows from de�nition B.1 and B.6 ensured by theorem B.31.

Optimum Trajectory Planning

Given a non-blocking (unless p 2 P is an equilibrium point) Hierarchical

Decision Process Petri net HDPPN , the optimum trajectory planning consists

in �nding the �ring transition sequence u such that the optimum target state Mt

with the optimum point is achieved. The target stateMt belong to the reachability

set R(M0), and satis�es that it is the last and �nal task processed by theHDPPN

with some �xed starting state M0 with utility U0.

Theorem B..34 Let DPPN� 2 HDPPN be a Decision Process Petri net. The

optimum local trajectory planning problem is solvable.

Proof. Fromwhat shown in theoremB.31 for each step we �nd U4k (p�&(1)); :::; U
4
k (p�&(i)); :::; U

4
k (p

�4).

De�ne a mapping (see notation B.27)
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ur(U
q4�j
k (p�&(i))) = [0; :::; 0; 1; 0; :::; 0] (B.22)

with 1 in position j and zero everywhere else, and set u� =
P
r

ur((U
q4�j
k (p�&(i)));

where the index r runs over all the transitions associated with the subsequence

&(i) such that p�&(i) converge to p�4, then, by construction the local optimum point

is attained.

Remark B..35 The order in which the transitions are �red, is given by the order

of the transitions, inherited from the order of the subsequence p�&(i).

Theorem B..36 Let HDPPN be a Hierarchical Decision Process Petri net. The

optimum global trajectory planning problem is solvable.

Proof. Let us consider u� as in the previous theorem for each DPPN� and

set u =
S
�2�

u�. Then, by construction the optimum point is attained.

Example B..37 From example 3.1 we have

HDPPN Level 1

the �ring transition vector is u1 =
1 0 1 0 1 0 0

q1 q2 q3 q4 q5 q6 q7

the �ring transition vector is u2 =
1 1 1 1 0 1 0

q1 q2 q3 q4 q5 q6 q7

the �ring transition vector is u3 =
0 1 0 1 0 0 1

q1 q2 q3 q4 q5 q6 q7
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HDPPN Level 2

the �ring transition vector is u4 =
1 1 1 1 0 0 1 0 0

q9 q10 q11 q12 q13 q14 q15 q16 q17

the �ring transition vector is u5 =
1 1 1 1 1 1 0 1 0

q9 q10 q11 q12 q13 q14 q15 q16 q17

the �ring transition vector is u6 =
1 1 1 0 0 1 0 0 1

q9 q10 q11 q12 q13 q14 q15 q16 q17

HDPPN Level 3

the �ring transition vector is u7 =
1 1 0 0 0 0 0 0 0 0 0 0 1

q19 q20 q21 q22 q23 q24 q25 q26 q27 q28 q29 q30 q31

the �ring transition vector is u8 =
1 1 1 1 1 1 1 1 1 1 1 1 0

q19 q20 q21 q22 q23 q24 q25 q26 q27 q28 q29 q30 q31

A �ring vector solution for optimum trajectory tracking could be u = u1[u5[

u8:

Conjecture B..38 A formal framework for Hierarchical Decision Process Petri

nets has been presented for the modular modeling of complex systems. The hi-

erarchical re�nement process generates simple nets with an equivalent behavior.

Consequently, the complexity of the analysis of a DPPN is reduced considerably.

The analysis of the HDPPN is supported by the hierarchical structure. In this

sense, several steps can be performed locally reducing the size of its upper levels

drastically. An algorithm for optimum hierarchical trajectory planning used to

identify the optimum point was described. The traditional notions of local and
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global stability in the sense of Lyapunov used to characterize the stability prop-

erties of the HDPPN were explored. Illustrative examples where the properties of

the HDPPN were shown to hold were addressed.

C. Game Entropy Petri Nets

The notion of entropy arises in physics and statistical mechanics from the

works of Maxwell, Boltzmann, Gibbs, etc.. In thermodynamics entropy is de�ned

as the irreversible increase of non-disposable energy in the universe [140]. This

fact is expressed through the second law of thermodynamics: entropy can only

increase in the universe. It is quite possible to decrease entropy in a system, but

it must be balanced by an at last equal increase in entropy elsewhere.

Entropy becomes popular in computer science and information theory, partic-

ularly by the work of Shannon [186]. He introduced the term H(p) =
nP
i=1

pi ln pi as

a measure of uncertainty about a discrete random variable having a probability

mass function, p. Shannon�s entropy term is also a measure of the increase of a

probability distribution that achieves its maximum value when the distribution

assigns equal probabilities to all outcomes. The entropy of a thing is the asymp-

totic average of the logarithm of the number of ways that the thing occurs. In

entropy sense, equilibrium refers to the order state or minimum entropy. The

order state is the opposite of entropy (disorder measure).

Non-cooperative game theory has been extensively used to analyze situations
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of interaction ([207], [158]). The most important results in non-cooperative games

are related to the Nash equilibrium ([151], [152], [153]). Formally, a Nash equilib-

rium de�nes an equilibrium of a non-cooperative game with respect to a pro�le

of strategies, one for each player in the game, such that each player�s strategy at-

tempts to maximize that player�s expected utility, opposed to the set of strategies

of the other players. Then, players are in equilibrium if each player�s choice of

strategy is a best response to the actions actually taken by his/her opponents.

This section introduces a modeling paradigm for developing a game repre-

sentation called Game Entropy Petri Nets (GEPN). The main idea is to use the

Entropy as a vector Lyapunov-like utility function [128] allowing the GEPN to join

with game theory. The main idea is to use the Entropy as a utility function that

is non-negative and converges asymptotically to the equilibrium point. In this

equilibrium each player chooses a strategy with a utility equal to the utility that

this strategy is a best reply to a strategy pro�le chosen by the opponents. The

advantage of this approach is that �xed-point conditions for the game are given

by the de�nition of the Entropy function. In addition, new properties related with

the characterization of the Entropy are introduced.

The section is structured in the following manner. The next subsection dis-

cusses the main results of this section, presenting the Entropy-Nash equilibrium

point and the related Entropy properties. Next subsection presents an isomor-

phism of the Entropy to a probability space. Finally, some conjectures are pro-
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vided.

Game Entropy Petri Nets Model

The aim of this section is to associate to any game a Game Entropy Petri

net �GEPN �[33]. The GEPN structure will represent all the possible strategies

existing within the game.

De�nition C..1 A non-cooperative Game Entropy Petri Net is a 8-tuple GEPN =

(N ; P;Q; F;W;M0; �;H) where

� N = f1; 2; :::; ng denotes a �nite set of players

� P = P1 �P2 � ::: � Pn is the set of places that represents the Cartesian

product of states (each tuple is represented by a place).

� Q = Q1�Q2� :::�Qn is the set of transitions that represents the Cartesian

product of the conditions (each tuple is represented by a transition).

� F � I [ O is a set of arcs where I � (P �Q) and O � (Q� P ) such that

P \Q = ? and P [Q 6= ?,

� W : F ! N+1 is a weight function,

� M0: P ! Nn is the initial marking,

� � : I ! Rn+ is a routing policy representing the probability of choosing a par-

ticular transition (routing arc), such that for each pi 2 P ,
P

qj :(pi;qj)2I
�((pi�; qj)) =
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1, 8� 2 N ;

� H : P ! Rn+ is the Entropy function.

Hk(:) denotes the utility at place pi 2 P at time k and letHk = [Hk(:); :::; Hk(:)]
T

denote the utility state of GEPN at time k. FN : F ! R+ is the number of arcs

from place p to transition q (the number of arcs from transition q to place p). The

rest of the GEPN functionality is as described in the PN preliminaries.

Consider an arbitrary pi 2 P and for each �xed transition qj 2 Q that forms an

output arc (qj; pi) 2 O, we look at all the previous places ph of the place pi denoted

by the list (set) p�ij = fph : h 2 �ijg where �ij = fh : (ph; qj) 2 I & (qj; pi) 2 Og,

that materialize all the input arcs (ph; qj) 2 I and form the sum

X
h2�ij

(h	(ph; qj; pi) �Hk(ph)i)� (C.23)

where	(ph; qj; pi) = (�(ph1 ; qj)�
FN(qj ;pi)

FN(ph;qj)
; �(ph2 ; qj)�

FN(qj ;pi)

FN(ph;qj)
; :::; �(phn ; qj)�

FN(qj ;pi)

FN(ph;qj)
),

ph� is the � 2 N element of the tuple routing policy �, (h�i)� represent the prod-

uct of the vector element by element, i.e. (h(a1; a2; :::; an) � (b1; b2; :::; bn)i)� =

(a1b1; a2b2; :::; anbn) and the index sequence j is the set fj : qj 2 (ph; qj) \ (qj; pi)

& ph running over the set p�ijg.

Proceeding with all the qjs we form the vector indexed by the sequence j

identi�ed by (j0; j1; :::; jf ) as follows:
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266664
P

h2�ij0

(h	(ph; qj0 ; pi) �Hk(ph)i)� ;
P

h2�ij1

(h	(ph; qj1 ; pi) �Hk(ph)i)� ; :::;

P
h2�ijf

�

	(ph; qjf ; pi) �Hk(ph)

��
�

377775
(C.24)

Intuitively, the vector (4.18) represents all the possible trajectories through the

transitions qjs where (j1; j2; :::; jf ) to a place pi for a �xed i.

De�nition C..2 A �nal decision point pf 2 P with respect to a Game Entropy

Petri net GEPN = (N ; P;Q; F;W;M0; �;H) is a place p 2 P where the in�mum

is asymptotically approached (or the minimum is attained), i.e. H(p) = 0 or

H(p) = C.

De�nition C..3 An optimum point p4 2 P with respect a Game Entropy Petri

net GEPN = (N ; P;Q; F;W;M0; �;H) is a �nal decision point pf 2 P where the

best choice is selected �according to some criteria�.

Property C..4 Every Game Entropy Petri net GEPN = (N ; P;Q; F;W;M0; �;H)

has a �nal decision point.

De�nition C..5 A strategy with respect a Game Entropy Petri net GEPN =

(N ; P;Q; F;W;M0; �;H) is identi�ed by � and consists of the routing policy tran-

sition sequence represented in the GEPN graph model such that some point p 2 P

is reached.
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De�nition C..6 An optimum strategy with respect a Game Entropy Petri net

GEPN = (N ; P;Q; F;W;M0; �;H) is identi�ed by �4 and consists of the routing

policy transition sequence represented in the GEPN graph model such that an

optimum point p4 2 P is reached.

We denote S� = fsig the set of pure strategies for player � in the GEPN . For

notational convenience we write S =
Q

�2N S� (the pure strategies pro�le), and

S�� =
Q

j2Njf�g Sj (the pure strategies pro�le of all the players but for player � ).

For an action tuple s = (s1; :::; sn) 2 S we denote s�� = (s1; :::; s��1; s�+1; :::; sn)

and, with an abuse of notation, s = (s�; s��):

Similarly, we denote �� = f�ig the set of mixed strategies for player � in

the GEPN , identi�ed with the routing policy representing the probability of

choosing a particular transition. Analogously, we use notations � =
Q

�2N �� to

denote the mixed strategies pro�le that combine strategies one for each player

and ��� =
Q

j2Njf�g �j to denote the mixed strategies pro�le of all the players

except for player �. For a strategy tuple � = (�1; :::; �n) 2 � we denote ��� =

(�1; :::; ���1; ��+1; :::; �n) and, with an abuse of notation, � = (��; ���). For a

strategy pro�le ���, we write ��� =
Q

j2Njf�g �j, the probability identi�ed with the

routing policy � that the opponents of player � play strategy pro�le s�i 2 S�i. We

restrict our attention to independent strategy pro�les. For our construction of the

GEPN a strategy pro�le determines an outcome representing the corresponding

utility of each player.
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Then, formally we de�ne the utility function H as follows:

De�nition C..7 The utility function H with respect a Game Entropy Petri net

GEPN = (N ; P;Q; F;W;M0; �;H) is represented by the equation

H
((�hj)�;(�hj)��)
k;� (pi) =

�
Hk;�(p0) if i = 0; k = 0

L(�) if i > 0; k = 0 & i � 0; k > 0
(C.25)

� =

26666666664

P
h2�ij0

�D
((�hj0)�; (�hj0)��)(pi) �H

((�hj0 )�;(�hj0 )��)

k;� (ph)
E�

�
;

P
h2�ij1

�D
((�hj1)�; (�hj1)��)(pi) �H

((�hj1 )�;(�hj1 )��)

k;� (ph)
E�

�
; :::;

P
h2�ijf

�D
((�hjf )�; (�hjf )��)(pi) �H

((�hjf )�;(�hjf )��)

k;� (ph)
E�

�

37777777775
(C.26)

where � 2 N represents a given the player, the vector function L : D � Rn+ !

Rn+ is a vector Lyapunov-like function which optimizes the utility through all

possible strategies (i.e. trough all the possible trajectories de�ned by the di¤erent

qjs), D is the decision set formed by the j�s ; 0 � j � f of all those possible

transitions (qj; pi) 2 O, ((�hj)�; (�hj)��)(pi) = (�(ph1; qj) � FN(qj ;pi)

FN(ph;qj)
; �(ph2; qj) �

FN(qj ;pi)

FN(ph;qj)
; :::; �(phn; qj)� FN(qj ;pi)FN(ph;qj)

), (h�i)� represent the product of the vector element

by element, i.e. (h(a1; a2; :::; an) � (b1; b2; :::; bn)i)� = (a1b1; a2b2; :::; anbn), �ij is the

index sequence of the list of previous places to pi through transition qj, ph (h 2 �ij)

is a speci�c previous place of pi through transition qj.

Property C..8 The utility function H : P ! Rn+ is a vector Lyapunov-like func-

tion.
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The Equilibrium Point and the Entropy Properties

The interaction among players [33] obligates each player to develop a belief

about the possible strategies of the other players. Nash equilibria ([151], [152],

[153]) are supported by two premises: i) each player behaves rationally given the

beliefs about the other players�strategies; and 2) these beliefs are correct. Both

premises allow us to regard the Nash equilibrium point as a steady-state of the

strategic interaction. In particular, the second premise makes this an equilibrium

concept, because when every individual is acting in agreement with the Nash

equilibrium no one has the need to take another strategy.

The best-reply strategy for a player is relative to the strategy pro�le chosen

by the opponents. The strategy pro�le is said to contain a best reply for a given

player if can not increase the utility by playing another strategy with respect

to the opponents strategies. A strategy pro�le is a Nash equilibrium point if

none of the players can increase the utility by playing another strategy, in other

words each player�s choice of strategy is a best reply to the strategies taken by

his opponents. When a player is acting in accordance with the Nash equilibrium

has no motivation to unilaterally deviate and take another strategy. Formally, we

have the following de�nitions.

Consider the game GEPN = (N ; P;Q; F;W;M0; �;H). Denote for each

player � 2 N and each pro�le ��� 2 ��� of strategies of his opponent the set

of best replies, i.e. the strategies that player � can not improve upon, and it is
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de�ned as follows:

B�(���) :=
n
�4� 2 ��j8�0� 2 �� : H

(�4� ;���)
� (p4) � H

(�0�;���)
� (p)

o

Opposite to what we de�ne in the GEPN, in game theory we look for max-

imizing the utility and we change � by �. Since �� is �nite and u� establish an

acyclic order, B�(���) is not empty.

We call a strategy �� 2 �� a never best reply if

B�1
� (���) := f��� 2 ���j�� 2 B�(���)g = ?

Alternatively, we have

B�1
� (���) :=

n
��� 2 ���jmax�0�2�� H

(�0�;���)
� (p) > H

(��;���)
� (p)

o

A Nash equilibrium is a pro�le of strategies such that each player�s strategy

is an optimal response to the other players�strategies.

De�nition C..9 A strategy pro�le �4� is a Nash equilibrium point if, for all play-

ers �

H
(�4� ;�

4
��)

� (p4) � H
(�0�;�

4
��)

� (p) 8�0� 2 ��:

Remark C..10 It is important to note that in case the strategy is implemented as

a chain of transitions � does not represent a vectorial inequality, the interpretation

is obtained from calculating the best reply B�.
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De�nition C..11 A strategy � has the �xed point property if it leads to the op-

timum point (H
(�4� ;�

4
��)

� (p4)):

Remark C..12 From the two previous de�nitions the following characterization

is obtained: A strategy which has the �xed point property is equivalent to being a

Nash equilibrium point.

Theorem C..13 A non blocking (unless p 2 P is an equilibrium point) Game

Entropy Petri net GEPN = (N ; P;Q; F;W;M0; �;H) has a strategy � which has

the �xed point property.

Proof. The conclusion is a direct consequence of theorem 4.2.10 and its

proof (where the existence of s4 is guaranteed by the �rst property given in the

de�nition of the Lyapunov-like function, is given in 4.2.3).

Corollary C..14 If in addition to the hypothesis of the theorem the game GEPN

is �nite, the strategy � leads to an equilibrium point .

Proof. Apply corollary 4.1.33 in to the �nite case.

Theorem C..15 The optimum point2 coincides with the Nash equilibria.

Proof. This is immediate from the de�nition of optimum point C.3 and

remark C.12

Remark C..16 The potential of the previous theorem remains in its formal proof

simplicity for the existence of an equilibrium point.
2The de�nition of optimum point is equivalent to the de�nition of �steady state�equilibrium

point in the Lyapunov sense given by [115].
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Entropy Properties and the Lyapunov (�Steady State�) Equilibrium

Point

Equilibrium refers to the order state or minimum entropy. The order state is

the opposite of entropy (disorder measure). Let us considerH�
k (p) = �

nP
i=1

Pi(�) lnPi(�):

Theorem C..17 Let GEPN = (N ; P;Q; F;W;M0; �;H) a Game Entropy Petri

Net. Then, the entropy utility function H is minimum in a Lyapunov equilibrium

point.

Proof. The minimum of the entropy is given when

@H�
k (p)

@Pi(�)
= �

nX
i=1

(lnPi(�) + 1)@Pi(�) = 0

with the constrain
nP
i=1

P(�) = 1: Using over the constrain the Lagrangian�s

multiplier �
nP
i=1

@Pi(�) = 0 we have that

@H�
k (p)

@Pi(�)
= �

nX
i=1

(lnPi(�) + 1 + �)@Pi(�) = 0

whose solution is Pi(�) = e�(1+�). We have that
nP
i=1

Pi(�) =
nP
i=1

e�(1+�) =

ne�(1+�) = 1 then with � = � ln 1
n
� 1 we have Pi(�) = 1

n
such that H�

k (p) = 0.

But, by convention it is true if and only if � is a Lyapunov equilibrium point, i.e.

� = �4.

Corollary C..18 Let GEPN = (N ; P;Q; F;W;M0; �;H) a Game Entropy Petri

Net. Then, the Gaussian Density Function minimizes the entropy H in the Lya-

punov equilibrium point.
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Proof. The minimum of the entropy is given when

@H�
k (p)

@Pi(�)
= �

nX
i=1

(lnPi(�) + 1)@Pi(�) = 0

with the constrain
nP
i=1

P(�) = 1 and �2 =
nP

i=1i

�2iPi(p): Using over the con-

strains the Lagrangian�s multipliers �
nP
i=1

@Pi(�) = 0 and �
nP
i=1

�2i@Pi(�) = 0 we

have that

@H�
k (p)

@Pi(�)
= �

nX
i=1

(lnPi(�) + 1 + �+ �)@Pi(�) = 0

whose solution is Pi(�) = Ae��p
2
i . Considering

1p
2�(Di)2

1Z
�1

e
� �2i
2(Di)

2 d� = 1 and let
1p

2�(Di)2

1Z
�1

�2i e
� �2i
2(Di)

2 d� = D2
i

integrating we have

Pi(�) =
1p

2�(Di)2
e
� �2i
2(Di)

2

which is the Gaussian density function, such that H�
k (p) = 0. But, by con-

vention it is true if and only if � is a Lyapunov equilibrium point, i.e. � = �4.

Corollary C..19 Let GEPN = (N ; P;Q; F;W;M0; �;H) a Game Entropy Petri

Net. If the probability density function of a set of variables � 2 � is bounded by

a normal distribution in game sense then the standard deviation is D� = 1p
2�e

in

the entropy Lyapunov equilibrium point.

Proof. Let �4 2 � be an optimum strategy such that H(�4) = 0 and let

entropy under the normal distribution de�ned by
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H�
k (p) =

1Z
�1

P(�) lnP(�) = 1p
2�(D)2

1Z
�1

e
� �2

2(D)2

�
�1
2
ln 2�(D)2 � �2

2(D)2
ln e

�
d�

where 1p
2�(D)2

1R
�1

e
� �2

2(D)2 d� = 1 and 1p
2�(D)2

1R
�1
(�)2e

� �2

2(D)2 d� = (D)2

then in a Lyapunov equilibrium point (0 by convention )we have

H�4

k (p) =
1

2
ln 2�(D�)2 +

1

2
ln e = ln

p
2�e(D�)2 = 0

where (D�)2 is the variance. Because ln
p
2�e(D�)2 = 0 we have that standard

deviation D� = 1p
2�e
:

Corollary C..20 Let GEPN = (N ; P;Q; F;W;M0; �;H) a Game Entropy Petri

Net. If the probability density function of a set of variables � 2 � is bounded by a

normal distribution in game sense then then the entropy is minimum if and only

if the standard deviation is minimum in the entropy Lyapunov equilibrium point.

Proof. =)) For a game of N players and supposing that the equilibrium

between the players is non-correlated we have that

H =

nX
i=1

Hi =

nX
i=1

ln
p
2�eDi = ln(2�e)

n
2 +

nX
i=1

lnDi

@H

@Di

=
@

@Di

 
ln(2�e)

n
2 +

nX
i=1

lnDi

!
=

1
nP
i=1

lnDi

@Di

with the constrain
nP
i=1

Di =
np
2�e
. Using the Lagrangian�s multiplier �

nP
i=1

@Di(�) =

0 we have that

@H

@Di

=

0BB@ 1
nP
i=1

lnDi

+ �

1CCA @Di
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whose solution is Di = e�. We have that
nP
i=1

Di =
nP
i=1

e� = ne� = np
2�e

then

with � = ln 1p
2�e

we have that Di = D�
i .

(=) The standard deviation is minimum at D� = 1p
2�e

then replacing in the

equation of the entropy

Hi =
1p

2�(Di)2

1Z
�1

e
� �2i
2(Di)

2

�
�1
2
ln 2�(Di)

2 � �2i
2(Di)2

ln e

�
d� =

1

2
ln e�1+

1

2
ln e = 0

Remark C..21 The Gaussian density function produces the optimal minimum

dispersion with respect a �4:

Remark C..22 The Gaussian density function produces the minimum error with

respect a �4:

Remark C..23 The entropy or measure of the incomplete information (disorder)

is directly proportional to the standard deviation or measure of the uncertainty

[117] in �4:

Remark C..24 The game entropy variance D2 converges in �4 to (D�)2 by the

Kolmogorov�s law of large numbers.

Isomorphism to a Probability Space

The set of elements with respect to the preference graph is ordered by the

utility function ui. Each utility function has a linear transformation T to a func-

tion f bounded by the interval [0; 1). The image transformation of T is given by
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T �. This can also be expressed by requiring the identity result, i.e., TT � = I .

The function f has a �-algebra and a measure bounded by a probability function.

The space generated by f is a probability space (
;=; P ).

In this probability space, the inner product of two random variables � and �

will be de�ned by the relation (�; �) = Ef��g, where E represents the expectation.

If �1; �2 and �1; �2 are two pairs of equivalent variables, this de�nition evidently

gives (�1; �2) = (�2; �2), considering that

Ef�g = 0; Efj�j2g <1 (C.27)

with two variables P f�1 = �2g = 1 or Efj�1 � �2j
2g = 0 regarded as identical.

Finally the norm of the variable � is

k�k = (�; �)1=2 =
�
Efj�j2g

�1=2
(C.28)

and will reduce to zero when and only when P f� = 0g = 1, that is, when the

value of the variable � is equivalent to zero.

With this convention the set of random variables satisfying (C.27), will form

a Hilbert space. Its elements are random variables, subject to the convention that

equivalent random variables are regarded as identical. The Hilbert space is not

separable, unless the probability space (
;=; P ) is of particularly simple type.

From the previous de�nition (C.28) of the norm, it follows that the convergent

in norm topology of the sequence of points in the Hilbert space coincides with
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convergent in quadratic mean of the corresponding sequence of random variables.

For the axioms of normative utility theory of von Neumann and Morgenstern

[207] we will consider a Hilbert space with random variables. Then, for the entropy

the payo¤ functions ui will be de�ned up to positive a¢ ne transformations. For

any given model of the game we will de�ne ui as a set-valued function de�ned for

all events � � S by

ui(O) =
X
s2�

ui(s)

 
nY
j=1

�j(sjj�)
!

(C.29)

We will consider that the utility function is normalized so that ui(s) � 0 for

all s and ui(S), then the set function u de�ned by u = ui(s)

 
nQ
j=1

�j(sjj�)
!
is a

probability measure.

Conjecture C..25 A theoretical approach for game representation using the well

known concepts entropy for de�ning a utility function has been shown. As a re-

sult is introduced a modeling paradigm for developing a game representation called

Game Entropy Petri Nets (GEPN). The advantage of this approach is that �xed-

point conditions for the game are given by the de�nition of the Entropy function.

We proved that the equilibrium concept in an Entropy sense coincides with the

equilibrium concept of Nash, representing an alternative way to calculate the equi-

librium and stability of the game. New properties related with the characterization

of the Entropy were introduced.
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