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Abstract

The thesis investigates mainly probabilistic properties of solutions of many standard interest
rate models given by stochastic differential equations. Precisely it studies solutions of such mod-
els by using the standard It6’s formula and also provides an alternative elementary method other
than this formula. Moreover, it obtains properties of these solutions like expectation, variance,
p'"-moments, p > 2, and some concepts of stochastic stability. Furthermore, the thesis also ob-
tains generalizations of the above theory by considering some of these interest rate models with

Poisson jumps.
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Resumen

La tesis investiga principalmente propiedades probabilisticas de soluciones de varios modelos
de tasa de interés descritos por ecuaciones diferenciales estocésticas. Con precision, la tesis
estudia soluciones de tales modelos usando la férmula estdndar de It6 y también provee un
método sencillo alternativo a dicha férmula. Ademas la tesis obtiene propiedades de estas solu-
ciones como esperanza, varianza, p-ésimo momentos, p = 2, y algunos conceptos de estabili-
dad. Adicionalmente, la tesis obtiene generalizaciones de la teoria descrita arriba considerando

algunos modelos de tasa de interés con saltos de Poisson.
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Chapter 1

Introduction

A fundamental element in economics is the concept of the interest rate as the price of money.
The history of the interest rate can be traced back to the history of the money itself. From the
parable of talents, Matthew 25:14-30, the interest has been considered as a source of making
more money and the process was considered a magical one, see Salinas, 2011. A level of interest
rate can have a profound impact on inflation and employment, and therefore the welfare of the
people. It can also have an important effect in financial markets such as stock and bond mar-
kets. Changes in interest rates can become a major source of risk for banks, investment firms,
insurance companies, and multinational corporations, among other investors. For these players
in financial markets, modeling the term-structure movements of interest rates is of fundamen-

tal importance and a challenging task.

Central banks are of paramount importance to the economy, and financial markets in par-
ticular, because these institutions change the money supply through open-market operations
in bond markets, and further set a certain level of interest rates through monetary policy. For
financial markets (stock or bond markets) a level of the interest rate can induce a bull or a bear
market, meaning important gains or losses for financial institutions, investment firms or the

public at large, when trading financial instruments.

Derivative securities such as stock options, options on stock indices and currencies, exotic

options, futures, swaps, fixed income securities, credit derivatives, weather, energy, and insur-
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ance derivatives, interest rate derivatives, have become of central importance for modern cor-
porate finance and investment. The trading of financial assets in the economy has increased
dramatically in modern times with the availability of a broader availability of classic (securi-
ties) and more sophisticated financial instruments (i.e., derivative securities, including fixed
income). This trend has generated a lot of literature in the areas of financial mathematics and

financial economics, see Jeanblanc, Yor and Chesney, 2009, and Duffie 2001, among others.

Let us consider the so called fixed income markets, which include financial instruments such
as government bonds traded in government debt markets, zero coupon bonds, floating rate
coupon bonds, and municipal bonds. When modeling the price of a bond, it can be described in
different ways depending on the treatment given to the interest rate process involved. A simple
example of a bond is a bank account carrying a constant interest rate, r > 0. According to this

model the price of a bond evolves as follows

dB(t)

= rB(1), t>0, (1.1)
dt
B(0) = By.

in this case the price of the bond is given by B(#) = Bpe"!. An implicit assumption is that the

time interval involved is sufficiently small.

An interest rate process can be modeled as a deterministic function of time, i.e., r = r(%),

where t = 0, and B(0) = By. Then the price of a bond is obtained as
t
B(t) = Boexp{f r(s)ds}, t>0. (1.2)
0

We refer to Svishchuk and Kalemanova, 2000, and Govindan and Acosta, 2008, for details.

Black and Scholes, 1973, and Merton, 1973, proposed a model for the valuation of options

as a stochastic process, that is, the underlying asset price S(¢) follows a geometric Brownian
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motion given by the following It6 SDE :

dS(1)

uSdt+oS(H)dw(t), t>0, (1.3)

S(0)

So,

where p is a real constant and o is positive constant. Equation (1.3) is known as the Black-
Scholes-Merton model. In 1997, Scholes and Merton received the Nobel prize in economics for

their work while Black passed away in 1995.

Interest rates can vary due to a variety of factors which are of a random nature. The seminal
stochastic interest rate model in the field was proposed by Vasicek in 1977. Vasicek assumes a
stochastic interest rate process as underlying the bond valuation process where the interest rate

r(t) follows an Ornstein-Uhlenbeck process as described by the following SDE:

dar(t) l[a—PBrnldt+odW(t), t>0, (1.4)

r(0)

Io,

where a, f and o are positive constants. Equation (1.4) is known as the Vasicek model for inter-
est rates. Notice that the Vasicek interest rate model may allow the possibility of having negative

interest rates.

We are interested in models of the interest rate in continuous time given by It stochastic
differential equations (SDEs) studied by the rules of Itd stochastic calculus, see Cairns, 2004,
Filipovi¢, 2009, Shreve, 2004, Gibson et al, 2010, Brigo and Mercurio, 2007, Svoboda, 2004, and
Veronesi, 2011.

A model that precludes the possibility of negative interest rates is the Cox-Ingersoll-Ross

(CIR) interest rate model proposed by Cox, Ingersoll, and Ross in 1985b. The CIR model for the
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interest rate process r(f) is given by the SDE:

dr(t) l[a—pr(Dldt+o/r()dW(), t>0, (1.5)

r(O) = To

where a, f and o are positive constants.

Hull and White, 1990, propose the following generalized interest rate model

dr(t) [a’(t)—,B(t)r(t)]dt+O(l‘)rb(t)dW(t), t>0, (1.6)

r(0) To,

which still may allow negative interest rates, where a(¢), f(f) and o(¢) are deterministic func-
tions and b is a positive number. When «a, 8 and o are positive constants and b = 0, the Vasicek
interest rate model (1.4) is obtained, as a special case of (1.6). If b=1/2, (1.6) reduces to the CIR

interest rate model (1.5).

In equation (1.6), when f and o are positive constants and b = 0, the following well known

form of the Hull-White interest rate model is obtained:

dr(t) la(t) - Pr(D]ldt+odW(t), t>0, (1.7)

r0 = ro.

The thesis considers also other models such as Extended Hull-White, Hull-White: A CIR
style extension, Brennan Schwartz, Exponential Vasicek, Dothan, Mercurio-Moraleda, Black-

Derman-Toy, and Black-Karasinki, among others.

Our research interests also include the study of continuous-time interest rate models with
discontinuities. A motivation for this type of research comes from a seminal paper published
by R. C. Merton in 1976 in the context of option pricing when underlying stock returns are dis-

continuous. Merton considers that the total change in the underlying stock price of an option
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could be as a result of “normal” vibrations, when business day news or events arise that move
the market, and “abnormal” vibrations show up when non-expected and perhaps worrisome
news hit the market. This last component can be modeled by a pure jump process, see Merton

1976.

In the context of continuous-time interest rate models we consider jump processes such as
the compound Poisson jump process (Lévy processes) and the compensated compound Pois-

son jump process described in Merton 1976, Applebaum, 2009, and Bertoin, 1996.

1.1 Objectives of the Thesis

The objectives of this doctoral thesis are

1. tostudy an alternative to It6’s formula to find the solution process of some standard inter-
est rate models such as Vasicek, Cox-Ingersoll-Ross (CIR), Hull-White (including extended
Hull-White, and a CIR style extension of the Hull-White), Brennan-Schwartz, exponential
Vasicek, Dothan, extended exponential Vasicek, Mercurio-Moraleda, a generalized inter-

est rate model and the Brownian bridge,

2. to obtain the solution process by using It6’s product rule to some interest rate models with

Poisson jumps (Lévy processes) such as Black-Derman-Toy and Black-Karasinski,

3. to obtain moment properties of some interest rate models such as Vasicek, Brennan-
Schwartz, Hull-White (including an extension of Hull-White), Black-Derman-Toy, Black-
Karasinski and Dothan and also some interest rate models with Poisson jumps such as

Vasicek, Black-Derman-Toy and Black-Karasinski,

4. to obtain stability properties like boundedness in probability uniformly in ¢ of Brennan-
Schwartz model, exponential mean square stability of Brennan-Schwartz, Hull-White and

Dothan models, and asymptotic quadratic mean of CIR with Poisson jumps.
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1.2 Format of the Thesis

The format of this thesis is as follows:

In Chapter 2, we give preliminaries beginning with the basic concepts from the theory of
probability and stochastic processes, then Itd’s stochastic calculus, stochastic differential equa-
tions (SDEs), existence and uniqueness of a solution of SDEs. Next, some fundamentals such as
Poisson jump processes, Lévy processes and It6’s product rule are provided. The chapter con-

cludes with the necessary definitions of stability that we are interested in this thesis.

Chapter 3 provides an alternative to Itd’s formula to solve many standard interest rate mod-
els. In other words, it is shown that the elementary linear ordinary differential equation method
extended to the stochastic equations provides solutions to stochastic interest rate models like
Vasicek, Cox-Ingersoll-Ross, Hull-White, Extended Hull-White, Hull-White: A CIR style exten-
sion, Brennan-Schwartz, Exponential Vasicek, Dothan, Black-Derman-Toy, Black-Karasinski,
Extended Exponential Vasicek, Mercurio-Moraleda, a generalized interest rate model, and the
Brownian bridge. However, It0’s formula is also used to obtain solutions. It is interesting that

the solutions obtained by both the methods coincide.

In Chapter 4, we obtain probabilistic properties of interest rate models including such mod-
els with jumps. To be precise, moment properties such as expectation, variance, and also p-
moments, p = 2, are obtained for the interest rate models like Vasicek, Brennan-Schwartz, Hull-
White, Black-Derman-Toy, Black-Karasinski, and Dothan. Such moment properties are also ob-
tained for interest rate models with Poisson jumps like Vasicek, Cox-Ingersoll-Ross, Black - Der-
man -Toy, Black-Karasinki, and Dothan. Subsequently, stability properties like boundedness in
probability uniformly in #, and exponential mean square stability are established for the models

like Vasicek, and Brennan-Schwartz with Poisson jumps.



Chapter 2

Preliminaries

In this Section we give the basic theory from Applebaum, 2009, Arnold, 1974, Allen, 2007, Mikosch,
1999, Gard, 1988, Gihman and Skorohod, 1972, Gut, 2013, Khasminskii, 2012, It6, 1951, Mood,
Graybill and Boes, 1974, Oksensal, 2003, and Shreve, 2004.

2.1 Probability and Stochastic Processes

Let Q be a nonempty space, and let 3 be a collection of subsets of Q). We say that J is a o-algebra
provided that (i) the empty set @ belongs to JF, (ii) whenever a set A belongs to J, its comple-
ment A¢ also belongs to F, and (iii) whenever a sequence of sets A;, Ay, ... belongs to F, the

union U7, A, also belongs to &. The pair (2, F) is called a measurable space.
Definition 2.1 [Shreve, 2004, p. 2] Let Q be a nonempty set, and let J be a o-algebra of subsets
of Q. A probability measure P is a function defined as P(Q2,J) — [0, 1] such that

(i P(A) =0, forevery AeJ,

(i) P(Q)=1,and

(iii) whenever A;, A, ...is a sequence of disjoint setsin J, i.e., A; N Aj = @, for i # j, then

P(n@l An): f P(A,).

n=1
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The triple (2, F, P) is called a probability space.

Definition 2.2 [Arnold,1974, p. 2] Let (Q,F) and (Q',F") denote measurable spaces. A mapping
X : Q — Q' that assigns to every w € Q a member o’ = X(w) of Q' is said to be (F,F')-measurable
(and is called an Q’-valued random variable on (Q, F)) if the preimages of measurable sets in Q'

are measurable sets in Q, that is, for A’ € J7,
w: XweA}=[XweA]= X_I(A') eF.

The set F(X) of preimages of measurable sets is itself a g-algebra in Q and is the smallest

o-algebra with respect to which X is measurable. It is called the o-algebra generated by X in Q.

Definition 2.3 [Arnold, 1974, p. 8] A random variable X is said to be P-integrable if the integral
J XdP is finite.

(i) In probability theory, this integral is also called the expectation of the random variable X

and is written as

E[X] :EX:f XdP. 2.1)
Q

(ii) The variance of X defined as

Var[X] = E[X-EX]? = EX?* - [EX]?. 2.2)
Let R = (—oo,00) be the real line.

Definition 2.4 [Arnold, 1974, p. 13] Let X and X,,, where n = 1, denote R-valued random vari-

ables defined on a probability space (Q2,F, P).

(i) If there exists a set of measure zero N € J such that, for all w ¢ N, the sequence of the

X, (w) € R converges in the usual sense to X (w) € R, then {X},} is said to converge almost
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surely (a.s.) or with probability 1 (w.p. 1) to X. We write

a.s.— lim X, =X.
n—oo

(ii) If, for everye >0,
Plw: | X, (w)-X(w)|>€} —0, n— oo,
then {X,,} is said to converge stochastically or in probability to X, and we write

P- nlim X,=X.
Definition 2.5 [Arnold, 1974, p. 16] Two random variables X and Y are said to be independent
if and only if fx y(x,y) = fx(x) fy(y) where fx y(x,y) is their joint density function of random
variables X and Y and fx(x) and fy(y) are their marginal density functions. This can be ex-

tended to more than two random variables in an analogous manner.

Definition 2.6 Two functions defined on the probability space (Q,F, P) f and g are equal a.s.
with respect to P, if f(x) = g(x) when x ¢ N, for some N € F such that P(N) =0.

Theorem 2.1 [Arnold, 1974, p. 12] (Radon-Nikodym) Let v and p denote two measures defined
on (Q2,3), and suppose that yu is sigma-finite. Then, v is y-continuous if and only if v has a

p-density. This density is uniquely defined [v]. We then have

d
fde:fX—Vdu.
Q o du

as long as one side of this equation is meaningful.

Definition 2.7 [Arnold, 1974, p. 18] (Conditional expectation) Let X € L'(Q,J,P) denote an
R-valued random variable and let G c J denote a sub-o-algebra of . The probability space

(Q, G, P) is a coarsening of the original one and X is in general, no longer G-measurable. We seek
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now a §-measurable coarsening Y of X that assumes, on the average, the same values as X, that

is, an integrable random variable Y such that

Yis G —measurable,

deP:fXdP forall Ce G.
C C

According to the Radon-Nikodym theorem, there exists exactly one such Y, a.s. unique. It is

called the conditional expectation of X under the condition §. We write
Y = E[X]|9]. (2.3)

Therefore, the conditional expectation is, for fixed X and G, a function of w € Q. It follows from

the definition that, in particular

E[E[X|S]] = E[X] and

|E[XIS]I = ElIXIIS]  as..

See [Arnold, 1974, p.19] for other important properties of the conditional expectation.

The conditional probability P(A|S) of an event A under the condition G € J is defined by
P(AIG) = El1419], (2.4)
where 1,4 is the indicator function defined by

1, ifxeA,
Ia(x) =

0, ifx¢A.

Theorem 2.2 [Gut, 2013, p. 120] (Markov’s inequality) Suppose that E| X|P < oo for some ¢ > 0,
and let X > 0. Then,

P{IXI > c}s C—lpEIXI”.
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Definition 2.8 [Mood et al, 1974, p. 107] (Normal distribution) A random variable X is defined to

be normally distributed if its probability density function is given by

2
fx(x) = fx(;u0)= ) } —00 < X < 00,

where the parameters p and o satisfy —oo < u < co and ¢ > 0. These parameters y and o2 turn

out to be the mean and the variance of the distribution.

Definition 2.9 [Doob, 1953, p. 46] A collection of random variables with respect to a parameter,
with respect to time in this case, denoted by {X (), € T}, where T = [0,00) is called a stochastic

process. For simplicity, we write {X(?), £ = 0}.

Definition 2.10 [Arnold, 1974, p. 25] A stochastic process {X(?), t € T} is called a Gaussian pro-

cess if every finite linear combination of random variables {X (), ¢ € T} is normally distributed.

Definition 2.11 [Shreve, 2004, p. 51] Let Q2 be a nonempty set. Let T be a fixed positive number,
and assume that for each ¢ € [0, T] there is a o-algebra. Assume further that if s < z, then every

setin J is also in F;. Then we call the collection of o-algebras F;, 0 < t < T a filtration.

2.1.1 Markov Process

Let {X (1), t € T} be a stochastic process adapted to a filtration {J, t € T}, with parameter space

T < [0,00) and state space R. Then {X(¢), t € T} is called a Markov process if it satisfies
P[X(t)€ B|F,] = P[X(t) € B|X(s)], a.s.,

for 0 < s < ¢ and for every B € B, see Arnold, 1974, p. 28.

2.1.2 White Noise

Definition 2.12 [Arnold, 1974, p. 50] A Gaussian white noise is a generalized stationary Gaussian

stochastic process (1), for —oo < t < oo, with mean E¢(f) = 0 and a constant spectral density
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f (1) on the entire real axis. If E{(s)¢( + s) = C(¢) is the covariance function of (), then

1 [ . C
fQ) = E\[—oo e"Me(dr = Py forall A €R,

where C is a positive constant.

2.1.3 Wiener Process

Definition 2.13 [Arnold, 1974, p. 46] A stochastic process {W(f), t = 0} is called a Wiener pro-
cess or a Brownian motion if it satisfies the following conditions: W(0) = 0, the random vari-
able W (t) — W(s) is normally distributed with E[W (¢) - W (s)] =0 and Var[W(t) - W(s)] =t —s,
W (#) has independent increments, i.e., for every 0 < f; < f, < ... < t,, the random variables
W(t), W(t)—-W(ty),...W(t,) —W(t,-1) are independent of each other and the sample paths of

W (t) are continuous functions a.s..

Theorem 2.3 [Arnold, 1974, p. 48] Almost all sample functions of the Wiener process W (¢) are

continuous but nowhere differentiable functions.
Proposition 2.1 [Arnold, 1974, p. 45] The Wiener process, {W (), t = 0}, is a Markov process.

Proposition 2.2 [Arnold, 1974, p. 53] The white noise is the derivative of the Wiener process

{W (1), t = 0} when both processes are considered as generalized stochastic processes, that is

dWw (t) .
&) = SPTE = W (?), or conversely (2.5)

t
W (1) :f &(s)ds
0

in the sense of coincidence of the covariance functionals. See Arnold, 1974, p. 53, for details.
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2.1.4 Martingale

Definition 2.14 [Arnold, 1974, p. 25] Let (2, F, P) denote a probability space. Let {X (1), t € [ty, T1}
denote an R-valued stochastic process defined on (Q, F, P), and let {F} ;c(4,, 7] denote an increas-

ing family of sub-o-algebras of J, that is, one having the property

FscF, for tg<s<t<T.

If X(¢) is I;-measurable and integrable for all ¢, then the pair {X(£), ¢} te(4, ) is called a martin-

gale if

E[X(D|TF1=X(s), as., (2.6)

for all s and ¢ in [£y, T], when s < ¢. If X(¢) is a real-valued process and if we replace the equality

sign in the last expression with < or =, what we have is a supermartingale or a submartingale.

2.2 Stochastic Calculus

In this Section, we introduce It6 stochastic calculus, see Arnold, 1974, It6, 1951, Gard, 1988, Gih-

man and Skorohod, 1972, Oksendal, 2003, and Shreve, 2004.

Definition 2.15 [Arnold, 1974, p. 63] Let £y denote a fixed nonnegative number. A family 5, for
t = 1y, of sub-o algebras of J is said to be nonanticipating with respect to the Wiener process

{W (1), t = 0} if it has the following properties:
@) FscF; (gss=<1),
(i) F;>Bltw, 1] (= 1),
(iii) J;isindependentof B (t= t).

Note that B[, f] is the o-algebra generated by the Wiener process {W (¢), t = ty} given by B[, t] =
UW () : tp < u<t). Since Bg = B[0,00) (aside from sets of measure 0), condition (iii) means,

for instance, for ¢ = 0, that F, can contain only events that are independent of the entire Wiener
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process {W (1), t = 0}.

Definition 2.16 [Arnold, 1974, p. 63] An R-valued function G = G(s,w) defined on [#, t] x Q and
measurable in (s, w) is said to be nonanticipating (with respect to a family s of nonanticipating
o-algebras) if G(s,-) is Fs-measurable for all s € [f, £]. We denote by M>[t, t] the set of those
nonanticipating functions defined on [#, t] x Q for which the sample functions G(-, w) are w.p. 1

in Ly (1, t], that is,

t
|G(s,w)|?ds < oco.
To

Here, the last integral is to be interpreted as the Lebesgue integral (which, for example, coincides

with the Riemann integral in the case of continuous functions).

2.2.1 It0’s Stochastic Integral

The purpose of this section is to define It0’s stochastic integral

t t t
f Gdw = G(s)dW (s) :f G(s,w)dW (s, w)
To to 17

0

for arbitrary ¢ = fy and all G € M>[#, f], in two steps. In the first step, Itd’s stochastic integral is
defined for step functions in M>[y, t]. In the next step, its definition is extended to the entire set
M>[ty, t] by means of an approximation of an arbitrary function with the aid of step functions,

see Section 4.4 from Arnold, 1974.

Step 1 A function G € Ms [y, t] is called a step function if there exists a decomposition # < f; <
... < t, = t such that G(s) = G(¢t;—1) (note that we omit the variable w) for all s € [t;_1, t;), where
i =1,...,n. For such step functions the stochastic integral of G with respect to W () is defined

as the R-valued random variable

t t n
f GdW = | Gs)dW(s) =Y. G(ti-1) (Wy,=W,, ). 2.7)
Ip

fo i=1

Step 2 The definition of the It6 stochastic integral for arbitrary function in M>[#, f] is given as
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follows:
We need the following lemma.

Lemma 2.1 [Arnold, 1974, p. 69] Suppose that G € M|y, t] and that G,, € M|y, t] is a sequence

of step functions for which G,, converges stochastically to G in the following sense:

t
P—lim | |G(s)=Gp(s)|>ds=0.

n—oo to

If we define

t
G,(8)dW(s)
To

by (2.7), then G,, converges stochastically to 1(G),

r
P-lim | Gp(89)dW(s)=I1(G),

n—oo fo

where I(G) is a random variable that does not depend on the special choice of the sequence G,.
As a consequence of the previous two steps, the following definition can be established.

Definition 2.17 [Arnold, 1974, p. 71] For every R-valued function G € M;[1y, f], the stochastic
integral (or It0’s integral) of G with respect to an R- valued Wiener process W (¢) over the interval
(%o, t] is defined as the random variable I(G), which is a. s. uniquely determined in accordance

with Lemma 2.1:

r r r
f GdW = | G(s)dW(s)=P— ,;im GpdW, (2.8)
; -

0 fo ©Jn

where {G,,} is a sequence of step functions in M>[#, f] that converges stochastically to G in the
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sense of

I3
P—1lim | |G(s)—G,(s)|?ds=0.
n fo

Some properties of [t0’s stochastic integral are summarized as follows:

Theorem 2.4 [Shreve, 2004, p. 134] Let T be a positive constant and let G(), G (), G2(#),0<s <
t < T, be adapted stochastic processes that satisfy E fOT G?(t)dt <oo. Then I(t) = fot G(s)dW (s)

defined by (2.8) has the following properties:

(i) (Continuity) As a function of the upper limit of integration ¢, the paths of I(t) are contin-

uous.
(ii) (Adaptivity) For each ¢, I(t) is J;-measurable.

(iii) (Linearity)
t t t
f [aG1(S) + bGy(s)1dW (s) = af G1(s)dW (s) +b[ Go(s)dW(s), abeR.
0 0 0

(iv) (Martingale) I(¢) is a martingale.

(v) (Ito Isometry)

t 2 t
Ev G(s)dW(s)‘ :Ef IG(s)2ds.
0 0

(vi) (Quadratic Variation) [1, I1(f) = f{ G*(s)ds.

Theorem 2.5 [Shreve, 2004, p. 169] (It6 integral of a deterministic integrand) Let W (s), s =0, be
a Wiener process, and let G(s) be a nonrandom function of time. Define I(t) = fot G(s)dW (s).

For each t = 0, the random variable I(#) is normally distributed with

r
E[I(1)] = Ef G(s)dW(s) =0, (2.9)
0
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and

13 t
Var[I(t)]:Var[f G(s)dW(s)]:f G2(s)ds.
0 0

2.2.2 It0’s Formula

We now give Itd’s formula which will be crucial in this thesis.

Theorem 2.6 [Oksendal, 2003, p. 44] (It6’s Formula)

Let X(t) be an It6 process of the form
dX() = f(t,X(0))dt+G(t, X()dW(r), t>0.
Let g(t,x) € C2(]0,00) x R) (i.e. g is twice continuously differentiable on [0,00) x R). Then
Y(t)=g(t, X(1), t>0,
is again an It0 process, and is given by
dy (1) = %(I,X(z‘))dt+ g—i(t,X(t))dX(t) + %%(t,X(t))(dX(t))z,

where (dX(1))? = (dX(1))(dX(1)) is computed according to the rules

dtdt=dtdW () =dW(@)dt=0, dW(@)dW () =dt.

2.3 Stochastic Differential Equations

Consider the stochastic differential equation (SDE)

dX(t)

f&, X(0))dt+G(t, X(1)dW(t), t>0,

X(0)

Xo,

17

(2.10)

(2.11)

(2.12)
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where f(f, x) and G(t, x) are scalar valued measurable deterministic functions for z € [0, T] (0 <
T < o0) and x € R and prove the existence and uniqueness of the solution to (2.12) with respect

to the given initial condition. {W(f), t = 0} is a Wiener process, see Arnold, 1974, and Ito, 1951.

2.3.1 Existence and Uniqueness of a Solution

Theorem 2.7 [Gard, 1988, p. 68-69] If the following assumptions are satisfied:

(i) The functions f(¢,x) and G(t,x) are defined for ¢ € [0, T] and x € R and are measurable

with respect to all their arguments:

(ii) There exists a constant K > 0 such that # € [0, T] and x, y € R such that

|f(t, %)= fe, MI=1G(,x) -G, )| = Klx—yl, (2.13)

A

IF(, 0P +IG(t,0* < K*(1+]x%); (2.14)

(iii) Xy does not depend on W (t) and E| X% < o0.

Then there exists a solution of (2.12) defined on [0, T'] which is continuous w.p. 1 and such that

sup E|X(8)]? < oo.
0<t<T

Additionally, a solution with these properties is pathwise unique, in the sense that, if x and y are

two solutions of (2.12)

P{ sup X, (8) — Xo ()] = 0}: 1.
0<t<T

2.4 Poisson Jump processes

We consider the fundamental Poisson Jump process. This section picks details from Shreve,

1974, pp. 476-476.
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Definition 2.18 [Applebaum, 2009, p. 43] Let {X(¢), ¢ = 0} be a stochastic process defined on a
probability space (Q,J, P). We say that X (¢) is a Lévy process if:

(i) X(0)=0,a.s.,

(ii) X(r) has independent and stationary increments; stationary increments means that for
1, t» in [0,00), and t; < t, the distribution of X () — X (¢1) is the same as that of X(t, + h) —

X(ty + h) forany h >0,

(iii) X(t) is stochastically continuous, i.e. for all @ > 0 and for all s =0,

I,EI}PUX(U - X(8)|>a)=0.

Also, notice that (iii) is equivalent to the condition
limP(|X(#)|>a)=0.
£10

for all a > 0 whenever (i) and (ii) hold.

Let us define a jump process as the sum of a nonrandom initial condition, a Riemman inte-
gral with respect to dt, an It6 integral with respect to a Brownian motion W(t), and a pure jump

process. Hence, a jump process X (the integrator) will right be continuous and of the form
X(1)=X(0)+R()+ I(1) + J(2). (2.15)

In expression (2.15), X(0) is a nonrandom initial condition. The process R(t) = [, ©(s)dsin (2.15)
is a Riemman integral for some adapted process O(f). The process I(f) = fot ['(s)dW (s) is an Ito
integral of an adapted process I'(f) with respect to a Brownian motion relative to the filtration
J(t). The term J(¢) in (2.15) is an adapted, right-continuous pure jump process with J(0) = 0. It
is right-continuous in the sense that J(z) = limg,, J(s) for all £ = 0. The left-continuous version

of J(t) will be denoted J(t-).
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The continuous part of X is defined as

t

t
X”(t):X(0)+R(t)+I(t):X(0)+f @)(s)ds+f r©)dw(s).
0 0

The quadratic variation of this process is
t
(X6, X°)(1) = f I2(s)ds,
0
which can be written in differential form as
dX¢(ndX(t) =T?(ndr.

Definition 2.19 [Shreve, 2004, p. 475] A process X () of the form (2.15) with Riemman integral
part R(t), with It6 integral I(¢), and a pure jump part J(¢) as previously described will be termed

a jump process.

Let us define the stochastic integral given by

t
f D(s)dX(s),
0

where ® and X to be defined below.

Definition 2.20 [Shreve, 2004, p. 475] (Lévy - It6 decomposition) Let X (¢) be a jump process of
the form (2.15) and let ®(s) be an adapted process. The stochastic integral of ®(s) with respect
to X is defined to be

t t t
f @(s)dX(s):f @(s)@)(s)ds+f D(HI'()dW (s) + Z D(s)AJ(s). (2.16)
0 0 0

O<s<t

In differential notation (2.16) can be written as

O(dX(1) OHOAR(D)+P()dI(t) +D(1)d] (1)

O(dX (t) +D(1)d] (1),
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where

O(HdR(r) = D(1)O(Ndt,
d(NdI(t) = DOI(HAW(p),
O(NdX(r) = PO dr+Dd(NT (AW (t).

Theorem 2.8 [Shreve, 2004, p. 477] Assume that the jump process X (s) described by (2.15) is a

martingale, the integrand ®(s) is left-continuous and adapted, and
t
Ef 2 (5)®*(s)ds <oo forallt= 0.
0

Then the stochastic integral fot ®(s)d X (s) is also a martingale.

Theorem 2.9 [Shreve, 2004, p. 484] (Itd formula for a jump process) Let X () be a jump process

and f(x) a function for which f’(x) and f” (x) are defined and continuous, then

t 1 t
X)) = fXO)+ fo f’(X(S))dX”(S)JrE fo f"(X()dX (5)dX(s)
+ ) [f(X(9) = fX(s-)].

0<s<t

Theorem 2.10 [Shreve, 2004, p. 484] (Two-dimensional It6 formula for processes with jumps)
Let X;(t) and X»(¢) be jump processes, and let f(z, x;, x2) be a function whose first and second

partial derivatives appearing in the following formula are defined and continuous. Then
t
[, X1(0),Xa(0) = f(0,X1(0),X2(0)+f0 fi(s, Xa(8), Xa(8))ds
+f0[fx1(S,X1(S),X2(S))de(S)+fotfxz(S,Xl(S),Xz(S))de(S)
+%f0tfx1,x1 (5, X1(5), X2(8)d X (5)d Xy (5)

t
+f0 fxl,xz(3,Xl(S),Xz(S))de(s)dXZC(s)

1 t
+§f0 Frox2 (8, X1(5), X2(8))d X5 (s)d X5 (s)

+ ) [f(s,X1(5), X2(5)) — f (s, X1(5-)), Xo(s))]. (2.17)

O<s<t
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Corollary 2.1. [Shreve, 2004, p. 489] (Itd’s product rule for jump processes) Let X; () and X»(¢)

be jump processes. Then
t t
X1(0) X2(1) =X1(0)X2(0)+f0 Xz(s—)dX1(5)+fO X1(s=)d X>(s) + [ X7, Xo](1).

Let N be the set of natural numbers.

Definition 2.21 [Applebaum, 2009, p. 49] The Poisson process N(¢) with intensity A > 0is a Lévy

process taking values in N U {0} wherein each N(t) has the probability function

AD"
P(N(t):n):( ')e_’”, n=0,1,2,....
n!

Note that the sample paths of N(t) are piecewise constant on finite intervals with jump discon-
tinuities of size 1 at each of the random times (T}, n € N).

Let Uy, Uy, ... be a sequence of independent and identicallly distributed (i.i.d.) random vari-
ables with mean E[U;] =y, i = 1,2,.... The random variables Uj, Uy, ... are independent of the

Poisson process N(1).

Definition 2.22 [Shreve, 2004, p. 468] The Compound Poisson process is defined as
N(t)

Q=) U; t=0.
i=1

Note that the jumps in Q(?) are of random size while the jumps in N(t) are always of size 1. Also,

Q(#) jumps occur at the same time as N () does.

For 0 < s < ¢, the increment Q(f) — Q(s) is independent of J(s) and has mean yA(f—s). In fact

E[Q(DIF(9)] E[Q(5) —Q(8) + Q(9)|TF ()]
E[Q(5) = Q(9)IT ()] +Q(s)

YA(E =)+ Q(s)
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Hence the compound Poisson process is not a martingale.

Theorem 2.11 [Applebaum, 2009, p. 49] The compound Poisson process {Q(f), t = 0} is a Lévy

process.

Proof Conditions (i) and (ii) follow immediately. To obtain (iii), let a > 0, next by conditioning

and independence
PIQDI>a) = Z PIZW)+---+Z(n)| > a)P(N(1) = n),
n=0

by dominated convergence theorem [Arnold, 1974, p. 11] (iii) follows. [J

Theorem 2.12 [Shreve, 2004, p. 470] Let {Q(?), t = 0} be the compound Poisson process. Then

the compensated compound Poisson process
Q(r)—yAt

is a martingale.

Proof. Let 0 < s < ¢ be given. Taking E[Q(#)] = yAt and following the previous argument we
observe that E[Q(t) —yAt|F(s)] = Q(s) —yAs. U

Lemma 2.2 [Svishchuk and Kalemanova, 2000] Let {Y,, n = 1} be a sequence of i.i.d nonnega-
tive random variables, E[Y},] < +o00, and {N(t), t = 0} be a Poisson process with intensity A > 0,

independent of {Y;;,n = 1}. Then

N(t)
E[ I1 Yn]: expAt(E[Y;] - 1)}, forallt=0.
n=1
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2.5 Probabilistic Properties: Stochastic Stability

In this Section, we collect stochastic stability properties from Svishchuk and Kalemanova, 2000,

and Govindan and Acosta, 2008, and Khasminskii, 2012.

Let f(£,0) =0and g(z,0) =0 a.e. f, so that equation (2.12) admits the trivial solution X (#) = 0.
Let X () = X(t, Xo) a solution of (2.12), where Xj € R is a constant (sometimes, we shall consider
X as random variable independent of {W (#), t = 0}, with E| X,|? < co. Let X* (¢, X;) be any other
solution of (2.12) with X*(0) = X

Definition 2.23 The solution X(#) of (2.12) is called exponentially mean square stable if there

exists positive constants C and y such that
EIX(t) - X*(0D1* < CE|Xo— Xj1*e™"", t=0.
Definition 2.24 The solution X () of (2.12) is bounded in probability uniformly in ¢ if
s,tggP{IX(t)l >M}—0, as M— oo,

for sufficiently small | Xj|.

The following lemma will be needed.
Lemma 2.3 (Gronwall-Bellman inequality) [Khasminskii, 2012, p. 9] Let u(t) and v(¢) be non-

negative functions and let k be a positive constant such that for t = s,
t
u(r) < k+f u(®)v(r)dr.
N
Then for t = s,

u(t) < kexp{ft U(T)d‘[}.
N
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An Alternative to Ito’s Formula to Solve

some Interest Rate Models

In this Section, we solve several financial models using classical [t6’s formula and also develop

a method using basic ordinary differential equations (ODEs).

The proofs of all the theorems in this chapter appear to be new.

3.1 ALinear Ordinary Differential Equation

Definition 3.1 A first-order stochastic differential equation of the form
dy
al(t)a+a0(t)y:h(t,a)), t>0, (3.1)

is said to be a linear equation in the dependent variable y, where ay(#) and a, (f) are real-valued
continuous functions of ¢ and h(f,w) is a continuous stochastic process almost surely. We sup-
pose that a, (t) # Oforallt. By dividing both sides of (3.1) by the lead coefficient a, (¢), we obtain
the standard form of a first-order stochastic differential equation

dy

E+P(I)y:f(t,w), (3.2)

25
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where P(t) is a real-valued continuous functions of # and f(#,w) is a continuous stochastic pro-

cess almost surely. We seek a solution of (3.2) on ¢ > 0.

Method of solution of the equation (3.2) Following the linear ODE method, see Zill and Cullen,
2004, p. 55, and Ladde and Ladde, 2012, p. 122, we introduce the following steps:

(i) Putalinear equation of the form (3.1) into the standard form (3.2).
(ii) From the standard form, identify P(¢) and then find the integrating factor el POdt

(iii) Multiply the standard form (3.2) by this integrating factor. The LHS of the resulting equa-

tion is nothing but the derivative of the product el Pt ¥, as follows:

%[efp(t)dty] — efp(t)dtf(t,w). (3.3)

(iv) Integrating both sides of the equation (3.3) with respect to ¢ yields the solution, provided

the integrals on the RHS are well-defined.

Remark 3.1 Notice that we take f(¢,w) = hy(f) + ha(£)¢(2), where hy () and hy(f) are continuous
real-valued functions in the application of this method in the following sections. We call this

method as a linear ODE method.

3.2 Vasicek

In this section, we begin our study with standard interest rate models.

The Vasicek model, see Vasicek,1977, for the interest rate process r(t) is given by the SDE:

dr(t) l[a—-Pr(ldt+odW(t), t>0, (3.4)

r(0)

o,

where «a, f and o are positive constants.
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Theorem 3.1 Equation (3.4) has a solution given by
a t
rt)=e Plry+ B(l —e P +ae_ﬁtf ePsdw (s).
0

First Proof Our approach to find the solution of equation (3.4) is by applying the linear ODE

method. Rewriting (3.4) as

dr(t) B dw (1)
T, +pr(t)=a+o TR t>0.
That is
d;(tt) L Br(t) = a+a(t), t>0. 3.5)

Equation (3.5) is in the form of the first-order ordinary differential equation (3.2) with P(t) = S.
Its integrating factor is el Pt = ot Multiplying both sides of equation (3.5) by this integrating

factor, it follows that

eﬁt? +ePBtr(n) =ePla+ePlot(r).

Thus

%(eﬁtr(t)):eﬁta+eﬁtaf(t). (3.6)

Integrating (3.6) from O to ¢, we have

Plriy = r0+af

t t
eﬁsds+af P aw s).
0

0
Hence, the solution of equation (3.4) is given by

t
r(6)=ePlry+ %(1 —e Py pge Pt f P aw(s). O 3.7)
0

Second Proof Interestingly, an application of It6’s formula (Theorem 2.6) to the SDE (3.4) would
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also produce the same solution (3.7) as shown below:
To do so, we pick the function g(t,r) = ef'r, where r () is the solution process of equation

(3.4). Applying It0’s formula, we get

2

0g 0g 10°g
Bt -5 -5 295
d(eP"r(1) at(z‘,r(t))dt+ar(t,r(t))dr(z‘)+2mz(z‘,r(t))dr(z‘)clr(l‘)

= ,Beﬁtr(t)dt+eﬁtdr(t)+%(O)dr(t)dr(t)
= ﬁeﬁfr(r)dmeﬁt([a—ﬁr(r)]dmo—dwm)
= ,Beﬁtr(t)dt+eﬁtadt—ﬁeﬁtr(t)dt+eﬁtadW(t)

= ePladt+oePtdw(p). (3.8)

Integrating equation (3.8) from 0 to ¢, we have

t
r(6) = e Plro+ %(1 —e Py ge Pt f PSAW (s),
0

which coincides with (3.7). O

3.3 Cox-Ingersoll-Ross

The Cox-Ingersoll-Ross (CIR) model, see Cox, Ingersoll, and Ross, 1985b, for the interest rate

process r(t) is given by the SDE:

dr(t) l[a—pr(Dldt+o/r()dW (), t>0, (3.9)

r(0)

o,

where a, f and o are positive constants.

Theorem 3.2 Equation (3.9) has a solution that satisfies the following integral equation

t
r()=ePlry+ %(1 —e P +ae_ﬁtf ePS\/r(s)dW (s).
0
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Proof Proceeding as in Section 3.2, we have

dr(t) dw ()
T, +pr(t)=a+o\r(t) P t>0.
That is
d;(tt)+,Br(t):a+a\/r(t)rf(t), £>0. 3.10)

Equation (3.10) is in the form of the first-order ordinary differential equation (3.2) and its inte-

grating factor is el Pt = gbt, Multiplying both sides of equation (3.10) by this integrating factor,

it follows that
eﬁ’f% +ePpr(t) = ePla+ePloy/rné.
Thus
%(eﬁfr(t)):eﬁfa+eﬁfa\/ﬁé(t). 3.11)

Integrating (3.11) from 0 to ¢, we have
t
r(t)=e Plry+ %(1 —e P+ ae‘ﬁff ePS\/r(s)dw(s). O 3.12)
0

Remark 3.2 Interestingly, an application of [td’s formula (Theorem 2.6) to the SDE (3.9) would

also produce the same solution (3.12).

3.4 Hull-White

The Hull-White interest rate model also termed as extended Vasicek model for the interest rate

process r(t) is given by the SDE:

ar(t) = la()-p@Ornldt+o()dW(t), t>0, (3.13)

r = ro,
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where a(?), f(#) and o(f) are nonrandom positive functions of the time variable ¢.

Theorem 3.3 Equation (3.13) has a solution given by

t t
r(t):e-k(r)rOJrf e—[k(t)—k(s)]a(s)ds+f e~ KO-k (9 AW (s),
0 0

where k(1) = [ B(t)dt.

Proof Proceeding as before, we obtain

dr(t)
dt

+ B () =a(t)+o(H)é(r), t>0. (3.14)

Equation (3.14) is in the form of the first-order ordinary differential equation (3.2) and its in-
tegrating factor is e/ Pdr — k(D) Multiplying both sides of equation (3.14) by this integrating

factor, it follows that
dr(t
ek“)r—(t) +ek DB () =" Da(r) + Do (0 (D).
Thus
d
—(ek(”r(r)): KD () + Do (D). (3.15)
dt
Integrating (3.15) from 0 to ¢, we have the solution

t t
r(t) = e k@ r0+f e_[k(t)_k(s)]a(s)ds+f e kDO=kWO 5 dw(s). O (3.16)
0 0

Remark 3.3 An application of It6’s formula would also produce the same solution.
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3.4.1 Extended Hull-White

Consider an extension of the Hull-White model for the interest rate process r(f) given by the

SDE:

dr(r) klo(t)-r(nldt+or(®)dw(t), t>0, (3.17)

r(0) 10,

where k and o are positive constants and 0(t) is a nonrandom positive function of the time
variable t.

Theorem 3.4 Equation (3.17) has a solution that satisfies the following integral equation
t t
r(t) = roe ¥t +f e k=9 k@(s)ds+f e K= Gr(s)dW (s).
0 0

Proof Rewriting (3.17) as a first-order ordinary differential equation:

dr(t)

+kr(t)=kO(t)+or(t)é(r), t>0 (3.18)

which is in the form of the first-order ordinary differential equation (3.2). Its integrating factor

s e®’. Multiplying both sides of equation (3.18) by this integrating factor, it follows that

dar(t
ekt r()

1 +e*kr(t) = e k0 (1) + e or()é ).

Thus

d

E(ektr(t)):ektkH(t)+ekt0r(t)E(t). (3.19)
Integrating (3.19) from 0 to ¢, the solution of equation (3.17) is given by

t t
r(t):roe"“+f e_k(t_s)ke(s)ds+f e K9G r()dW(s). O (3.20)
0 0

Remark 3.4 An application of It6’s formula would also produce the same solution.
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3.4.2 Hull-White: A CIR Style Extension

A CIR style extension to a Hull-White class model for the interest rate process r(¢) is given by the

SDE:

dar(1) klo(t)—r(nldt+ovr()dW(r), >0, (3.21)

r(0) ro,

where k and o are positive constants and 0(t) is a nonrandom positive function of the time
variable t.

Theorem 3.5 Equation (3.21) has a solution that satisfies the following integral equation
t t
r(t) = e‘ktr0+f e_k(t_s)ke(s)ds+f e K9G\ /r(s)dW (s).
0 0

Proof From (3.21), we obtain

d;(tt) +kr(0) = kO(D) + o /T(DED), 150
Thus
%(e’“r(t)): k(1) + ekl o /T(DEW. (3.22)

Integrating (3.22) from 0 to ¢, the solution of equation (3.21) is given by
t t
r(0)=e *r +f e k=9 k@(s)ds+f e Ki=945\/r(s)dW(s). O (3.23)
0 0

Remark 3.5 An application of [t6’s formula would also produce the same solution.
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3.5 Brennan-Schwartz

An extension of the Vasicek interest rate process r(t) with a multiplicative difussion, known as

the Brennan-Schwartz interest rate model, is given by the SDE:

dr(t) kl@—-rt)dt+or(®)dW(), t>0, (3.24)

r(o) Io,

where k, 6 and o are positive constants.

Theorem 3.6 Equation (3.24) has a solution that satisfies the following integral equation

t
r(t) = roe‘kt+9(1—e"”)+f e K= 51 (5)dW (s).
0

Proof As before,

%Hcr(t) = kO@+or(t)é(r), t>0.

Thus
i(e’”r(t)): ek k0 + eFlor(ED). (3.25)
dt

Integrating (3.25) from 0 to ¢, the solution of equation (3.24) satisfies

t
r(t):roe_kt+9(1—e_kt)+f e K9G r()dWw(s). O (3.26)
0

Remark 3.6 An application of It6’s formula would also produce the same solution.
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3.6 Exponential Vasicek

A natural way to obtain a lognormal short-rate model is by assuming that the logarithm of r

follows an Ornstein-Uhlenbeck process y, so that

ri) = &9, r>o, (3.27)
dy(t) = [0-ay(®ldt+odW(t), t>0, (3.28)
y0) = Yo,

where 0, a and o are positive constants and yy is a real number.
Since the short-rate is defined as the exponential of a process that is equivalent to that of

Vasicek, this model is referred as the exponential-Vasicek interest rate model.

Theorem 3.7 Equation (3.27) has a solution given by

t
r(t) = exp{ln(ro)e_“t+%[1—e_“t +ae_“tf0 e“”dW(u)}.

Proof After rewriting (3.28) as a first-order ordinary differential equation, and solving for y(¢)

yields
9 t
y(1) = yoe ' + 2(1 —e M+ Ue_“tf eBdW(s).
0

Hence, the solution process to the exponential Vasicek interest rate model from (3.27) is

t

r() = exp{ln(ro)e_‘”+g[l—e_‘”]ﬂje_””f e‘”‘dW(u)}. O (3.29)

0

Remark 3.7 An application of Itd’s formula, with the function g(¢, y) = e* y, would also produce

the same solution.
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3.7 Dothan

We consider the following form of the Dothan model for the interest rate process r(#):

dr(t)

ar(tydt+or()dW (), t>0, (3.30)

r = ro

where a is a real constant and o is positive constant.

Theorem 3.8 Equation (3.30) has a solution that satisfies the following integral equation
t
r(t) = roe*+ e‘”af e “Bris)dwi(s).
0
Proof Clearly, the linear ODE method yields the following form for the solution process
t
r(t) = roe‘”+e“t0f e “ris)dwi(s). O (3.31)
0

Remark 3.8 An application of It6’s formula, with the function g(z,r) = Inr, to equation (3.30)

gives the following well-known explicit solution process

r(t) = roexp{(a—%az)t+0W(t)}, t=0. (3.32)

3.8 A Generalized Model

We consider a generalized interest rate model, see Svishchuk and Kalemanova, 2000, from which
the Cox-Ingersoll-Ross interest rate model, and the Brennan-Schwartz interest rate model, can

be seen as special cases for an appropriate choice of the parameter 6:

r(t) [a—Broldt+or’ (dW(), t>0, (3.33)

r(O) = To

where 1y, @, f and o are positive constants and ¢ € [%,oo).
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Theorem 3.9 Equation (3.33) has a solution that satisfies the following integral equation
a t
r(t)=e Piry+ E(l - e‘ﬁ[)+ e_ﬁtaf P rl () dw s).
0
Proof It can be easily seen that r(¢) satisfies
a t
r)=ePlro+ E(l e P+ e‘ﬁ“af BP0 (dw (s). (3.34)
0

is the solution of the SDE (3.33) by application of the linear ODE method. [

Remark 3.9 An application of It6’s formula would also produce the same solution.

3.9 Some More Models

The Mercurio-Moraleda interest rate model, see Brigo and Mercurio, 2007, p. 57 is described as

follows:

Y
1+y?

dr(r)

r(t)[n(t)—(/l— )lnr(t)]dt+ar(t)dW(t), t>0, (3.35)

r(0)

o,

where A, y and o are positive constants.

Theorem 3.10 The Mercurio-Moraleda interest rate model (3.35) has a solution given by

t t
r(t)=exp{e_kmlnro+f e‘”‘(”‘k(s”n(S)dS+f e_[k(”_k“)]UdW(S)},
0 0

where k(1) = [ f()dt, and f(1) = (A - 7).

Proof Note that (3.35) is the Hull-White model (3.13) expressed in a logarithmic form with

B(t) = (/1 - #yt) The proof follows as in Theorem 3.3.
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The Extended Exponential Vasicek interest model, see Brigo and Mercurio, 2007, p. 57 as

follows:

rit) = x(M+e@), t>0, (3.36)
dx(t) = x()[n()—alnx()]dt+ox()dW(t), t>0, (3.37)
r = ro,
x(0) = Xxo,

where (1) is a shift deterministic function of time, and a and o are positive constants.

Theorem 3.11 The solution process to the Extended Exponential Vasicek interest rate model

(3.36)-(3.37) is given explicitly by

r(t)

x(H)+e(r), t>0, (3.38)

x(1)

exp{ln(xo)e_‘” + g [1 - e—at] +Ue—atft

e“”dW(u)}, t>0. (3.39)
0

Proof It follows immediately from the proof of Theorem 3.7.

3.9.1 Brownian Bridge

The Brownian bridge process Y (1) is given by the SDE:

b-Y (1)

YO)

ay (1) dt+dWwW (), 0=<t<l], (3.40)

Y (0)

where b € R.

Theorem 3.12 Equation (3.40) has a solution given by

t
Y = (1—t)Y0+bt+(1—t)f(l—s)_ldW(s).
0
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Proof Our approach to finding the solution of equation (3.40) requires rewriting it as

dyY (1) 1 b
— = — < 1.
T +1_tY(t) 1_t+€(z‘), 0<t<

The integrating factor is e/ 7797 = (1 — £)~!. Thus
d -1 1 b -1
—|(1- Y(O)|=01Q- —+ 1t 1. 3.41
—(a-n7vw)=a-o" = +a-n7ew (3.41)
Integrating (3.41) from 0 to ¢,
t b t
A-07'Y () = Y0+f (l—s)_l—ds+f 1-9)"'dW(s).
0 I-s 0
Hence, the solution of equation (3.40) is given by
t
Y() = A-0)Yp+bt+(1—- t)f 1-s)"ldaw(s). O (3.42)
0

Remark 3.10 An application of It6’s formula would also produce the same solution.

To give a counter example, consider the following generalized Vasicek model

dr(t) la—BrOdt+odW(t), t>0, (3.43)

r(0)

o,

where a,  and o are positive constants and 0 <y < 1. When y =1 it is the Vasicek model. Note

that when y = 1/2 the linear ODE method does not apply.



Chapter 4

Probabilistic Properties of some Interest

Rate Models with Poisson Jumps

Stability of stochastic differential equations is a well-established area of research, see, for in-
stance, Khasminskii, 2012. However, the stability of financial models has not received consid-
erable attention in the literature. This perhaps motivated Svishchuk and Kalemanova, 2000, to
initiate a study on stability properties like stability in probability and p-stability of solutions
of several interesting financial models like Black-Scholes, Vasicek, and Cox-Ingersoll-Ross and
also such models with Poisson jumps. Subsequently, Govindan and Acosta, 2008, continued
the study further by considering uniformly boundedness in probability and exponential mean-
square stability of financial models mentioned earlier. Moreover, Bhan and Mandrekar, 2010,
considered some recurrence properties of term structure models. We refer to Brigo and Mercu-

rio, 2007, for a study on interest rate models.

Motivated by these works, we obtain exponential mean square stability, boundedness in
probability uniformly in #, and asymptotic quadratic mean of some standard interest rate mod-
els, including such models with Poisson jumps. We wll also obtain moment properties of some

of these models.

39
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4.1 Interest Rate Models

We begin with the Vasicek model.

4.1.1 Vasicek

Theorem 4.1 The solution of the Vasicek interest rate model (3.4) satisfies

_ aP 1 pl2 0P
Elr(n|P <37 I{Elrolp"'ﬁ"'[EP(P—l)] TP 1@(eﬁﬂ—n},

for p = 2 and for each ¢ € [0, T7].
Proof Consider
a t
r(t)=e Plry+ E(l —e Pt +ae_ﬁtf ePsdw (s).
0
Using the following well-known inequality
la+b+cl? <3P~ lalP + bl +|c|P},

the following property for the stochastic integral

' P_1l P2 iz [
EU(; G(s)dW(s)’ S[Ep(p—l)] TP fOEIG(s)I”ds, tel0,T], p=2,

and taking expectation, we have

IA

Elr(nlP

IA

aP
37" Elrol? + a0 e PP 4

[%p(p— 1)]p/2TP’2—1an

Oteﬁwds},

from which (4.1) follows. O

p t p
3p_1{e_ﬁt”E|r0|p+E‘%(1—e_ﬁt)‘ +af’e—/3”’E)f eﬁde(s)‘ }
0

40

(4.1)
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4.1.2 Brennan-Schwartz

This is an extension of the Vasicek interest rate process r(t) with the volatility term assumed to

be dependent on the interest rate level.

The following properties appear to be new.

Proposition 4.1 For the Brennan-Schwartz interest rate model (3.24), we have

Elr(t)] = 0, as t—oo, and

Varlr(] 0%0%/2k, as t— oo.

Proof Taking expectation of the process (3.26) it follows:

E[r(0)] 0+ (ro—0)e k!

0.

}Lm E[r(1)]

For the second moment, we have

E[r?(0] = 6%+ ro—-0)%e 2 +20(rg—0)e ¥
t

+E[e‘2kt02f eZk”(9+(ro—9)e_k“
u 0 2

+e_k”0f ek”r(v)dW(v)) du].
0

Taking limit
tlimE[rz(t)] = 0%+

1 t
lim E—{sz U0 + (rg— 0)e K" +
0

u
e_kuaf ek”r(v)dW(v)]zdu}
0
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= 0%+
lim E
t—o0

= 6%+

o [i e2kU[0 + (ro— 0)e F |2 du
{ o |

lim E

t—o0

022kt [0 + (ry — 0) e k112
{ 2ke?kt }
0262

= 6%+ .
2k

O

Proposition 4.2 The Brennan-Schwartz interest rate model (3.24) is exponentially mean square

stable provided k > o2.

Proof Let r* () be a solution of (3.24) satisfying r*(0) = r;. Then
t
r(t)—r* ()= (ro—rg)e +f e U Ig[r(s) = r*()1dW(s).
0
Thus
t 2
K r () —r* (01 < 2l(rg— 1) 12 +2U ERSalr(s)—r*()1dw(s)| .
0
Taking expectation on both sides of this last expression, we get
t
KB () - r* (012 < 2E|(rg — 10)1? +f 202e?MSE|r(s) - r* (s)*ds. (4.2)
0
Now, by application of Gronwall’s inequality, Lemma 2.3, to equation (4.2) we obtain
Elr(t) - r*(01* <2Elry - rglPexpi-2(k—o¥) ). O
Theorem 4.2 The solution of the Brennan-Schwartz interest rate model (3.24) satisfies

Elr(n|P < 3P‘1{E|r0|" + ef’e’cpT}e“‘k’”T, p=2, (4.3)

pl2
for each ¢ € [0, T] where L =3P~ 1gP [%p(p _ 1)] TPI2-1
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Proof From (3.26), it follows that

Elr(n)P < 3”‘1{e"”PE|r0|P +OP(1—e kP

1 pl2 ¢
+ [—p(p - 1)] TP’Hf e—kp“—s)apE|r(s)|Pds}.
2 0
Thus

KPEF(D)P < 3”—1{E|r0|’9 +oPektP(] - e—’”)P}

t
+Lf ePE|r(s)Pds.
0

Applying Gronwall’s inequality, Lemma 2.3, the result follows. []

Theorem 4.3 For the Brennan-Schwartz interest rate model (3.24), the solution processs is bounded

in probability uniformly in ¢ provided 2k > o2

Proof Consider the generating operator L, see Khasminskii, 2012, applied to the function V (r) =

rz, r>0:
1,
LV(r) = V. f(n+ Eg (r)Vyr(r)
1
= 2rk(@-r)+ 502r22 =2kOr —2kr? + o®r?.
We have
L(V(r) <0 for r=2kf/(2k-0%) =C>0. (4.4)

Now, from It&’s formula for V(r) = r2, r > 0 and from (4.4), we get

t
Elr(n? = E[V(r(1)] =E[V(To)]+f0 EL(Vr(w)du < E[V(r)] < Elrol*.
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From the last inequality, if M = C, then
1 2_ 1 2
P{lr(t)l =z M} < WEIr(t)I < WElrol —0, when M — oo.

for sufficiently small ry. [

4.1.3 Hull-White

The Hull-White interest rate model, see Brigo and Mercurio, 2007, p. 72, is an arbitrage-free
model that can be seen as the Vasicek interest rate model with a time-dependent reversion level.
We first look at a general case and next we look at the Hull-White interest rate model when the
time-dependent reversal level is described by considering the forward rate and a convenient
expression for the volatility. In this case, it provides an exact calibration to the current term

structure of interest rates.

Proposition 4.3 For the solution process (3.16),

t
E[r(n)] = e—k(t)r0+e—k(t)f O a(s)ds, and
0

t
Varlr(t)] = e 20 f 2K 52 () ds.
0

Proof We take expectation and variance to the solution process (3.16) as follows:

Elr()] = E[e"‘(f)r0+e‘k(f)f

t t
ek(”a(s)ds+e_kmf ek(S)U(s)dW(s)]
0 0

t
_ e—k(t)r0+e-k(”f e*Ya(s)ds, and
0

t t
Varlr()] = Var[e'k(t)r0+e_k(t)f ek(s)a(s)ds+e_k(t)f ek(S)U(s)dW(s)]
0 0

t
Var [e‘km f ek(s)a(s)dW(s)]
0

t
= e_kaf " g2 (9)ds. O
0

A special case An exact fit to the current term structure of interest rates can be obtained with
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the following SDE:

dar (1) [0(f) —ar(D)]ldt+odW (1), t>0, (4.5)

r(0)

o,

where 1y, a and o are positive constants. The nonrandom positive function 6(t) of the time

variable ¢ can be expressed as, see Hull, 2012, p. 692,
2

0(r) = F,0,0)+aF(©,)+ 0—(1 _ e—Z‘”) 4.6)
2a

where F(0, ) is the forward rate and F;(0, ) is the time derivative of the forward rate. The volatil-

ity is assumed to be of the form v(u, £) = Z(1 — e~ *"1),

Proposition 4.4 The process
t
rt) = roe_””+oc(t)+ae_‘”f e dwW (u), (4.7)
0
where
2

= FO,0+ 2 (1-e )2
a(t) = F(O, P e

is the solution of the SDE (4.5).
Proof It follows by applying Ité’s formula to the function g(¢,r) = e r. O

Proposition 4.5 For the solution process (4.7):

Elr(f)] — FO,0+0%/2a> as t—oo, and

Varlr(t)] — o%/2a as t— oo.
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Proof Taking the expectation of the process (4.7)

Elr(t)] = rpe “+a(p)
0.2
= ree "+ F0,0)+-—1-e %)
2a?

. o?
lim E[r(t)] = F,t)+—
t—oo 2612

and for its second moment

2 2
2 _ 0 2 —2ar(,2 O —at
EP(0) = —+a’(+e (ro 2a)+2e roa(t)
) ot o* ot
lim E[r2(0)] = ——+F2(0,8) +2F0,f)—— + —. [
lm Er(0] = 2=+ FH0,0+2F0, 05+

Theorem 4.4 The solution process of equation (4.5) is exponentially mean square stable.

Proof Considering the difference of solutions, it follows that
Elr(t)—r*(0I? = Elro - r§ P expi-2at}. O

Hull-White: An extension

This model considers a time-dependent reversion level property while the volatility term is as-
sumed to be proportional to the interest rate level. The extension of the Hull-White model for

the interest rate process r(t) given by the SDE:

dr(t) 0(t)—art)dt+or()dW(t), >0, (4.8)

r(0) = ry,

where 1y, a and o are positive constants and 6(¢) is a nonrandom positive function of the time

variable t.
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Proposition 4.6 The process satisfying the stochastic integral equation
t t
r(t)=e “ry+ e_‘”f e™0(s)ds + e_“tf e®or(s)dW(s) (4.9)
0 0

is the solution of the SDE (4.8).
Proof It follows by applying Ité’s formula to the function g(¢,r) = e r. O

Proposition 4.7 For the solution process (4.9), its expectation can be obtained as

t
Elr()l=e “ro+ e“”f e*0(s)ds
0

and its variance can be expressed as

t
Var(r(t)] = e_z‘”f *“a?r?(s)ds.
0

Proof We take expectation and variance to the solution process (4.9) as follows:

t t
E[r(n)] = E[e“”ro+e_‘”f e‘“@(s)ds+e_‘”f eBar(s)dW(s)
0 0
t
= e“”ro+e_‘”f e®0(s)ds,
0
t t
Varir(t)] = Var[e_‘”ro+e_‘”f e“SH(s)ds+e_‘”f eBar(s)dW(s)
0 0

t
Var[e_‘”f e‘”ar(s)dW(s)]
0
t
= e_z‘”f *Sa’r’(s)ds. O
0

Theorem 4.5 The solution process of equation (4.8) is exponentially mean square stable pro-

vided a > o2.
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Proof Considering the difference of solutions, it follows proceeding as in Proposition 4.2:

Elr(0)—r*(01* <2Elro - ri P expi—2(a—-o*)t}. O

4.1.4 Black-Derman-Toy

Black, Derman and Toy, 1990, proposed a binomial-tree approach for a lognormal short-rate
process see Hull, 2012, p. 693.

Black, Derman and Toy interest rate model is described by the following SDE:

dinr(r) [h(f) —a(t)Inr(D]ldt+o()dW (1), t>0,

r(0)

Io.

This model imposes the following relationship between the volatility parameter o (¢) and the

reversion rate parameter a(1):

_d@®

o) (4.10)

a(t) =

A version of this model, often used in practice, is when o (#) is constant. So there is no mean

reversion and the Black-Derman-Toy interest rate model reduces to

dinr(t) = hdt+odW(t), t>0,
r = r.
or,
dr(t) = h@r)dt+or®)dW (), t>0, (4.11)
r@@ = rp.

The properties obtained in this section appear to be new.
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Theorem 4.6 The solution process of the Black-Derman-Toy interest rate model (4.11), is
¢ 1
r(t) = roexp{f h(s)ds—iaztﬂfW(t)}. (4.12)
0

Proof We find the solution process to (4.11) by application of It6’s formula taking the function

g(t,r)=Inr. Then

og og 19%°g
ot (t,r(t))drt+ o (¢, r(t))dr(t)+ 2372 (t,r(1)dr(t)dr(r)

1 1 1
= 0ldt+—dr+5 [—rz—m]dr(t)dr(t)

1 1 1
= m[h(t)r(t)dt+ar(l‘)dW(t)] 3 20

[h(t)—%az]dt+adW(t). 4.13)

d[lnr(t)]

(h(Or(Ddt+or(H)dW(6))?

Integrating equation (4.14) from 0 to ¢ yields

t 1 t t
fh(s)ds——azf dt+0f dW (1)
0 2 0 0
r(t)

t 1
1n[— - f h(s)ds— -2t +oW().
o 0 2

Inr(t) —1Inr(0)

Thus, the desired result follows. [

Theorem 4.7 For the solution process (4.13) of the Black-Derman-Toy interest rate model

t
Elr(H)] =rg exp{fo h(s)ds},

and
t
Var[r(l =rg eXp{Zf h(S)dS}[eXp{azt} - 1].
0

Proof For the first moment of the solution process of the Black-Derman-Toy interest rate model
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(4.11),

Elr()] = E[roexp{fo[h(s)ds—%azt+aW(t)H
= roexp{foth(s)ds}.

For the second moment we have

E[r*(1)]

E[rg exp{Zf[ h(s)ds}—02t+20W(t)
0

t
= rgexp{zf h(s)ds+02t}. U
0

4.1.5 Black-Karasinski

Black and Karasinski, 1991, proposed an extension of the Black-Derman-Toy interest rate model
where this model is no longer required to fulfill equation (4.10) so the reversion rate and volatil-

ity can be determined independently of each other.
The properties obtained in this section appear to be new.

Therefore, the Black-Karasinski interest rate model is described by the following SDE:

dlnr(t) [h(t)—a®)Inr(H]ldt+o(®)dW (L), t>0,

r(0) ro-

which is the same Black-Derman-Toy interest rate model but without a restriction. For our pur-
poses we take the case a = 0 in order to address a functional form suggested by Bjork, 2009, so

that the Black-Karasinski model becomes

dinr(1) h(dt+o()dW(t), t>0,

7‘(0) = TIp.
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or,

dr(t) h(Or(dt+o(Or()dW (), t>0, (4.14)

r) = ry.

Theorem 4.8 The solution process of the Black-Karasinski interest rate model (4.15), is

t

t
r(t) = roexp{f0 [h(s)—%az(s)]ds+f0 a(s)dW(s)}. (4.15)

Proof We find the solution process to (4.15) by application of It6’s formula taking the function

g(t,r)=Inr. Then

2

_ 0g o8 10°g
dinr(r) = at(t,r(t))dt+ar(t,r(t))dr(t)+zarz(t,r(t))dr(t)dr(t)
1 17 1
- [O]dt+mdr(t)+§[—r2—m]dr(t)dr(t)
_ 1 2
=~ hOrOdt+ eI OAW D) = 5 — S O r WAL+ oOr (AW (1)
- h(t)—%az(t)]dt+0(t)dW(t). (4.16)

Integrating equation (4.17) from 0 to ¢ yields

Inr(t) —Inr(0)

|

Io

t t
f[h(s)—laz(s)]ds+f o (s)dW (s)
0 2 0

t t
f[h(s)—laz(s)]ds+f o (s)dW (s).
0 2 0

Thus, the desired result follows. [

Theorem 4.9 For the solution process (4.16) of the Black-Karasinski interest rate model

t
Elr(0] = 1o exp{fo h(s)ds},
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and
t t
Var[r(t) =rg eXp{Zf h(S)dS}{eXp{f Gz(s)ds} - 1}.
0 0

Proof For the first moment of the solution process of the Black-Karasinski interest rate model

(4.15)

Elr(2)]

t t

roEexp{fO [h(s)—%az(s)]ds+f0 o(s)dW(s)}.
t

roexp{fo h(s)ds}.

For the second moment we have

t

t
E[r3(n)] rgEexp{zf [h(s) - %02(3)]ds+ 2f a(s)dW ()}
0 0

t t
rgexp{ZfO h(s)ds+f0 az(s)ds}. O

4.1.6 Dothan

After assuming a constant market price of risk, the Dothan interest rate model takes a continuous-
time version of the Rendleman and Barter, 1980, model. The interest rate is always positive for

each t considering a lognormal distribution.

The properties obtained are known for stocks given for the Black-Scholes-Merton equation,

1973. However, we obtain similar properties for the interest rate process.

We consider the following form of the Dothan model for the interest rate process r():

dr(t)

ar(ydt+or()dW(t), t>0, (4.17)

r = rp.

where a is a real constant and ry and o are positive constants.
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A well-known solution of this model is given by Svishchuk and Kalemanova, 2000:
1
r(t) = no eXp{(a— 57 )t+aW(t)}. (4.18)

Proposition 4.8 For the solution process (4.19) of the Dothan interest rate model (4.18),

E[r(1)] roexpiat}, and

Var(r(t)]

rg exp{2at} [exp{a2 tt—1].
Proof For the first moment of (4.19), we have

Elr(9)|

To exp{(a— %O’Z) t+0W(t)}

roexpiat}.

For the second moment we have

Elr(f = riEexp{2(a- %02) t+20W (0}

réexpl2at+o%t). O

Proposition 4.9 For the solution process (4.19),

0 ifa<0
lim E[r(01=4r, ifa=0
t—o00

+oo ifa>0

and

lim Var[r(t)] = +oo, a=0.
t—o0

Proof It can be easily shown from expressions for E[r(t)] and Var[r(t)] in Proposition 4.8. [

Proposition 4.10 If a < —o?, then the trivial solution of equation (4.18) given in (4.19) is expo-

nentially mean square stable.
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Proof Let r* (1) be the solution of (4.18) satisfying r*(0) = r;. Then
* * 1 2
() —r*(t) = (ro— ro)exp{(a— 50 )t+aW(t)}.
Taking expectations on both sides of the equation, we obtain
* 2 * 2 1 2
Elr(n) - r* (01 = Elro - 15 P Eexp{2(a- 50 ye+20W (D)},
Thus

Elr(0) - r* (0" = Elrg— 15 Pexp{2(a+adt}, 120, O

4.2 Interest Rate Models with Poisson Jumps

In this Section, we consider some of the interest rate models with Poisson jumps.

4.2.1 Vasicek

Asssume that the Vasicek model of the interest rate process is continuous on time intervals

[7;,Ti+1], 1=1,2,.... Atrandom times 7; the interest rate jumps:
re; =+ Upre,—.

The number of jumps on the interaval [0, ], denoted by N(), is assumed to be a Poisson process
with intensity A. The jumps (U;) ;¢ for a sequence of i.i.d. random variables assuming values in
(=1, 00).

According to Svishchuk and Kalemanova, 2000, the Vasicek interest rate process with com-

pound Poisson jumps can be represented as

N o a ‘
r=[[a+Up [— + (ro - —)e‘ﬁ” + +ae_ﬁtf eﬁde(s)]. (4.19)
i=1 B p 0
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Note that equation (4.20) can be rewritten as

N() a t
r=[[a+uy [e‘ﬁfro +500- e P+ ae—ﬁff eﬁde(s)]. (4.20)
i=1 0

where the continuous part of this jump process coincides with expression (3.7) in Chapter 3.

Theorem 4.10 The solution (4.21) of the Vasicek interest rate model with jumps satisfies
Elr(n)|P < MEN+UIP-Digp- 1{E|r0|'” + L + [ p(p— 1)] “rpie- 1ﬁ (ePPT - 1)} 4.21)
p

for p = 2 and for each 1 € [0, T.

Proof We observe that

N(1) N(1)

E’H(1+U)p‘

An application of Lemma 2.2 yields

N()
E‘ H (1+U; )”‘ MEL+TIP DL,

Next, taking expectation in (4.21), and following the proof of Theorem 4.1, we obtain the

desired result. [

4.2.2 Cox-Ingersoll-Ross

In this subsection, we follow the approach considered by Svishchuk and Kalemanova, 2000. We
do this in two steps.

In the first step, we consider the continuous part of the jump process, equation (3.9). Denote
by B(t) a one dimensional Wiener process defined on a probability space (Q2,F, P). Let B(0) =0,

ro€ R, V(0)=ro— 5, and V(s) = V(0) + B(¢g; 1) for an increasing function ¢(s) such that

t
Q= f a (s, V(s))ds, (4.22)
0
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a(s, V(s)) = Ueﬁs‘ [e=BsV (s) + %.

Proposition 4.11 [Svishchuk and Kalemanova, 2000] The process

where

r(t) = % +e PV (0)+ e P'B(p;)) (4.23)

is a solution of equation the CIR model (3.9).

Note that the solutions given by the above Proposition 4.11, and equation (3.12) are the same.

To show this, consider the transformation

V() :eﬁ"(r(t)—%).

Applying It6’s formula we get

AV (D) =gef! [ehrv(p + %dW(t). (4.24)

Moreover, changing the time in the Wiener process, we obtain the following solution of equation

(4.25)
V(D) =V(0)+Blp;) = V), (4.25)

where

t
B(pyh) :af ePS\/r(9)dw (s).
0

In the second step, consider the following CIR interest rate process with random jumps as in

Svishchuk and Kalemanova, 2000,

N(1)

t
)= [[Q+U [% +ePi(ro- %)*e_ﬁt"fo eP*\/raAW (). (4.26)

i=1
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The following theorem generalizes a previous result by Govindan and Acosta, 2008.

Theorem 4.11 For the CIR interest rate model with the compound Poisson jump (4.27), we have

2
limsup E|r(t) — r* ()] < MEN+UIP-11 @ 2a'
[—oo ﬁ

Proof For our purposes, we rewrite (4.27) as

X = reP!
N(t)

t
[Ta+un|ro+ %(eﬁt - 1)+af &P \/r(9dW (s)|. (4.27)
0

i=1

Taking expectations on both sides of (4.28), we get

EIX(D)] = E{ﬁ)(l LU [ro 4 %(e/” - 1)+af()teﬁSMdW(s)]}
AEIHUIDE %(eﬁf— 1)]. (4.28)

Next, we consider the processes X(t) = r(f) ePt and X* (1) = r*(t)eP?, where r(¢) and r*(t) are
solutions with the initial condition r(0) = ry, r*(0) = r(;‘ , respectively.

Recall

N(?)

J=[]a+uy.

i=1

From (4.28), we have

1X () — X*(0)]?

t
IJ(t)IZ{Iro— re12+2|r— rJIUf ehs
0

t
+02f ePs
0

Vr(s) - \/r*(s)‘dW(s)
2
V(s - \/r*(s)‘ ds}. (4.29)
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Taking expectations on both sides of (4.30), we get

EX(0)-X"(0F = EJ@P{En-r?

t 2
+f o2e?PSE \/r(s)—\/r*(s)‘ ds}.
0
But note that
N()
EJ@®P =
N(t)
= E‘H(1+U,) |
_ e}L(E[1+U1]2—1)t.
Also,

E[M—\/r*(s)]z E[r(s)—Z\/m\/r*(SHr*(S)]

Elr($)|+E|r*(s)l.

IA

For the continuous part of the jump process, equation (3.12), we note that

E\r(s)| = roe_ﬁs+%(l—€_ﬁs),
Elr(s) = rie P +Sa-e ).
B
Hence
EIX(0)-X*0F < EJ@P{EIr-rg?

+f0 2 2ﬁs[E|r(s)|+E|r (s)|]ds}

IA

EJ@){Elro 13

t
+f UzezﬁSEIr(s)lds+f a2 PSE|r* (s)lds}
0

58

(4.30)

(4.31)

(4.32)
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From (4.33), we obtain

fotazezﬁsElr(s)lds = %roaz(eﬁt — 1)+a—02(e2ﬁt — 1)—“—02((3[”— 1)

2p? p? ’
fotazezﬁsEIr*(s)lds: %rgaz(eﬁt— 1)+62%22(82ﬁt_ 1)—aﬁ—022(eﬁt— 1).

Hence, from (4.33), we have

Elr-r0F < EJ@A{EIrn-r5Pe "
2
o _ o
+ g lime)r—rpe

+ “ﬁ—f(l - e‘zﬁ")—zaﬂ—fﬁ e P)e P,

from which the desired result follows. [

4.2.3 Black-Derman-Toy

Consider the Black-Derman-Toy interest rate model with compensated compound Poisson jumps:

dr(t)

h(Ordt+or()dW () +r(t=)d[Q(t) —Ayt]l, >0,

r0) = ro,

where /(1) is a deterministic function and o, A and y are nonnegative constants.

Note that this equation can be re-written as

dr (1) (h() = Aylr(Ddt+or()dW () +r(t-)dQ(r), t>0, (4.33)

r(0) = ry.

Theorem 4.12 The solution to (4.34) is given by

N(1)

t
r() = H(1+Ul~)r0exp{f h(s)ds—(/ly+%02)t+UW(t)}. (4.34)
i=1 0
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Proof Following Shreve, 2004, p. 513, we show that (4.35) satisfies the SDE (4.34). For the

continuous part of the jump process define
t 1 )
X(1) = roexp{f h(s)ds — (Ay+ ~o )t+0W(t)}~,
0 2

and for the pure jump process define

N(t)
J(0) = 1‘[ (1+U)).

i=1

Next, we show that r(t) = J(¢) X (¢) is a solution to the SDE (4.34). The It0 formula (Theorem 2.6)

for a continuous part of the process says that
dX(t) =[h(t)-AylX()dt+oX(t)dW(1). (4.35)
When considering the i*"-jump, J(¢) = J(t=)(1 + U;), we get

AJ(1)

J(t) = J(t-)

J(t=)U;

J(t=)AQ(2).

The equation AJ(t) = J(t—)AQ(?) also holds at non jump times with both sides equal to zero.

Hence

dj(®) =J(t-)dQ(1). (4.36)

Now from It6’s product rule (Theorem 2.9) for a jump processes,

r(r)

X(0)J (1)
t t
r0+f0 X(S—)d](s)+fO J(s)dX(s) +[X, JI(1). (4.37)

For a pure jump process J and a continuous process X, [X, J](¢#) = 0. Substituting (4.36) and
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(4.37) into (4.38), we obtain

r(1) X(0J(@)

t t
ro+f0 X(s—)](s—)dQ(S)+f0 [h(s) = Ayl X(s)](s)ds

t
-I-O'f X(8)J(s)dW(s),
0
which expressed in a differential form gives

dr(t)

d[X(r)J(t)]
X(t-)J(t-)dQ(8) + [h(D) - AYIX (DI () dt + o X (B J(HAW (D)

r(t=)dQ(t) + [h(t) = Aylr(t)dt+or(t)dW (1),

which is (4.34). O

Corollary 4.1 The Black-Derman-Toy interest model with a compound Poisson process Q(f)

jumps, the solution process to (4.34) reduces to

N() t 1
r() = rOH(1+Ui)exp{f h(s)ds—502t+UW(t)}.
; 0

i=1

Theorem 4.13 For the solution process (4.35),
t
Elr(n]= ToeXp{f h(s)ds},
0
and

t
Varlr(t) =r§ exp{2[ h(s)ds}exp{A(E[1+ U 1> = Dt -2yt + 0%t} - 1].
0
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Proof For the first moment we have

N() t 1 )
E[,-zl—[l(HUi)rOeXp{fo h(S)dS—(M+§a )t+UW(t)H

Elr ()]

t
roexpAE[L + Uy] - l)t}E[eXp{fO h(s)ds— Ay + %az)t+ aW(t)H

) exp{fot h(s)ds}.

For the second moment we have

N() t
rBE[ [T+ Ui)z]EeXp{Zf h()ds—2Ayt—at+20W (D)}
i=1 0

E[r?(5)]

t
r2exp{A(E[1 + Uy)? - 1)r}Eexp{2f h(e)ds—2Ayt—o*t+20W ()}
0

t
reexp{A(E[1+ Uy12 - 1)t} eXp{Zf h(s)ds—2Myt + azt}.
0

Hence, the desired result follows. [

4.2.4 Black-Karasinski

Consider the Black-Karasinski interest rate model with compensated compound Poisson pro-

cess jumps

dar(t)

h(Or(dt+o(O)r)dW () +r(t-)d[Q(t) —Ayt]l, t>0,

r0) = ro

where h(t) and o(¢) are deterministic functions and A and y are nonnegative constants. Note

that this equation can be re-written as

dr(t)

[h(t) = Aylr(Ddt+o()r()dW (1) +r(t—)dQ(t), t>0, (4.38)

r0 = ro.
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Theorem 4.14 The solution to (4.39) is given by

N t 1 t
r(t) = rOH(1+Ui)exp{f [h(s)—Mf—Eaz(s)]ds+f a(s)dW(s)}. (4.39)
= 0 0

i=1

Proof Following Shreve, 2004, p. 513, we show that (4.40) satisfies the SDE (4.39) as before. For

the continuous part of the jump process define

t

t
X() = roexp{fo [h(s)—/ly—%az(s)]ds+f0 O'(S)dW(S)},

and for the pure jump process define

N

J=[]a+uvy.

i=1

Next show that r(t) = J(¢) X (¢) is a solution to the SDE (4.39). The It6’s formula for a continuous

process yields
dX(t) =[h(t)-AylX@®)dt+o()X()dW(1). (4.40)
When considering the i*"-jump, /() = J(t=)(1 + Uy),

AJ(1) J(t) = J(t-)

J(t-)U;

J(t=)AQ(2).

The equation AJ(t) = J(t—)AQ(?) also holds at non jump times with both sides equal to zero.

Hence

aj(t) =J(t-)dQ(1). (4.41)
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Now from It6’s product rule for a jump processes,

r(1) X(J(@)

t t
r0+f0 X(s—)d](s)+f0 J(8)dX(s)+ X, JI(1). (4.42)

For a pure jump process J and a continuous process X, [X, J](¢#) = 0. Substituting (4.41) and

(4.42) into (4.43), we obtain

r(1) X(0J(@)

t t
ro+f0 X(s—)](s—)dQ(S)+f0 [h(s) = Ayl X(s)](s)ds

t
+ f ()X (9)J(dW(s),
0
which expressed in a differential form gives

dr(t)

d[X(t)](t)]
X(t-)J(t=)dQ(D + [h(D) - WX (DT (DAt + (O X (DI AW (D)

r(t=)dQ(t) + [h(t) = Aylr(Hdt+ o () r()dW(¥)

whichis (4.39). O

Corollary 4.2 The Black-Karasinski interest rate model with compound Poisson process Q(?)

jumps, the solution process to (4.39) reduces to

N() t 1 ¢
r@e = rOH(1+Ui)eXp{f [h(s)—Eaz(t)]ds+f () dW (9)}. (4.43)
i 0 0

i=1

Theorem 4.15 For the solution process (4.40),

t
Elr(n] = roexp{fO h(s)ds},
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and
t t
Varlr(t) = r exp{zf h(s)ds}[exp{/l(E[l +UL? - 1)t—2)tyt+f o(s)ds} - 1].
0 0

Proof For the first moment we have

N(1)
roE‘ [Ta+uy
i=1

Elr(0)]

t 1 t
Eexp{fo [h(S)—(/ly+§az(s)]ds+f0 a(s)dW(s)}

t t
roexp{;L(E[HUl]—1)t}Eexp{f [h(s)—(/ly+%az(s)]ds+f a(s)dW(s)}
0 0
t
h(s)ds!.
roexp{fo (s) s}

For the second moment we have

N(1)

t t
BroP = r2e|[] (1+U,-)2‘Eexp{2f [h(s)—(ﬂty+%02(s)]ds+2f () dW ()}
i=1 0 0

t t
rozexp{JL(E[1+U1]2—l)t}exp{Zf h(s)ds—2z1yt+f Uz(s)ds}.
0 0

Hence, the desired result follows. [



Summary

In this thesis the solution process and some probabilistic properties for the following interest
rate models were studied: Vasicek, Cox-Ingersoll-Ross, Hull-White, Extended Hull-White, Hull-
White: A CIR style extension, Hull-White: A special case, Hull-White: An extension, Brennan-
Schwartz, Exponential Vasicek, Dothan, a Generalized interest rate model, Extended- Expo-
nential Vasicek, Mercurio-Moraleda, Black-Derman-Toy, and Black-Karasinski. The Brownian
bridge was also studied. Some interest rate models with jumps were also studied such as: Va-
sicek with the compound Poisson jump process, Cox-Ingersoll-Ross with the compound Poisson
jump process, Black-Derman-Toy with the compensated compound Poisson jump process, and

Black-Karasinski with the compensated compound Poisson jump process.

In Chapter 3, an alternative method to It6’s formula called as a linear ODE method was intro-
duced to obtain the solution of linear interest rate models. The solution process to these models
studied in this chapter was obtained by the application of the linear ODE method and also by
Itd’s formula. Note that the solution process obtained by both approaches was the same. Pre-
cisely, the solution process was obtained for the interest rate models such as Vasicek in Theorem
3.1, Cox-Ingersoll-Ross (CIR) in Theorem 3.2, Hull-White in Theorem 3.3, extended Hull-White
in Theorem 3.4, a CIR style extension of the Hull-White in Theorem 3.5, Brennan-Schwartz in
Theorem 3.6, exponential Vasicek in Theorem 3.7, Dothan in Theorem 3.8, a generalized interest
rate model in Theorem 3.9, Mercurio-Moraleda in Theorem 3.10, extended exponential Vasicek
in Theorem 3.11, and the Brownian bridge in Theorem 3.12. A counter example was introduced

to show a case where the linear ODE method was not applicable.

In Chapter 4, we first obtained the solution process by using It6’s product rule for the in-

66
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terest rate models such as Black-Derman-Toy and Black-Karasinsk with Poisson jumps (Lévy
processes) in Theorem 4.12 and Theorem 4.14, respectively. Secondly, we obtained moment
properties of Vasicek in Theorem 4.1, Brennan-Schwartz in Proposition 4.1 and Theorem 4.2,
Hull-White in Proposition 4.3, extension of Hull-White in Proposition 4.7, Black-Derman-Toy in
Theorem 4.7, Black-Karasinski in Theorem 4.9 and Dothan in Proposition 4.8. Also, we obtained
moment properties of Vasicek in Theorem 4.10, Black-Derman-Toy in Theorem 4.13 and Black-
Karasinski in Theorem 4.15 with Poisson jumps. Lastly, we obtained stability properties like
boundedness in probability uniformly in ¢ of Brennan-Schwartz model in Theorem 4.3, expo-
nential mean square stability of Brennan-Schwartz model in Proposition 4.2, Hull-White model
in Theorem 4.4 and Dothan model in Proposition 4.10, and asymptotic quadratic mean of CIR

with Poisson jumps in Theorem 4.11.

A comprehensive treatment of all standard interest rate models here is beyond the scope of
this thesis. However, an interested reader can consult references such as Brigo and Mercurio,

2007, and Veronesi, 2011, among others.

As far as future research is concerned, we are interested in the statistical estimation of pa-
rameters of interest rate models studied in the thesis. Similarly, we are interested in simulating
the stability behavior of some results obtained here. The study of models for the valuation of
bonds and their probabilistic properties is also of our interest in the future. We will continue the

study of more interest rate models including such models with Poisson jumps (Lévy processes).
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